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Abstract

The convolution quadrature method originally developed for the Riemann-Liouville fractional calculus is
extended in this work to the Hadamard fractional calculus by using the exponential type meshes. Local
truncation error analysis is presented for singular solutions. By adopting the fractional BDF-p(1 < p < 6)
for the Caputo-Hadamard fractional derivative in solving subdiffusion problem with singular source terms,
and using the finite element method to discretize the space variable, we carry out the sharp error analysis
rigorously and obtain the optimal accuracy by the novel correction technique. Our correction method is a
natural generalization of the one developed for subdiffusion problems with smooth source terms. Numerical
tests confirm the correctness of our theoretical results.
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1. Introduction

The logarithmic nature in some process is observed in mechanics and engineering. Unlike the anomalous
diffusion which is characterized by a power-law growth of the mean square displacement (MSD) in time [1],
the strongly anomalous diffusion has a super-heavy tail in the mean waiting time with the MSD growing
logarithmically [2]. This nature can lead to nonlocal operators featured by the logarithmic kernel, e.m., the
well-known Hadamard fractional derivative (proposed in 1892 [3]) or the Caputo-Hadamard (CH) fractional
derivative [4], which have been successfully applied in ultra slow kinetics such as in rheology [5]. More
application of Hadamard type calculus in biology, elasticity or turbulent flow can be found in [6, 7, |8 and
references therein.

The mathematical exploration of Hadamard fractional calculus is abundant in literature. Kilbas and
Butzer studied the semigroup properties and the Mellin transform for Hadamard fractional calculus in [9,10].
By using the fixed point theory, the authors in [11] carried out the proof of existence of weak solutions of some
Hadamard fractional differential systems. Li and Li in [12] developed further some reciprocal properties of the
Hadamard fractional operator, and proposed the definite conditions of some Hadamard fractional equations.
In [13], Ma and Li revealed the relations between Hadamard fractional derivatives and the finite part integrals
in Hadamard sense. The asymptotic properties of solutions of nonlinear CH fractional differential equations
were explored in [14]. Based on the modified Laplace transform and the finite Fourier sine transform, the
authors in [15] obtained the analytic solution to the linear CH fractional models and studied the regularity
and logarithmic decay of the solution. For other aspects about the blow-up phenomenon, the comparison
principles and eigenfunctions of Hadamard fractional differential operators, readers can refer [16, 117, [18§].

In contrast to the classical local operator, the Hadamard fractional calculus operators are featured by
the nonlocality and singularity at initial time, both of which render numerically solving problems with such
operators extremely challenging. In history, Gohar et al. [19, 20] developed Euler/Lio,; and predictor-
corrector methods for CH fractional differential equations. Green et al. |21] considered predictor-corrector
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numerical methods on nonuniform meshes under the weak smoothness assumptions of the CH fractional
derivative. In [22], Green and Yan extended the classical Adams methods to models with CH fractional
derivatives and established the detailed error analysis. Li et al. [15] proposed the fully discrete scheme by
adopting a difference formula on nonuniform meshes for the time CH fractional derivative in combination
with the local discontinuous Galerkin method in spatial direction. The stability and error estimates were
carried out in detail. For the CH fractional sub-diffusion equations, Wang et al. |23] built a second-order
scheme on nonuniform meshes by resorting to the Liog 2—1, interpolation approximation to the CH fractional
derivative and developed sharp error analysis. Particularly, the authors in [24] proposed three high-order
numerical formulas known as L1-2, 1.2-1, and H2N2 formula for the CH fractional derivatives on uniform
meshes and uniform partition in the logarithmic sense, respectively. It is worth mentioning that the mesh
which is a uniform partition in the logarithmic sense is also known as exponential type nonuniform mesh
[25] defined by

T N
a=ty<ti<tag < - <t, <---<tny=T, tn—a(g) .

Such kind of exponential type nonuniform mesh can also be obtained by using a logarithmic transformation
[26].

Undoubtedly, the numerical formulas mentioned above for Hadamard fractional derivatives were inspired
to some extent by their counterparts for Caputo/Riemann-Liouville fractional derivatives. The well-known
two groups of difference formulas, i.e. the L-type formulas (L1, L1-2, L.2-1,, etc., see |21, 128, 129, [30, [31]
for example) and convolution quadrature (CQ) methods (see [32, 133, 134, 135, 136, 37] for example) play the
essential role in designing numerical schemes. However, we emphasize that, to the best of our knowledge,
none high-order CQ methods have been extended to the Hadamard fractional calculus, which will be our
main motivation in this work. It is known that the solution of CH fractional differential equations is singular
at initial time, even if the source term is smooth enough. We shall in this paper deal with this singularity
even if the source term is of weak singular, aiming to yield the desired optimal accuracy by resorting to
the newly developed correction technique. It is notable that such novel correction technique can also be
applied to solving Caputo fractional differential equations with singular source terms. Some other technique
to surmount such singularity of source terms can be found in |38, [39].

The contribution in this paper is from three aspects:

(i) The high-order (up to 6th) CQ methods is extended to approximate Hadamard fractional calculus
operators.

(ii) Novel correction scheme is developed to maintain the optimal accuracy for the Caputo-Hadamard
fractional subdiffusion problem with singular source terms.

(iii) Sharp error analysis are carried out in detail with numerical confirmation.

The outline of the rest of the paper is as follows. In Sec. 2] some preliminaries to the subject and useful
tools are introduced for later theoretical analysis. In Sec. Bl local truncation error of the CQ methods is
presented based on the exponential type meshes for the Hadamard fractional calculus operators. By using
the fractional BDF-p(1 < p < 6) to approximate the CH fractional derivative, sharp error analysis of the
finite element method for the CH fractional subdiffusion problem with singular source terms is presented in
Sec. @ Numerical experiments are implemented in Sec. [l to verify the results of the theoretical analysis
and finally, some comments are given in Sec.

Through out the article, by A < B we mean that there exists a positive constant ¢ which is independent
of the mesh size h or 7, satisfying A < ¢B.

2. Preliminaries

Denote by f(t) and g(t) functions defined on [a,+00). To be simplicity, define 6, := t& and assume
m € Z7 satisfyingm — 1 < a < m.

Definition 2.1. For a given function f(t) with t > a > 0, define that



(i) the ath-order Hadamard fractional integral [3, |15]:

iz = s [ (s?) " s,

(ii) the ath-order Hadamard fractional derivative (3, [15]:

(nDS1)(E) = % [ ()" 0%,

(iil) the ath-order CH fractional derivative [4, 15]:

(enDI (1) = m [(est)" e

Definition 2.2. (See [40]) For a given function f(t) with t > 0, define that

(i) the ath-order Riemann-Liouville fractional integral:
I )
IgHt) = =— t—s)*" d
(I3 00 = T [ (=9 Fs)as,
(i) the ath-order Riemann-Liowville fractional derivative:

(RD§ 0 = Fomay o [, (€= 2" (s)ds

m— «a) dt™
(iii) the ath-order Caputo fractional derivative:

1
(m—«

(©D§NO = =y | (1= 5" s

Lemma 2.3. (Theorem 8.4 in [9]) The Hadamard fractional derivative and CH fractional derivative have
the following relationship

m—1 k—a
a) t
D¢ DY log — .
(DG f)(t) = (cuDg f)(t +k§:0Fk+1_ 0g ~
Particularly, if o € (0,1), there holds

uDg (f - f(a)) = cuDg f. (1)
We conclude this section by introducing some useful tools in analyzing the Hadamard fractional calculus.
Definition 2.4. (Definitions 2.1 and 2.2 in [13]) The modified Laplace transform L{-} of f(t) is defined by

dt

f(z):,c{f(t)}(z>:/°° et d L ec

The corresponding inverse transform is defined by

76 = £7HFEY0 = 5 /C o8t Fds, i = -1,

where the contour C will be clarified later.



The modified Laplace transform of the CH fractional derivative can be presented in a similar manner as
the standard Laplace transform of the Caputo fractional derivative, which takes the form (see Lemma 2.1 in

[15])

L{caDIfHz) = 2"L{f} = Y 2716 f)(a). (2)

k=0

One can also directly verify the following modified Laplace transform of powers of logarithmic functions

L{(mgé)s}(z)_%. 3)

Definition 2.5. (Definition 2.3 in [14]) The modified convolution of f(t) and g(t) is defined by

(f*g)(t)z[f(aé)y@)%.

The modified convolution operator * is closely related to the classical one ¥ in the sense that for given ¢,
if we define  such that ¢t = ae’ and set F(f) := f(t), G(%) := g(t), there holds

[f(8) % g(D)(t) = [FEOFG@D)](D)- (4)

The modified Laplace transform and modified convolution meet the property (Proposition 2.2 in [15]) that

L{fx g} = LU}, L7HF(2)5(2)} = (f * 9)(®).

The following theorem is a modified version of the Taylor theorem with integral remainder which will be
used later in error estimates.

Theorem 2.6. Let f*) be absolutely continuous on [a,t], then

2 k
f(t):f(a)+(6tf)|t_alog£+%(6§f)|t_a(1og2> +---+%(6ff)‘t_a<log£) + R(t), (5)

where the remainder R(t) is given by

k t k
1 t 1 t ds
R(t) = 7 (10g E) s« ORFLf = E/ (log ;) SEHLf(s)—.

S

3. Discretization on exponential type mesh

For given final time T > 0 and the time variable ¢ € [a, T], by using the transform = log £ € [0,log L],
we introduce the uniform mesh for the t-coordinate system |26 :

_ _ _ _ _ _ T _ T
O=fHh<h<bh< <ty < - <Iy=T:=log—, %, =nT, Fzﬁlog—, NezZt. (6)
a a

The corresponding exponential type mesh for the t-coordinate system is then formulated as

n

- T N
a=ty<ti1 <tag<---<t, < ---<tny=T, tn:ae“‘:a(—) . (7)
a

To simplify the notation, we extend the operator rD§ to the case o < 0 standing for zI;*. On the uniform
mesh (@), in accordance to the CQ theory, one can take w,((; «) as a generating function for the operator
rD§ which is of pth order convergent (Definition 2.3 in [32]), i.e., satisfying the following properties (see



Theorem 2.5 in |32]):

(i) w=0m™"""), (i) T wleT;a)-1=0("), (8)
where wS{l) is the nth coefficient of the series of w,(C;a) = Yo7 w,(j“)gk. For example, two groups of the
classical CQ methods include the pth order fractional backward difference formulas (fractional BDF-p)

wp(G0) = ()%, () =Y =(1=¢), 9)

Jj=1

<. =

and the generalized Newton-Gregory formula

wp(G ) = ()%, Q) = 1= O [r0+ 11 =) +72(1 = Q2+ + 71 (1 = 1] 7,

where the coefficients +; are from the series Y ;= 7i(1 — Q)i = (lgff)a More CQ methods can be found in
[32]. To simplify the notation, define

Up7(C) = vel0) (10)

T

Lemma 3.1. (Definition 2.3 and Theorem 2.5 in [32]) Let U(t) = T° with o > 0. Assume the generating
function wy (¢, a) satisfies (i) and (i) in (8) with coefficients {wr(f‘)}. Define the discrete convolution D, U =
TN o Wr(i)kU(fk) on the uniform mesh (0). There holds

D2, U — (rD§U)(T,) = O, "~ '77H) + O(1, 77 7P7P). (11)

Theorem 3.2. Let o € R and o # 0,1,2,---. Take u(t) = (log %)a with o > 0. Assume the generating
function wy(C, &) satisfies (i) and (i) in (8) with coefficients {w,(f‘)}. Define the discrete convolution D, u =
TN wfla_)ku(tk) on the exponential type mesh (7). There holds

D2 u — (g Diu)(t,) = O ((log(tn /a))_a_l?""'l) + O((log(tn /a))‘““"’#) (12)

Proof. Let ¥ = log t and u(t) = u(ae?) =: U(f). We first show that (7 DSu)(t) = (rRD§U) (7).
Case I: a < 0.
In this case, g D4 represents the Hadamard fractional integral operator I, “. By definition, one gets

(g D&w)(t) = ﬁ /at (10g§>_a_1u(s)% szael ﬁ /Olog% (logé - w) _a_lu(aew)dw
- ﬁ /0z (F—w) """ U(w)dw
— (RDST)().

Case II: m — 1 < a < m for some m € Z+.



In this case, by definition we have

00 = g () [ (e l)

s=ae" 1 d log % t moel
__— (& log © — w)d
a i) [ (eimw) e

A Ay 13
- o () [ E v o
1 d " ¥ m—a—
" Tm-a) (E) /0 (t—w) LU (w)dw
= (rD{U)(?).

The estimate (I2)) follows readily from () since
D2, u=7" an pu(tr) Zw WU(te) = D2 U,
combined with the fact £, = log . O

4. Application in CH fractional subdiffusion problem with sharp estimates

In this section, we adopt the high-order CQ method (fractional BDF-p) to the CH fractional subdiffusion
problem with a singular source term, which can be formulated as

caDu(x,t) — Au(z,t) = f(x,t), te€(a,T], €Q, aec(0,1),
u(z,a) =v(x), =€, (14)
u(x,a) =0, xe€dQ, te(a,T],

where Q C R? is a bounded convex polygonal domain and & = (x1,--- ,74)7 denotes the spatical variable.
The source term f(x,t) is singular such that

B
t
fx,t) = f(x,a) + <1og —) g(x,t), B€][0,1), g issmooth enough with respect to . (15)
a

A stands for the Laplace operator defined on D(A) := H}(Q) N H?(2). The initial conditions v is smooth
enough in the sense v € D(A). See Remark .11l for the discussion of nonsmooth initial conditions.

Our main interest lies in analyzing time discretization using time-stepping methods. Therefore, we begin
by formulating the space semidiscrete scheme using the finite element method. Let 73 be a shape regular,
quasi-uniform triangulation of the domain €2 into d-simplexes where h denotes the mesh size. We approximate
the solution in each simplex e by a kth order polynomial function. The finite element space is defined by

Sp = {xn € HY Q) : xn|e € Pr(e), e € Tn},

where Py (e) denotes the space of all polynomials on e with order at most k.
Introduce the L?(Q) projection Py, : L?(Q2) — Sy, the Ritz projection Ry, : Hi () — Sy, and the discrete
Laplacian Ay : S, — Sh, respectively, as follows,

(Pudyxn) = (¢, xn), Vo € L*(Q), Yxi € Sh,
(VRh$, Vxn) = (V6,Vxn), Vo€ H)(Q), YVxn € Sh, (16)
(Andn, xn) = —(Vor, Vxn), Yo, xn € Sh.



We mention that as a sectorial operator, the discrete Laplacian A, meets the resolvent estimate

Iz =AY <27, Vze Xy, for some 6 > g, (17)

where ¥y denotes the open sector {z € C: |arg z| < 6, z # 0}. Therefore, one readily gets ||(2® — Ap) 7| <
||~ provided a € (0,1) and z € Xy.

4.1. Fully discrete scheme
The space semi-discrete scheme of problem ([I4) is to find wuy, € S, such that

B
cuDSup(x,t) — Apup(z,t) = Py f(x,t) = Pof(x,a) + (10g 2) Prg(z,t), (18)

with the initial condition up(x,a) = vp(x) := Rpv(x). Let fr(x,t) := Pnf(x,t), gn(x,t) := Prg(x,t) and
wp(x,t) := up(x,t) — vp(x). By the relation (), we can rewrite the problem (Ig]) into the form

HDg‘wh(:c, t) — Ahwh(m, t) = Ahvh(m) + fh(.’ll, t). (19)

To simplify the notation, for a general function ¢ (x,t), let " (x) := ¢ (x, t,,) and the space variable will be
omitted.

By adopting the fractional BDF-p ([@) to discretize the time variable on the exponential type mesh (),
we propose the fully discrete scheme with correction terms:

p—2
D2, Wy — AWi = Apop + [+ 6P (Ao + f) + > dP 74050 g (a), 1<n<p—1,
= (20)

Correction terms

DZ  Wh — AWy = Apop + f1l, p<n <N,

where 67 gp(a) = (62 gn(s)) ’S: and the coefficients b’ and d(p ) will be determined later on. We adopt the
convention that if the upper index of the summation is less than the lower one, the summation is nothing
but zero.

It is notable that BDF-p (1 < p < 6) are A-(9J,,) stable |41] with 9, = 90°,90°, 86.03°, 73.35°,51.84°,17.84°
for p=1,2,3,4,5,6, respectively. Denote by U, = {z € C: |z| < r}. The function 1,({) has no zeros ex-
cept ¢ = 1 in U, for some r > 1 [42], which leads to the invertibility of the operator 7~ *4,({)* — A}, for
¢ €U, \ {1} with some r > 1, satisfying

17~ (O)* = An) M S Tl (O) 7 (21)

4.2. Calculation for the coefficients bslp) and d;ﬁ’f)
In accordance with the error estimates in the next subsection, the coefficients b%p ) and d;f’,’f ) are deter-
mined by justifying the following inequalities:
() — 1 S 11—,
rGGj+1+4+5)
Jlbp(C)IH1HA

with £(¢) and 8;(¢) defined by

(22)

ﬂJ(C)_ ‘§|1_C|p—j—l—ﬂ, ]_Oa ) a' 'ap_25

p—1
n, G
O<Zb%p)< +1T<>’

Zd(p’ C”+ Ll G+8) ()



where Li (¢) stands for the polylogarithm function Lis (¢ Z 2. Tt is notable that Lis(¢) can be expanded

at ¢ = 1 into the series (see Theorem 1 in [43])

Lis(¢) =T(1 = s)( —log()” Z ) (log )", (23)

o0

1
where Z(s) := Z — is the Riemann zeta function which is convergent for $(s) > 1 and can be analytically
nS

n=1
continued to all s € C\ {1}.
The coefficients b can be found in Table 1 in [44]. We mention that b is exactly d;ﬁ’f ) with j=p8=0.
d(}%ﬂ)

See Table [l We next present the derivation of the coefficients im - Note that the generating function

1¥p(C) for the BDF-p satisfies the following conditions

—log(
1-¢

¥p(€) = (1 =0)6,(C), Op(¢) = o1 = ¢1?),

which combined with the expension (23]), leads to

1 LGG+1+5)

ﬁLi—(jﬂﬂ)(O - W

_ 1 ; Coyieres[(Zlos T e
- j'r(1+j+ﬂ)(1 ¢) K 1-¢ > Ord (24)
izkl —j —k — B)(log O)*
k=0

M

- j! Z EZ(—j —k—B)(logO)F + O(|1 — ¢|P~7175).
T k=0 "

Assume the first part of the above last step fulfills the expansion at ( = 1 as follows

o0

1 =1
FZE —k—B)logO)F =~ (25)
| £

k=0

)]

where, by using the expansion of log( at ( = 1, the first five ¢;j can be calculated by the formulas

1 .
o) = —FZ(—J -B-1),

1
49 = 5B == - 2(=j-6-2),

&) =~ 22— A= 1) =32(i = -2 + Z(~j A3,
&) = ~5[62(=i == 1) = NZ(=j = =2+ 62(~j = p—3) = Z(~j — B~ 4)].



Table 1: Coefficients dEP,;ﬁ) for 8 =0 (smooth source term)

BDF-p A ORI R (S
p=2 j=0| 3%
R
i=1] 0
i=o| & % %
p=4 j=1| % -4 0
j=21 0 0 0
R - -
i=2| 55 55 0 0
i=3| -5 0 0 0
i=0| H5 T 5 o s
i=1| 95~ a0 —i O
p=06 j=2| 5 % 165 0 0
i=3| 55 = 0 0 0
j=41| 0 0 0 0 0

Introduce the coefficients nj(prz (0 < n <p-—2) such that

p—2 p—2
Z 4. p,B) CZ n(p) - = Z 7752(1 0" = Z 77](’,12(1 -t
n=0
® N @)
= 77: + Z 77], 77J,n 1)(1 - On B 777pp 2(1 o OP*17

which, therefore, leads to

) _ _ (B

N0 = ~C%0>
773(?72 :77]('%271 5[5127 n= 1527"' 7p_j_2a
77;?72: , n=p—j—1,--,p—2.

and finally results in

p—j—2 n
n .
dnh = (DY (k)zéf?v Jk =01, p-2.
=0

n=k

4.8. Sharp error estimates

Step 1: Representation of the solution of equation (I9)



Using the modified Taylor formula () for gp(¢), the source term can be formulated as

P\ I+8
fu(t +Z 5t9h (10g5> + Ry(t), (26)

where the local truncation error R)(t) takes the form

Ry(t) = RV (1) + R (t)

gt () () [(ol) ]

To analytically represent the solution of ([Idl), we combine ([[9) with (28) before taking the modified
Laplace transform for both hand-sides of (I9) and using the facts in (2) and (@) to obtain

p—2
o N (j+1+ 5
2y, — Aty = 2~ (Apon + faa)) + J,wa 8 gn(a) + Ry(2).
7=0

Using the modified inverse Laplace transform, the solution wy,(t) can be represented by

1 ¢
wp(t) = _/ 18 a K (2)(Apvn + fr(a))dz
27 To.,
2 (28)
1 <log £ LG +1+8) 5
+% Fe’pe OgazK(z){jEO e 5t9h(a)+Rp(Z) dz,

where K (z) = 271(2% — Aj,) ! denotes the kernel function and the contour I'y , is defined by
Ty, ={2€C:|z|=p,|argz| <O}U{z€C:2z=re? r>p},

with the orientation that it is traced out with an increasing imaginary part as one moves along the contour.
In the discrete context, I'g , will be truncated with the same orientation such that

0. =1z=x+iyely,: |yl </} (29)

Step 2: Representation of the solution of scheme (20])
Multiplying both hand-side of ([20) by (™ and summing the index n from 1 to oo, we obtain

%) e’} p—1 o
> TCDE, Wi = > AW = (Apun + f1) D WP+ M A
n=1 n=1 n=1 n=1
o'} p—2 (30)
+ D+ YT dlan(0) Zd“”
n=1 =0

10



Replace fp,(t,) in B0) by (28) and collect terms to yield

Zc DZ Wh—Z< AW = (Apvn + 1) <Zb<P>< +Z< )+Z<”Rz

n=1
\v_/ ———

Iy Is I3 ‘ (31)
+Z§ gnl(a ”ﬁZd(p”B) —i 1ogt—n ]HBC" :
t j! o a
Iy
Since W) = 0 and R) = 0, there hold
=3 DLWl =Y AR =T W (G ) Wh(€) — AW (C) = (T ¢ ()™ — An)Wa(()
n=0 n=0
and
=Y ("R} = Ry(¢). (32)
n=0
For the term I3, one readily gets
n=0 1- C
Thanks to ¢, = aeln = ae™, the term I, can be formulated as
AN vV
I = 7 T = Li_(j45) (0). (33)
Ton=1
Combining (BI)-([B3) and using the kernel function K(z) = 27 1(2* — A,)~!, we have
Wi(Q) =7 'K (¢p.7(0) () (Apvn + f7)
- H_j e (34)
+ 7 (O K (o =(O)) | Bp(C) + D7 gn(a)8;(C) ).
j=0
Then, by the Cauchy’s integral formula, we get
1 Wi (<)
W, = d
h(C) i iCl=e <n+1 Ca (35)
where ¢ is a small enough positive number. Define a contour I'Z := {z = —7 'loge +iy : y € R, |y| < 7/7}

with an increasing imaginary part. Setting ( = e¢™*", z € I'Z, in combination (34]) with (35]), one immediately

11



gets

T

n __ _° 2t —2T
Wi = 5 Fje Whi(e ?7)dz
= L eZE"Wh(efﬁ)dz
27 ng
1 21 —2T —2T 0 (36)
= o | e "K(T/}p,?(e )),u(e )(Ahvh + fh)dz
1 I
1 : = = :
tam [ e R () TRy ) + X T sl a)8 e ) d
0,p j=0

Step 3: Some technical lemmas

Lemma 4.1. (Lemma B.1 in [44]) Let o € (0,1). There hold the following estimates for z € Ty , that
|2l S (e NI S lzly [Wpr(e™™) =2l STPIPT, [pr(e™™T)™ = 2% STP[PFe

Remark 4.2. It is notable that the second and third estimates in Lemmal[].1] can be generalized to the case
that for any s € R, |, 7(e7*7)* — 25| S 7P|2|PT5. Indeed, assume s € (1,2], then

[Upr(e77)" = 2°| S [Wpr(e ™ IWpr(e™) 71 = 27+ [T e (e7T) — 2| STPLPHS. (37)

Therefore, the mathematical induction method guarantees (37) holds also for any s > 0. The case s = 0 is
trivial. For the case s < 0, one readily gets

[Upr(e™ )" = 2 = [pr (e |2l [pr(e ™) 7" — 27| S 7P[2fPF.
Lemma 4.3. Assume H=(z) is an approximation to a given function H(z) with the estimate
|H(z) — H=(z)| S7°2|°2, forz € I‘ZP
Moreover, assume |H(2)| < |2]%. si(i = 1,2,3) denotes some constant. It holds, for any z € I'y | that
|2 K (2)H (2) = pr(e” ) E (pr(e™ ) He(2)|| S 7P[2P7F 7 |27 (38)

Proof. By the fact 2K (z) = (2* — Ap)~! and that

1

(2% = Ap) 7 = (Ppr(e7™) = An) = (2% = Ap) (Wprle ™) — 2%) (Ppr(e™7T) — An)

we get, for z € 'y |

||ZK(Z)H(Z)_¢17,?(€_Z?) (@/’p,*( _ZT ) H=( )‘
) = Ap) 7| [H(2)

SN =2 [dpr(e™7)* = “H| (p.r(e
+{[(Wpr (e )™ — Ap) [ H(2) — H=(2)],
which combining (7)), (2I) with the estimates in Lemma 1] leads to the result (B8] required. O

Lemma 4.4. Assume functions Hr(2) and H(z) satisfy | H=(2)|| ST°1|2|** for 2 € TF , and [|H(2)|| S |2|*
for z €Ty ,. 51,52 and s3 denote some contants. There hold

H/ e Hr(2)dz|| < 7TE, T H/ e (2)dz
zﬂ To p\F

12

< szgss—p—l' (39)




Proof. Since the contour I‘Z , consists of three parts
F;p ={z=ref . p<r<7/(Fsin®)}U{z=pe?: -0 <o <6},

by symmetry we obtain

_ =me - . 0 _ ,
] e A e ey A e
%0 p 0

?s?ne 7 .0 1 0 7 .
5 FS1 etn cos ro2dr + p52+ ePtn cosado, .
P 0

By choosing p = f;l and setting rt, = s, one gets

11'
Fsing - o
rt, cos @, .so Zz—s2—1 scosf _so T—s2—1
/ erncostri2dqr <t / e s%2ds <t ,
P 1

[%
T ; ——s2—1
p52+1/ eptnCObadUStnsz ,
0

which yields the first result.
By the symmetry of the contour, we have

_ o0 _ o0 _
H / €Zt"H(Z)dZ S / ertn cos 97“53 dr S Fp ertn cos 97“53 +pd’l",
Fe,ﬁ\r;p ?s?n@ ﬁ
where in the last estimate we have used the fact r > =——. By setting rt, = s, one can readily obtain the
second result of (39). O

Lemma 4.5. Assume the coefficients v and d;—f’,’f) validate the estimates in (29). For z € Fz,p, there hold
() || (=) = K (e (=)l S 77277,

(ii) ’ %I‘(j + 14 B)K(2)z 7P — 4y (e VK (hpr(e 2T T3, || S 7P|2|P7 71278, with j =

071727"'7]9_27

(i) HF@ L AK(2)e PP — iy (e VK (pr (e )PP PL poramy (e ) H ST

Proof. The argument for (i) can be found in Lemma C.1 in [44] and we next give the details of the estimate
of (ii) and (iii).

For (ii), let H(z) = %F(j + 14 B)2z777F=1 and H-(z) = 7115 3;(e~*7). Using the second estimate in
@2) and Remark 2] one gets

|H(2) — He(z)] = 7714

%F(j L 14 B) () (e )

< Fj'f‘l"l‘ﬁ

e T) = ST + L+ B)tyle) 7|

1/)p3(6_2?)_j_1_ﬂ _ Z—j—ﬂ—l

The result of (ii) then follows from Lemma 3] and the above estimate.

13



For (iii), set H(z) = ['(p + B)z7?~# and H7(z) = 7"*PLi_(,_114)(e"*7). In accordance to Lemma 1]
and the estimate in (24) with j =p — 1 and ( = ¢~ *7, we obtain

I'(p+8)
Pp(e==T)PHA
ST —e TP < 7P| P,

|H(z) — H#(2)] S 777 Li_(p_148)(e™7) —

which leads to (iii) by resorting to Lemma 3 The proof for this lemma is completed. O

Lemma 4.6. Suppose ¢(t) = (log £)?[(log £)P~1 x ¢1(t)] where B € (0,1) and ¢1(t) is sufficiently smooth
with respect to t. Then, there hold 5g¢(a) =0 forj=0,1,2,--- ,p—1 and

o015 (108L) [+ (st nton

Proof. Set t = ae’ and define ®(f) := ¢(t) and ®1(I) := ¢1(¢). In accordance to (@), one gets B(I) =

78

#’[""'%®,(7)]. By using the general Leibniz rule, we have

@(j)(f) - i (i) (gﬂ)(jfk) [fp_1¥<1>1(f)](k)
k=0
. (40)

e (p—DIC(B+1) I
l;J(k) - k-DIT(B—j+htD) TR @),

which leads to the estimate
_ T
29 ()] < %p*‘””/ |1 (s)|ds, j=0,1,-,p—1.
0

Combining the fact 67 ¢(a) = ®U)(0) with the above estimate, we get 67 ¢(a) = 0 for j = 0,1,2,--- ,p — 1.

Let £ = (piéfz)l!)lf(réé'ﬁ)kﬂ) and rewrite ([@0Q) with j = p — 1 to yield

p—2
SV E) = > TR R (0] + (p — DI (150 (7).
k=0

Taking the first derivative of the above function, one gets

p—2
oW (@) =Y {(/3 —p+ 1+ R)GE T R (@) + (p— K — 1)zkzﬁp+l+’“[zpk2;q>l(z)]}
k=0

+(p— 1)!{@6_1[1?@1(%)] + fﬁfbl(f)},
which indicates the following estimate

20D 7 [ i(s)as + 700 ()
0

Replacing 7 with log £ and using the fact 67 ¢(t) = ®¥) (), we complete the proof of the lemma. O

Drawing on the results of Steps 1 to 3 above, we present the sharp error estimates for the corrected
high-order scheme (20) in the next several theorems.

14



Theorem 4.7. Assume v(xz) =0, € [0,1) and f(z,t) = (log %)pilﬂ;fl (x). Let wy(t) be the solutions of
(I9) and W} be the solution of (20) without correction terms. There holds

a+pB—1
n = tn
funen) - Wil 57 (108 %) @)l

Proof. With the assumption v(z) = 0 and f(z,t) = (log )p 1Jrﬁfl(a/:), one gets from (28) that

wy(t) = L /F eZEZK(z)IAip(z)dz, t =log —, (42)

2mi

where ﬁp(z) is defined by

In accordance with ([B0), we have

1

Wy =5~ ngezz"%f( ¢ T)K (pr(e” )T Ry (7 7T)dz, (43)

where

p—14p8
ZC" (@, 1) ZC"(log ) = (@)L (o145 (0)-

Then, by [@2]) and [3), one immediately gets

wi(ty) = Wi =J+.J,

where
1 g = —F ~TTVZVFR (e~
Jizgn | @ ERERE) — dnrle TR Wy r(em TR () dz,
6,p
J = 1 eZE"zK(z)}/%p(z)dZ.

2mi Feyp\r;p
Using the result (iii) in Lemma and Lemma [£4] we have
_p7a+B—1
1T+ 171 S 778, @)l

which, by replacing #, with log %", completes the proof of the theorem. o

Remark 4.8. It is notable that the result of the above theorem can be extended to the continuous case

a+pB—1
funte) = Wl 7 (1o 2) IAG@)L te (@] (44)

where Wy (t) should be understood in the following way that by introducing the discrete solution operator

7

&= o [ Tl TR Gl )
0,p

and defining E(t) == 3272 OEﬁA (t), where Aq (t) is the Dirac delta function at t;, for the source term

15



F(t) := f(z,t), we can obtain Wy(t) such that

Wi(t) = [EOFF(@)]]

log £°

Similarly, by introducing the continuous solution operator E(t) = % fFe ezzzK(z)dz, the solution wp(t)
P
can be derived by

t .

wi(t) = [EOFF @)][7_p0 -

Therefore, Theorem [{.7 actually indicates that

e -comra|  <m ()" i

t=log
which can be generalized to the continuous case ([{4)) by similar technique presented in Lemma 3.12 in [45].

Theorem 4.9. Assume v(z) =0, € [0,1) and f(x,t) = (log %)'B [(log %)p_l * fao(x,t)] where f is smooth
with respect to t. Let wy(t) be the solutions of (I9) and W} be the solution of (20) without correction terms.
Then, there holds

at+B—1 .t
n — tn " dS
Jun(en) = WIS 7 Jos (10 2) [ e

tn a—1 S B ds
+/a <log%n> <1Oga> ||f2($,8)||?}=

where kg is an indicator satisfying kg =0 for =0 and kg =1 for § € (0,1).

(45)

Proof. For given t, define  such that ¢ = ae’ and take F(x,?) := f(x,t) and Fy(x,1) := fo(x,t). It holds
that F(z,T) = ' [ '%Fy(z,T)).
Case I: € (0,1). Using the modified Taylor theorem 2.6 and the results in Lemma .6l we obtain

1
(p—1)

By resorting to the continuous and discrete solution operators introduced in Remark [.8] one gets

fla.t) = (log £)7~" w07 f(, 1) = — o @),

n_ = V) =P~ 1= =
wn(tn) = Wil = =y [(E®) = &@)F" FF P (@, D)]]],_ 105 ta
implying the estimate
Tn ~ "
lwn(tn) = Wil < 7 / (B = )" FP (2, 5) s, T =log . (46)
0

Recalling that (@) indicates the estimate
[FP @) 55570 [ a0l + 57 Fale, )
0

which, in combination with (@), leads to

tn s tn
||wh<tn>—w,?||5#[ |G [ R oacas+ [ (fn—s>alsﬁ||F2<m,s>||ds}
0 0 0

tn tn
s [Min ol [ -0 RG]
0 0

16



By replacing #,, with log £, we get the result (5] for 8 € (0,1).

Case II: 3 = 0. In this case, since F(x,?) =7 1*F2( t) is of nonsingular, the error estimate can be
carried out by similar argument as that in Lemma 3.12 in [45], which will be omitted here for space reasons.
We note that in this case the error estimate is of the form

E’Vl
leon(ta) — WP <7 / (T — )V | Fa(e, 5) | ds

t a—1
. n tn dS
:Tp/ (log—) ||f2($,5)||—,
a § 5

which confirms the result {#5) and the proof of the theorem is completed. O

Theorem 4.10. For the source term f(x,t) given in (I1), assume wy(t) is the solution of (I9) and W' the
solution of (20). Let Uy := W} + vy, be the approzimation to up(ty) := wx(tn) + vi with vy, = Rpv. There
holds the following error estimate

—p+jt+a+s

. £\ -«
oo~ U1 7 (1052 sol + 152+ 3 (108 2) 6@
7=0

tn a+p-1 tn n tn a—1 B d
—i—w(log;) / ||(5pgh||—+/ (10g;> (logZ) Héé’ghn?‘s},

where kg is an indicator satisfying kg =0 for =0 and kg =1 for § € (0,1).

(47)

Proof. In accordance to the solution representation (28)) and (B8], we split the error into several parts:

up(tn) — Uy = wi(tn) = Wi = J1+ J + o+ Jo + Js + J3,

where
Jy = % - 18 K (2)(Apvn + f5) — € K (12 (e 7)) (e ™) (Apon + f)dz
_ % . e [K (2) = K (pr(e™ ) u(e)] (Anon + f7)dz
J = 12 2 K (2) (Apon + fO)dz = —— e K (2)(Anvn + f1)dz
2mi Jr, 17 27 Jr, 17,

17



1 n EirG+1 :
Jo 1= — #1083 2K (2) Z LG+1+5) + +5) 5l gn(a)dz

2mi 7, = Glzit14s
1 : p2 4
—— | e K (px(e 7)) > T 6] g (a)B(eT)dz
2mi 7, =
1 20 +1+6)
_ = 2ty J
=55 ¢ [zK(z) Z T 5/ gn(a)
Lo, =0 7

p—2 ) B
(T K () S 5] g ()5 <e-”>} a:

Jj=0

P2 (1. o
:‘ —/F et”[ﬁl"(j—l—l—i—ﬁ)l((z)z i=h

—pr(e” ) K (Upr (e ﬁ))?””ﬁﬁj(eﬁ)} 6] gn(a)dz

I
1M1
&

3.

1 TG +1+5)
Jy = e*log § d
27 2mi o, \IG, = CjlaitH 5t gn(a)dz
1 ” TG +1+8)
- —~ s d
2mi Jr, A7, J:O Cjlziti4s ron(a)dz

_ ] -
= e T+ 14 BK(2)277P8 g (a)dz
Z%/M\FT ST K (2)279 g (a)

= ZJQ,ja

1 1

J3z = oy e?1o8 3 2K (2)Rp(z)dz — eyl eZt"1/11,3(e_ﬁ)K(wpf(e_ﬁ))FRp(e_ﬁ)dz
1 z —2T —2T —2T
- n (2K (2 ) p(2) — Ypr(e” ") K (Yp7(e ))TR (e7°7))dz,
1 Fg ,
/ 1 zlog in D 1 2t f
T = — 18 2K (2)Ry(2)dz = — e zK(z)Rp(z)dz.
27T1 F9,P\sz 27‘—1 FeaP\FZp

For the estimates of J; and Jj, using (1), (i) of Lemma and Lemma 4] we obtain

[Tl + 131 S 7720l Anon + FI S 778" (1 Anenll + 121

_p—a—p 0 —=p tn TP 0 (48)
ST C(1Av] + Al =77 log — ) (1Al + 11741,
where in the last step we have used the fact A, Ry = PpA.
Similarly, for each Js ;, using (), (ii) of Lemma [4.5] and Lemma 4] one gets
21+ 15 S 72545 st =7 (1062 ) [sion (@] (49)

For the terms J3 and Jj, recall that R,(t) in (27) consists of two parts R(l)( t) and R(2)(t). Introduce

18



Jgi) and Jéi), (i = 1,2) such that

1 = ~ _

73 = o Jor e (2K (2) R (2) — pr(e ) K ($pr(e*))FRY (e757))d2
0,p
o 1 - ~
ng) =— eZt"zK(z)R](;)(z)dz.
2mi Fe,p\l—‘;p
Then, Theorem A1 indicates that
() 1y 0
1+ 15 s (o2 ) g ol (50)

and, Theorem implies that
a+p-1 t
2 2) |« = 128 " ds
2+ 18 7 s (1022 ) [ oz

tn a—1 B
+/ <1ogt—n> (log f) Hggghuﬁ].
“ s a s

The final result (@7) then follows from (4]), [@9),(E0) and (BI). The proof is completed. O

(51)

Remark 4.11. We remark that for nonsmooth initial conditions such as v(x) € L*(Q), by setting vy (x) :=
Pru(x), the error estimate can be presented similarly as that in Theorem [{.10] with minimal modifications
(see Theorem 3.8 in [45]), which takes the form

t,\ ? £\ eP ! ¢\ TPHitats
) = U1 57| (o2 )+ (1o ) s+ X (102 I6tgn(a)]
=0

. at+B-1 ,t, d tn . a—1 B d
+l£g<1og%) / H5§th§+/ <10g%> <1og2) deth?S}

It is also notable that by similar analysis one can show that the scheme (20) is only first order accuracy (at
fized time) without any correction terms. See Table[d in the next section.

5. Numerical tests

In this section, we confirm our theoretical results for the CH fractional subdiffusion problem (I4)) by
numerical examples. In general, high accuracy spacial discretization method is required to obtain practically
the pth-order (1 < p < 6) temporal accuracy of our modified scheme and therefore only the one dimensional
case is considered. We shall adopt the Ps element in spacial direction. Let Q = (0,7), ¢ € [1,€?] and assume

v(z) =sinz, u(z,t) = [1+ (logt)*]sinz,
such that the singular source term (with 8 = «) is as follows
f(@,t)=[14+T(a+1)]sinz + (logt)*sina.

In Table Pl we choose h = 1/100 and o = 0.5. Clearly, the fractional BDF-1 scheme needs not to be
modified. For fractional BDF-p with 2 < p < 6, one observes that the error is much smaller than that of the
corresponding scheme without corrections (the standard scheme). For cases 2 < p < 5, by adding correction,
the desired optimal convergence order can be obtained while for the case p = 6, the numerical result is
optimal than our conclusion which deserves more future exploration. Clearly, due to the weak singularity
of the solution and source term, the error is even insensitive to the fractional BDF-p adopted if correction
terms are omitted and only first-order accuracy is arrived at.
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Table 2: Comparisons of the modified scheme (20 with the standard scheme

Modified Scheme

Standard Scheme

BDF-p T
Error Order Error Order
1/40 - - 9.3088E-04 -
p=1 1/80 - - 4.2987E-04 1.11
1/160 - - 2.0259E-04 1.09
1/40 3.0232E-05 - 1.6418E-03 -
p=2 1/80 6.9577E-06 2.12 7.8103E-04 1.07
1/160 1.6407E-06 2.08 3.7710E-04 1.05
1/40 1.7289E-06 - 1.6254E-03 -
p=3 1/80 1.9471E-07 3.15 7.7709E-04 1.06
1/160 2.2753E-08 3.10 3.7613E-04 1.05
1/40 1.4373E-07 - 1.6262E-03 -
p=4 1/80 7.8090E-09 4.20 7.7718E-04 1.07
1/160 4.4926E-10 4.12 3.7614E-04 1.05
1/40 2.8425E-08 - 1.6261E-03 -
pP=>5 1/80 4.1143E-10 6.11 7.7717E-04 1.07
1/160 1.1727E-11 5.13 3.7614E-04 1.05
1/60 1.1506E-06 - 1.2639E-03 -
p==6 1/120 1.0035E-10 13.49 6.1687E-04 1.03
1/240 1.8371E-13 9.09 3.0303E-04 1.03
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6. Conclusions

The Hadamard fractional calculus operators are approximated by the convolution quadrature method
in this work. The local truncation error is derived with respect to the regularity of the solution. To
improve the low accuracy incurred by the weak regularity of the solution and source term of the Caputo-
Hadamard fractional subdiffusion problem, novel correction technique is developed which generalizes the
classical correction method designed for smooth source terms. Rigorous and sharp error analysis is carried
out in detail and is confirmed by some numerical tests.
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