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Preface

The recent studies on fractional differential equations indicate that a variety of
interesting and important results concerning existence and uniqueness of solutions,
stability properties of solutions, and analytic and numerical methods of solutions
for these equations have been obtained, and the surge for investigating more and
more results is underway [36, 37]. The tools of fractional calculus have played
a significant role in improving the modeling techniques for several real-world
problems. Nowadays, fractional-order differential equations appear extensively in
a variety of applications such as diffusion processes, chaos, thermo-elasticity,
biomathematics, fractional dynamics, etc. [87, 118, 142, 183, 187]. One of the
characteristics of operators of fractional order is their nonlocal nature accounting for
the hereditary properties of many phenomena and processes involved. For the recent
development of the topic, we refer the reader to a series of books and papers [1, 6,
8, 9, 40, 41, 91, 96, 114, 121, 133, 141, 180]. However, it has been noticed that most
of the work on the topic is based on Riemann-Liouville, and Caputo-type fractional
differential equations. Another kind of fractional derivatives that appears side by
side to Riemann-Liouville and Caputo derivatives in the literature is the fractional
derivative due to Hadamard, introduced in 1892 [89], which contains logarithmic
function of arbitrary exponent in the kernel of the integral appearing in its definition.
Hadamard-type integrals arise in the formulation of many problems in mechanics
such as in fracture analysis. For details and applications of Hadamard fractional
derivative and integral, we refer the reader to the works in [51–53, 94, 96–98].

The main idea for writing this book is to focus on the recent development
of fractional differential equations, integrodifferential equations, and inclusions
and inequalities involving Hadamard derivative and integral. In precise terms,
we address the issues related to initial and boundary value problems involving
Hadamard-type differential equations and inclusions as well as their functional
counterparts. Much of the material presented in this book is based on the recent
research of the authors on the topic.

v



vi Preface

The book is organized as follows. Chapter 1 contains fundamental concepts
of multivalued analysis, differential inclusions, and Hadamard fractional calcu-
lus. We also describe a number of fixed-point theorems used to establish the
existence results for the proposed problems. Included among the fixed-point
theorems recognized by their names are Amini-Harandi, Boyd and Wong, Covitz
and Nadler, Dhage, Guo-Krasnosel’skii, Krasnosel’skii, Krasnosel’skii-Zebreiko,
Leggett-Williams, Leray-Schauder nonlinear alternative for single and multivalued
maps, O’Regan, Petryshyn, and Sadovski.

Chapter 2 is devoted to the study of existence of solutions for initial and boundary
value problems of fractional-order Hadamard-type functional and neutral functional
differential equations and inclusions with both retarded and advanced arguments.

The objective of Chapter 3 is to investigate fractional integral boundary value
problems involving Hadamard fractional derivative and integral for nonlocal frac-
tional differential equations and inclusions. We establish some existence and
uniqueness results for the given problems by means of classical fixed-point theo-
rems.

In Chapter 4, we introduce a new class of mixed initial value problems involving
Hadamard derivative and Riemann-Liouville fractional integrals. Existence and
uniqueness results for the given problems are obtained with the help of standard
fixed-point theorems. The purpose of Chapter 5 is to study nonlocal boundary value
problems of Riemann-Liouville fractional differential equations and inclusions
equipped with Hadamard fractional integral boundary conditions. In Chapter 6, we
switch onto the study of coupled systems of Hadamard- and Riemann-Liouville-type
fractional differential equations with coupled and uncoupled nonlocal Hadamard
fractional boundary conditions.

Chapter 7 studies nonlinear Langevin equations and inclusions involving Hada-
mard-Caputo-type fractional derivatives with nonlocal fractional integral condi-
tions. Then we extend our study to coupled systems of Langevin equation with
fractional integral conditions. In Chapter 8, we investigate a nonlinear boundary
value problem of impulsive hybrid multi-orders Caputo-Hadamard fractional dif-
ferential equations with nonlinear integral boundary conditions. In Chapter 9, we
study the existence of solutions for initial and boundary value problems of hybrid
fractional differential equations and inclusions of Hadamard type. In Chapter 10, we
develop some fractional integral inequalities using the Hadamard fractional integral.
Several new integral inequalities are obtained by using Young and weighted AM-
GM inequalities. Many special cases are also discussed. Moreover, a Grus̈s-type
Hadamard fractional integral inequality is obtained. Chapter 11 is concerned with
the existence criteria of positive solutions for fractional differential equations of
Hadamard type with integral boundary condition on infinite intervals.
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Chapter 1
Preliminaries

1.1 Definitions and Results from Multivalued Analysis

In this section, we introduce notations, definitions and preliminary facts from
multivalued analysis, which are used throughout this book.

For a normed space .X; k � k/, let

Pcl.X/ D fY 2 P.X/ W Y is closedg;
Pb.X/ D fY 2 P.X/ W Y is boundedg;
Pcp.X/ D fY 2 P.X/ W Y is compactg;

Pcp;c.X/ D fY 2 P.X/ W Y is compact and convexg; and

Pcl;b.X/ D fY 2 P.X/ W Y is closed and boundedg:

A multivalued map G W X ! P.X/ W
(1) is convex (closed) valued if G.x/ is convex (closed) for all x 2 XI
(2) is bounded on bounded sets if G.B/ D [x2BG.x/ is bounded in X for all B 2

Pb.X/ (i.e. supx2Bfsupfjyj W y 2 G.x/gg < 1/I
(3) is called upper semi-continuous (u.s.c.) on X if for each x0 2 X; the set G.x0/

is a nonempty closed subset of X, and if for each open set N of X containing
G.x0/; there exists an open neighborhood N0 of x0 such that G.N0/ � NI

(4) G is lower semi-continuous (l.s.c.) if the set fy 2 X W G.y/\ B ¤ ;g is open for
any open set B in EI

(5) is said to be completely continuous if G.B/ is relatively compact for every B 2
Pb.X/I
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2 1 Preliminaries

(6) is said to be measurable if for every y 2 R, the function

t 7�! d.y;G.t// D inffjy � zj W z 2 G.t/g

is measurable;
(7) has a fixed point if there is x 2 X such that x 2 G.x/: The fixed point set of the

multivalued operator G will be denoted by FixG:

Definition 1.1 A multivalued map F W J � R ! P.R/ is said to be Carathéodory
if

.i/ t 7�! F.t; x/ is measurable for each x 2 R;
.ii/ x 7�! F.t; x/ is upper semicontinuous for almost all t 2 J;

Further a Carathéodory function F is called L1-Carathéodory if

.iii/ for each ˛ > 0, there exists '˛ 2 L1.J;RC/ such that

kF.t; x/k D supfjvj W v 2 F.t; x/g � '˛.t/

for all kxk � ˛ and for a.e. t 2 J:

For each x 2 C , define the set of selections of F by

SF;x WD fv 2 L1.J;R/ W v.t/ 2 F.t; x.t// for a.e. t 2 Jg:

We define the graph of G to be the set Gr.G/ D f.x; y/ 2 X � Y; y 2 G.x/g and
recall two useful results regarding closed graphs and upper-semicontinuity.

Lemma 1.1 ([69, Proposition 1.2]) If G W X ! Pcl.Y/ is u.s.c., then Gr.G/ is a
closed subset of X � Y; i.e., for every sequence fxngn2N � X and fyngn2N � Y, if
when n ! 1, xn ! x�, yn ! y� and yn 2 G.xn/, then y� 2 G.x�/. Conversely, if G
is completely continuous and has a closed graph, then it is upper semi-continuous.

Lemma 1.2 ([108]) Let X be a Banach space. Let F W Œ0;T� � R ! Pcp;c.X/ be
an L1� Carathéodory multivalued map and let � be a linear continuous mapping
from L1.J;X/ to C.J;X/. Then the operator

� ı SF;x W C.J;X/ ! Pcp;c.C.J;X//; x 7! .� ı SF;x/.x/ D �.SF;x/

is a closed graph operator in C.J;X/ � C.J;X/:

Let A be a subset of J �R. A is L ˝B measurable if A belongs to the � -algebra
generated by all sets of the form J � D , where J is Lebesgue measurable in J
and D is Borel measurable in R. A subset A of L1.J;R/ is decomposable if for all
x; y 2 A and measurable J � J D I, the function x�I C y�I�J 2 A , where �J
stands for the characteristic function of J .
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Definition 1.2 Let Y be a separable metric space and let N W Y ! P.L1.J;R// be
a multivalued operator. We say N has a property (BC) if N is lower semicontinuous
(l.s.c.) and has nonempty closed and decomposable values.

Let F W J � R ! P.R/ be a multivalued map with nonempty compact values.
Define a multivalued operator F W PC.J �R/ ! P.L1.J;R// associated with F as

F .x/ D fw 2 L1.J;R/ W w.t/ 2 F.t; x.t// for a.e. t 2 Jg;

which is known as the Nemytskii operator associated with F:

Definition 1.3 Let F W J � R ! P.R/ be a multivalued function with nonempty
compact values. We say F is of lower semi-continuous type (l.s.c. type) if its
associated Nemytskii operator F is lower semi-continuous and has nonempty
closed and decomposable values.

Lemma 1.3 ([50]) Let Y be a separable metric space and let N W Y !
P.L1.J;R// be a multivalued operator satisfying the property (BC). Then N has
a continuous selection, that is, there exists a continuous function (single-valued)
g W Y ! L1.J;R/ such that g.x/ 2 N.x/ for every x 2 Y.

For more details on multivalued analysis, we refer to the books of Deimling [69],
Gorniewitz [85], Hu and Papageorgiou [93] and Tolstonogov [165].

1.2 Definitions and Results from Fractional Calculus

Definition 1.4 The Riemann-Liouville fractional integral of order q > 0 with the
lower limit zero for a function f W .0;1/ ! R is defined by

RLIqf .t/ D 1

� .q/

Z t

0

.t � s/q�1f .s/ds;

provided the right-hand side is point-wise defined on .0;1/; where � .�/ denotes
the Euler Gamma function defined by � .q/ D R1

0
e�ssq�1ds:

Definition 1.5 The Riemann-Liouville fractional derivative of order q > 0 of a
function f W .0;1/ ! R is defined by

RLDqf .t/ D 1

� .n � q/

�
d

dt

�n Z t

0

.t � s/n�q�1f .s/ds; n � 1 < q < n;

where the function f .t/ has absolutely continuous derivative up to order .n � 1/.
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Lemma 1.4 Let b; q > 0 and x 2 C.0; b/ \ L1.0; b/. Then the general solution of
fractional differential equation

RLDqx.t/ D 0

is

x.t/ D c1t
q�1 C c2t

q�2 C : : :C cntq�n;

where ci 2 R, i D 1; 2; : : : ; n; and n � 1 < q < n:

Lemma 1.5 Let q > 0 and x 2 C.0; b/ \ L1.0; b/. Then

RLIq
RLDqx.t/ D x.t/C c1t

q�1 C c2t
q�2 C : : :C cntq�n;

where ci 2 R, i D 1; 2; : : : ; n; and n � 1 < q < n:

Definition 1.6 The Hadamard fractional integral of order q 2 R
C of a function

f 2 LpŒa; b�; 0 � a � t � b � 1; is defined as

HIqf .t/ D 1

� .q/

Z t

a

�
log

t

s

�q�1
f .s/

ds

s
:

Definition 1.7 Let 0 < a < b < 1, ı D t d
dt and ACn

ı Œa; b� D ff W Œa; b� ! R W
ın�1Œf .t/� 2 ACŒa; b�g: The Hadamard derivative of fractional order q for a function
f 2 ACn

ı Œa; b� is defined as

HDqf .t/ D ın.In�q/.t/ D 1

� .n � q/

�
t

d

dt

�n Z t

a

�
log

t

s

�n�q�1 f .s/

s
ds;

where n � 1 < q < n; n D Œq�C 1; Œq� denotes the integer part of the real number q
and log.�/ D loge.�/:

Recall that the Hadamard fractional derivative is the left-inverse operator to
the Hadamard fractional integral in the space LpŒa; b�; 1 � p � 1; that is,
HDq

HIqg.t/ D g.t/ (Theorem 4.8, [97]).
In [94], Caputo-type modification of the Hadamard fractional derivatives was

proposed as follows:

CDqg.t/ D HDq
h
g.s/ �

n�1X
kD0

ıkg.a/

kŠ

�
log

s

a

�ki
.t/; t 2 .a; b/: (1.1)

Further, it was shown in (Theorem 2.1, [94]) that CDqg.t/ D HIn�qıng.t/: For 0 <
q < 1; it follows from (1.1) that
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CDqg.t/ D HDq
h
g.s/ � g.a/

i
.t/:

Furthermore, it was established in Lemmas 2.4 and 2.5 of [94] respectively that

CDq.HIqg/.t/ D g.t/; HIq.CDq/g.t/ D g.t/ �
n�1X
kD0

ıkg.a/

kŠ

�
log

t

a

�k
: (1.2)

From the second formula in (1.2), one can easily infer that the solution of Hadamard
differential equation: CDqu.t/ D �.t/ can be written as

u.t/ D HIq�.t/C
n�1X
kD0

ıku.a/

kŠ

�
log

t

a

�k
;

for appropriate function u.t/ and �.t/ (as required in the above definitions).
Note that the Hadamard integral and derivative defined above are left-sided. One

can define the Hadamard right-sided integral and derivative in the same way, for
instance, see [94].

Lemma 1.6 ([96, p. 113]) Let q > 0 and ˇ > 0. Then the following formulas

HIqtˇ D ˇ�qtˇ and HDqtˇ D ˇqtˇ

hold.

For Hadamard fractional integrals, the semigroup property holds:

HI˛HIˇf .t/ D HI˛Cˇf .t/; ˛ � 0; ˇ � 0;

which leads to the commutative property:

HI˛HIˇf .t/ D HIˇHI˛f .t/:

Lemma 1.7 ([96, Property 2.24]) If a; ˛; ˇ >; 0 then

�
HD˛

�
log

t

a

�ˇ�1�
.x/ D � .ˇ/

� .ˇ � ˛/
�

log
x

a

�ˇ�˛�1
;

�
HI˛

�
log

t

a

�ˇ�1�
.x/ D � .ˇ/

� .ˇ C ˛/

�
log

x

a

�ˇC˛�1
:
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Lemma 1.8 ([96]) Let q > 0 and x 2 CŒ1;1/ \ L1Œ1;1/. Then the solution of
Hadamard fractional differential equation HDqx.t/ D 0 is given by

x.t/ D
nX

iD1
ci .log t/q�i ;

and the following formula holds:

HIq
HDqx.t/ D x.t/C

nX
iD1

ci .log t/q�i ;

where ci 2 R, i D 1; 2; : : : ; n; and n � 1 < q < n:

Remark 1.1 In the subsequent work, we denote by C nŒa; b� the space of functions
x.t/; which have continuous ı-derivative (ı D t d

dt ) of order n �1 on Œa; b� and ınx.t/
on Œa; b� such that ınx.t/ 2 CŒa; b�.

The theoretical development of fractional calculus and fractional differential
equations has deeply been given in excellent monographs, for instance, by Miller
and Ross [121], Podlubny [141], Kilbas et al. [96], Lakshmikantham et al. [107],
Diethelm [75] and Samko et al. [145].

1.3 Fixed Point Theorems

Fixed point theorems play a major role in establishing the existence theory for
initial and boundary value problems. We collect here some well-known fixed point
theorems used in this book.

Theorem 1.1 (Contraction Mapping Principle [70]) Let E be a Banach space,
D � E be closed and F W D ! D a strict contraction, i.e. jFx � Fyj � kjx � yj for
some k 2 .0; 1/ and all x; y 2 D: Then F has a unique fixed point.

Theorem 1.2 (Krasnoselskii’s Fixed Point Theorem [101]) Let M be a closed,
bounded, convex and nonempty subset of a Banach space X. Let A, B be the
operators such that (a) Ax C By 2 M whenever x; y 2 M; (b) A is a compact
and continuous; (c) B is a contraction mapping. Then there exists z 2 M such that
z=Az+Bz.

Theorem 1.3 (Leray-Schauder Alternative [86], p. 4) Let F W E ! E be a
completely continuous operator (i.e., a map restricted to any bounded set in E is
compact). Let

E .F/ D fx 2 E W x D �F.x/ for some 0 < � < 1g:

Then either the set E .F/ is unbounded, or F has at least one fixed point.



1.3 Fixed Point Theorems 7

Next, we state the Leray-Schauder’s nonlinear alternative. By NU and @U; we
denote the closure and the boundary of U; respectively.

Theorem 1.4 (Nonlinear Alternative for Single-Valued Maps [86]) Let E be a
Banach space, C be a closed, convex subset of E, U be an open subset of C and
0 2 U: Suppose that F W U ! C is a continuous, compact (that is, F.U/ is a
relatively compact subset of C) map. Then either

(i) F has a fixed point in U, or
(ii) there is a u 2 @U and � 2 .0; 1/ with u D �F.u/:

Theorem 1.5 ([153]) Suppose that A W N̋ ! E is a completely continuous
operator. If one of the following conditions is satisfied:

(i) (Altman) kAx � xk2 � kAxk2 � kxk2, for all x 2 @˝,
(ii) (Rothe) kAxk � kxk, for all x 2 @˝,

(iii) (Petryshyn) kAxk � kAx � xk, for all x 2 @˝,

then deg.I � A; ˝; �/ D 1, and hence A has at least one fixed point in ˝.

The next fixed point theorem is due to O’Regan.

Theorem 1.6 ([131]) Denote by O an open set in a closed, convex set K of a
Banach space X. Assume that 0 2 O. Also assume that F. NO/ is bounded and that
F W NO ! K is given by F D F1 C F2, in which F1 W NO ! K is continuous and
completely continuous and F2 W NO ! K is nonlinear contraction (that is, there exists
a nonnegative nondecreasing function 	 W Œ0;1/ ! Œ0;1/ satisfying 	.z/ < z for
z > 0, such that kF2x � F2yk � 	.kx � yk/ for all x; y 2 O). Then, either

(C1) F has a fixed point u 2 NO; or
(C2) there exist a point u 2 @O and � 2 .0; 1/ with u D �F.u/, where NO and @O,

respectively, represent the closure and boundary of O.

Following is a hybrid fixed point theorem for two operators in a Banach algebra
due to Dhage.

Theorem 1.7 ([73]) Let S be a nonempty, closed convex and bounded subset of the
Banach algebra E and let A W E ! E and B W S ! E be two operators satisfying:

.a/ A is Lipschitzian with Lipschitz constant ı,

.b/ B is completely continuous,

.c/ x D AxBy ) x 2 S for all y 2 S;

.d/ ıM < 1, where M D kB.S/k D supfkB.x/k W x 2 Sg.

Then the operator equation x D AxBx has a solution in S.

Theorem 1.8 ([73]) Let X be a Banach algebra and let A W X ! X be a single
valued operator and B W X ! Pcp;c.X/ be a multivalued operator satisfying:

(a) A is single-valued Lipschitz with a Lipschitz constant k;
(b) B is compact and upper semi-continuous,
(c) 2Mk < 1; where M D kB.X/k:



8 1 Preliminaries

Then either

(i) the operator inclusion x 2 AxBx has a solution, or
(ii) the set E D fu 2 Xj
u 2 AuBu; 
 > 1g is unbounded.

Theorem 1.9 ([74]) Let M be a non-empty, closed, convex and bounded subset of
the Banach space X and let A W X ! X and B W M ! X be two operators such
that

(i) A is a contraction,
(ii) B is completely continuous, and

(iii) x D Ax C By for all y 2 M ) x 2 M.

Then the operator equation Ax C Bx D x has a solution.

Theorem 1.10 (Krasnoselskii-Zabreiko’s Fixed Point Theorem [102]) Let
.X; k � k/ be a Banach space, and K W X ! X be a completely continuous operator.
Assume that L W X ! X is a bounded linear operator such that 1 is not an
eigenvalue of L and

lim
kxk!1

kK x � L xk
kxk D 0:

Then K has a fixed point in X.

Definition 1.8 Let E be a Banach space and let A W E ! E be a mapping. A is
said to be a nonlinear contraction if there exists a continuous nondecreasing function
� W RC ! R

C such that �.0/ D 0 and �."/ < " for all " > 0 with the property:

kA x � A yk � �.kx � yk/; 8x; y 2 E:

Theorem 1.11 (Boyd and Wong [49]) Let E be a Banach space and let
A W E ! E be a nonlinear contraction. Then A has a unique fixed point in E.

Definition 1.9 ([86]) Let ˚ W D.˚/ � X ! X be a bounded and continuous
operator on a Banach space X. Then ˚ is called a condensing map if ˛.˚.B// <
˛.B/ for all bounded sets B � D.˚/, where ˛ denotes the Kuratowski measure of
noncompactness.

Theorem 1.12 ([178]) The map K1 C K2 is a k-set contraction with 0 � k < 1,
and thus also condensing if the following conditions hold:

(i) K1;K2 W D � X ! X are operators on the Banach space XI
(ii) K1 is k-contractive, that is, kK1x � K1yk � kkx � yk for all x; y 2 D and fixed

k 2 Œ0; 1/I
(iii) K2 is compact.

Theorem 1.13 (Sadovski Fixed Point Theorem [144]) Let B be a convex
bounded and closed subset of a Banach space X and ˚ W B ! B be a condensing
map. Then ˚ has a fixed point.
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Theorem 1.14 ([86]) Suppose that A W N̋ ! E is a completely continuous
operator and that

Ax ¤ �x; 8x 2 @˝; � � 1:

Then deg.I � A; ˝; �/ D 1 and A has at least one fixed point in N̋ .

The next fixed point theorem is concerned with multivalued mappings and is
known as nonlinear alternative of Leray-Schauder for multivalued maps.

Theorem 1.15 (Nonlinear Alternative for Kakutani Maps [86]) Let E be a
Banach space, C a closed convex subset of E; U an open subset of C and 0 2 U:
Suppose that F W U ! Pcp;c.C/ is a upper semicontinuous compact map. Then
either

(i) F has a fixed point in U; or
(ii) there is a u 2 @U and � 2 .0; 1/ with u 2 �F.u/:

Now, we state Krasnoselskii’s multivalued fixed point theorem.

Theorem 1.16 (Krasnoselskii’s Fixed Point Theorem [139]) Let X be a Banach
space, Y 2 Pb;cl;c.X/ and A;B W Y ! Pcp;c.X/ be two multivalued operators. If the
following conditions are satisfied:

(i) Ay C By � Y for all y 2 Y;
(ii) A is contraction;

(iii) B is u.s.c and compact,

then, there exists y 2 Y such that y 2 Ay C By.

The next fixed point theorem deals with multivalued mappings and is known as
nonlinear alternative for contractive maps [140, Corollary 3.8].

Theorem 1.17 ([140]) Let X be a Banach space, and D a bounded neighborhood
of 0 2 X: Let Z1 W X ! Pcp;c.X/ and Z2 W ND ! Pcp;c.X/ be two multivalued
operators satisfying

(a) Z1 is contraction, and
(b) Z2 is u.s.c and compact.

Then, if G D Z1 C Z2; either

(i) G has a fixed point in ND or
(ii) there is a point u 2 @D and � 2 .0; 1/ with u 2 �G.u/.

Before stating the next fixed point theorem, we recall some preliminaries.
Let .X; d/ be a metric space induced from the normed space .XI k � k/: Consider

the Pompeiu-Hausdoff metric Hd W P.X/ � P.X/ ! R [ f1g given by

Hd.A;B/ D maxfsup
a2A

d.a;B/; sup
b2B

d.A; b/g;

where d.A; b/ D infa2A d.aI b/ and d.a;B/ D infb2B d.aI b/. Then .Pb;cl.X/;Hd/ is
a metric space and .Pcl.X/;Hd/ is a generalized metric space (see [99]).
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Definition 1.10 A multivalued operator H W X ! Pcl.X/ is called:

.a/ �-Lipschitz if and only if there exists � > 0 such that

Hd.H .x/;H .y// � �d.x; y/ for each x; y 2 XI

.b/ a contraction if and only if it is �-Lipschitz with � < 1:

Now, we state a fixed point theorem due to Covitz and Nadler for multivalued
contractions.

Theorem 1.18 (Covitz and Nadler [64]) Let .X; d/ be a complete metric space.
If N W X ! Pcl.X/ is a contraction, then FixN ¤ ;:

Before stating endpoint fixed point theorem due to Amini-Harandi [33], we
define some related concepts.

An element x 2 X is called an endpoint of a multifunction F W X ! P.X/
whenever Fx D fxg [33]. Also, we say that F has an approximate endpoint property
whenever infx2X supy2Fx d.x; y/ D 0 [33].

A function f W R ! R is called upper semi-continuous whenever
lim supn!1 f .�n/ � f .�/ for all sequence f�ngn�1 with �n ! �.

Theorem 1.19 ([33]) Let  W Œ0;1/ ! Œ0;1/ be an upper semi-continuous
function such that

 .t/ < t and lim inf
t!1 .t �  .t// > 0 for all t > 0;

.X; d/ is a complete metric space and S W X ! Pcl;b.X/ is a multi-function such
that

Hd.Sx; Sy/ �  .d.x; y// for all x; y 2 X:

Then S has a unique endpoint if and only if S has approximate endpoint property.

The following Leggett-Williams fixed point theorem is useful in proving the
existence of at least three positive solutions.

Definition 1.11 A continuous mapping � W P ! Œ1;1/ is said to be a nonnegative
continuous concave functional on the cone P of a real Banach space E provided that

�.�u C .1 � �/v/ � ��.u/C .1 � �/�.v/

for all u; v 2 P and � 2 Œ0; 1�.
Let a; b; d > 0 be constants. We define Pd D fu 2 P W kuk < dg, Pd D fu 2 P W
kuk � dg and P.�; a; b/ D fu 2 P W �.u/ � a; kuk � bg.
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Theorem 1.20 ([109]) Let P be a cone in the real Banach space E and c > 0 be
a constant. Assume that there exists a concave nonnegative continuous functional �
on P with �.u/ � kuk for all u 2 Pc. Let T W Pc ! Pc be a completely continuous
operator. Suppose that there exist constants 0 < a < b < d � c such that the
following conditions hold:

(i) fu 2 P.�; b; d/ W �.u/ > bg ¤ ; and �.Tu/ > b for u 2 P.�; b; d/;
(ii) kTuk < a for u � a;

(iii) �.Tu/ > b for u 2 P.�; b; c/ with kTuk > d.

Then T has at least three fixed points u1, u2 and u3 in Pc. Furthermore, ku1k < a,
b < �.u2/, a < ku3k with �.u3/ < b.

The following Guo-Krasnoselskii fixed point theorem is used to prove the
existence of at least one positive solution.

Theorem 1.21 ([88]) Let E be a Banach space, and let P � E be a cone. Assume
that ˝1, ˝2 are open subsets of E with 0 2 ˝1, ˝1 � ˝2 and let T W P \ .˝2 n
˝1/ ! P be a completely continuous operator such that:

(i) kTuk � kuk, u 2 P \ @˝1, and kTuk � kuk, u 2 P \ @˝2; or
(ii) kTuk � kuk, u 2 P \ @˝1, and kTuk � kuk, u 2 P \ @˝2.

Then T has a fixed point in P \ .˝2 n˝1/.



Chapter 2
Initial and Boundary Value Problems
of Fractional Order Hadamard-Type
Functional Differential Equations
and Inclusions

2.1 Introduction

Functional and neutral functional differential equations arise in a variety of areas
of biological, physical, and engineering applications, see, for example, the books
[90, 100] and the references therein. Fractional functional differential equations
involving Riemann-Liouville and Caputo type fractional derivatives have been
studied by several researchers [1, 3, 4, 45, 46, 68, 78, 106, 175].

In this chapter, we discuss the existence of solutions for initial and boundary
value problems of Hadamard-type functional and neutral functional differential
equations and inclusions involving retarded as well as advanced arguments.

2.2 Functional and Neutral Fractional Differential Equations

This section deals with the existence of solutions for initial value problems (IVP for
short) of fractional order functional and neutral functional differential equations.
In the first problem, we consider fractional order functional differential equations:

D˛y.t/ D f .t; yt/; for each t 2 J D Œ1; b�; 0 < ˛ < 1; b > 1; (2.1)

y.t/ D 	.t/; t 2 Œ1 � r; 1�; HJ1�˛y.t/jtD1 D 0; (2.2)

where D˛ is the Hadamard fractional derivative, f W J � C.Œ�r; 0�;R/ ! R is a
given continuous function and 	 2 C.Œ1 � r; 1�;R/ with 	.1/ D 0 and HJ.:/ is the

© Springer International Publishing AG 2017
B. Ahmad et al., Hadamard-Type Fractional Differential Equations,
Inclusions and Inequalities, DOI 10.1007/978-3-319-52141-1_2
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14 2 IVP and BVP for Hadamard-Type Differential Equations and Inclusions

Hadamard fractional integral. For any function y defined on Œ1� r; b� and any t 2 J,
we denote by yt the element of C.Œ�r; 0�;R/ and define it as

yt.�/ D y.t C �/; � 2 Œ�r; 0�:

Notice that yt.�/ represents the history of the state from time t � r up to the present
time t.

The second problem is concerned with fractional neutral functional differential
equations:

D˛Œy.t/ � g.t; yt/� D f .t; yt/; t 2 J; (2.3)

y.t/ D 	.t/; t 2 Œ1 � r; 1�; HJ1�˛y.t/jtD1 D 0; (2.4)

where f and 	 are the same as defined in problem (2.1)–(2.2), and g W J �
C.Œ�r; 0�;R/ ! R is a given function such that g.1; 	/ D 0.

Theorem 2.1 ([96, p. 213]) Let ˛ > 0; n D �Œ�˛� and 0 �  < 1: Let G be an
open set in R and let f W .a; b��G ! R be a function such that: f .x; y/ 2 C;logŒa; b�
for any y 2 G: Then the following problem

D˛y.t/ D f .t; y.t//; ˛ > 0; (2.5)

HJ˛�ky.aC/ D bk; bk 2 R; .k D 1; : : : ; n; n D �Œ�˛�/; (2.6)

satisfies the Volterra integral equation:

y.t/ D
nX

jD1

bj

� .˛ � j C 1/

�
log

t

a

�˛�j
C 1

� .˛/

Z t

a

�
log

t

s

�˛�1
f .s; y.s//

ds

s
; t > a > 0;

(2.7)

that is, y.t/ 2 Cn�˛;logŒa; b� satisfies the relations (2.5)–(2.6) if and only if it satisfies
the Volterra integral equation (2.7).

In particular, if 0 < ˛ � 1; the problem (2.5)–(2.6) is equivalent to the following
equation:

y.t/ D b

� .˛/

�
log

t

a

�˛�1
C 1

� .˛/

Z t

a

�
log

t

s

�˛�1
f .s; y.s//

ds

s
; s > a > 0: (2.8)

Further details can be found in [96].
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2.2.1 Functional Differential Equations

By C.J;R/; we denote the Banach space of all continuous functions from J into R

with the norm

kyk1 WD supfjy.t/j W t 2 Jg;

where j � j is a suitable complete norm on R: The space C.Œ�r; 0�;R/ is endowed
with norm k � kC defined by

k	kC WD supfj	.�/j W �r � � � 0g:

Definition 2.1 A function y 2 C 1.Œ1 � r; b�;R/ is said to be a solution of (2.1)–
(2.2) if it satisfies the equation D˛y.t/ D f .t; yt/ on J, the conditions y.t/ D 	.t/ on
Œ1 � r; 1� and HJ1�˛y.t/jtD1 D 0:

Our first existence result for the IVP (2.1)–(2.2) is based on the Banach’s contraction
mapping principle.

Theorem 2.2 Let f W J � C.Œ�r; 0�;R/ ! R: Assume that:

(2.2.1) there exists ` > 0 such that

jf .t; u/�f .t; v/j � `ku�vkC; for t 2 J and for every u; v 2 C.Œ�r; 0�;R/:

If
`.log b/˛

� .˛ C 1/
< 1; then there exists a unique solution for the IVP (2.1)–(2.2) on the

interval Œ1 � r; b�:

Proof To transform the problem (2.1)–(2.2) into a fixed point problem, we consider
an operator N W C.Œ1 � r; b�;R/ ! C.Œ1 � r; b�;R/ defined by

N.y/.t/ D

8̂
<
:̂
	.t/; if t 2 Œ1 � r; 1�;

1

� .˛/

Z t

1

�
log

t

s

�˛�1 f .s; ys/

s
ds; if t 2 Œ1; b�:

(2.9)

Let y; z 2 C.Œ1 � r; b�;R/. Then, for t 2 Œ1 � r; b�; we have

jN.y/.t/ � N.z/.tj � 1

� .˛/

Z t

1

�
log

t

s

�˛�1
jf .s; ys/ � f .s; zs/jds

s

� `

� .˛/

Z t

1

�
log

t

s

�˛�1
kys � zskC

ds

s
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� `

� .˛/
ky � zkŒ1�r;b�

Z t

1

�
log

t

s

�˛�1 ds

s

� `.log t/˛

� .˛ C 1/
ky � zkŒ1�r;b�:

Consequently,

kN.y/ � N.z/kŒ1�r;b� � `.log b/˛

� .˛ C 1/
ky � zkŒ1�r;b�;

which implies that N is a contraction as
`.log b/˛

� .˛ C 1/
< 1, and hence the operator N

has a unique fixed point by Banach’s contraction mapping principle. Therefore, the
problem (2.1)–(2.2) has a unique solution on Œ1 � r; b�: �

We make use of the nonlinear alternative of Leray-Schauder type to obtain our
second existence result for the IVP (2.1)–(2.2).

Theorem 2.3 Assume that the following hypotheses hold:

(2.3.1) f W J � C.Œ�r; 0�;R/ ! R is a continuous function;
(2.3.2) there exist a continuous nondecreasing function  W Œ0;1/ ! .0;1/ and

a function p 2 C.Œ1; b�;RC/ such that

jf .t; u/j � p.t/ .kukC/ for each .t; u/ 2 Œ1; b� � C.Œ�r; 0�;R/I

(2.3.3) there exists a constant M > 0 such that

M

 .M/kpk1
.log b/˛

� .˛ C 1/

> 1:

Then the IVP (2.1)–(2.2) has at least one solution on Œ1 � r; b�:

Proof We consider the operator N W C.Œ1 � r; b�;R/ ! C.Œ1 � r; b�;R/ defined
by (2.9) and show that it is both continuous and completely continuous.

Step 1: N is continuous.

Let fyng be a sequence such that yn ! y in C.Œ1 � r; b�;R/: Let � > 0 such that
kynk1 � �: Then

jN.yn/.t/ � N.y/.t/j � 1

� .˛/

Z t

1

�
log

t

s

�˛�1
jf .s; yns/ � f .s; ys/jds

s

� 1

� .˛/

Z b

1

�
log

t

s

�˛�1
sup

s2Œ1;b�
jf .s; yns/ � f .s; ys/jds

s
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� kf .�; yn:/ � f .�; y:/k1
� .˛/

Z b

1

�
log

t

s

�˛�1 ds

s

� .log b/˛kf .�; yn:/ � f .�; y:/k1
� .˛ C 1/

:

Since f is a continuous function, we have

kN.yn/ � N.y/k1 � .log b/˛kf .�; yn:/ � f .�; y:/k1
� .˛ C 1/

! 0 as n ! 1:

Step 2: N maps bounded sets into bounded sets in C.Œ1 � r; b�;R/:

Indeed, it is enough to show that for any �� > 0 there exists a positive constant
Q̀ such that for each y 2 B�� D fy 2 C.Œ1 � r; b�;R/ W kyk1 � ��g; we have
kN.y/k1 � Q̀: By (2.3.2), for each t 2 Œ1; b�; we obtain

jN.y/.t/j � 1

� .˛/

Z t

1

�
log

t

s

�˛�1
jf .s; ys/jds

s

�  .kykŒ1�r;b�/kpk1
� .˛/

Z t

1

�
log

t

s

�˛�1 ds

s

�  .kykŒ1�r;b�/kpk1
� .˛ C 1/

.log b/˛:

Thus

kN.y/k1 �  .��/kpk1
� .˛ C 1/

.log b/˛ WD Q̀:

Step 3: N maps bounded sets into equicontinuous sets of C.Œ1 � r; b�;R/.

Let t1; t2 2 .0; b�; t1 < t2; B�� be a bounded set of C.Œ1 � r; b�;R/ as in Step 2,
and let y 2 B�� : Then

jN.y/.t2/ � N.y/.t1/j � 1

� .˛/

ˇ̌
ˇ
Z t1

1

h �
log

t2
s

�˛�1
�
�

log
t1
s

�˛�1 i
f .s; ys/

ds

s

C 1

� .˛/

Z t2

t1

�
log

t2
s

�˛�1
f .s; ys/

ds

s

ˇ̌
ˇ

�  .��/kpk1
� .˛ C 1/

�
2j.log t2=t1/

˛j C j.log t2/
˛ � .log t1/

˛j
�
:

As t1 �! t2; the right-hand side of the above inequality tends to zero, independent
of y 2 B�� : The equicontinuity for the cases t1 < t2 � 0 and t1 � 0 � t2 is obvious.
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In consequence of Steps 1–3, it follows by the Arzelá-Ascoli theorem that N W
C.Œ1 � r; b�;R/ �! C.Œ1 � r; b�;R/ is continuous and completely continuous.

Step 4: We show that there exists an open set U � C.Œ1�r; b�;R/ with y ¤ �N.y/
for � 2 .0; 1/ and y 2 @U:

Let y 2 C.Œ1 � r; b�;R/ and y D �N.y/ for some 0 < � < 1. Thus, for each
t 2 Œ1; b�,

y.t/ D �

�
1

� .˛/

Z t

1

�
log

t

s

�˛�1
f .s; ys/

ds

s

�
:

By the assumption (2.3.2), for each t 2 J, we get

jy.t/j � 1

� .˛/

Z t

1

�
log

t

s

�˛�1
p.s/ .kyskC/

ds

s

� kpk1 .kykŒ1�r;b�/

� .˛ C 1/
.log b/˛;

which can be expressed as

kykŒ1�r;b�

 .kykŒ1�r;b�/kpk1
.log b/˛

� .˛ C 1/

� 1:

In view of (2.3.3), there exists M such that kykŒ1�r;b� ¤ M. Let us set

U D fy 2 C.Œ1 � r; b�;R/ W kykŒ1�r;b� < Mg:

Note that the operator N W U ! C.Œ1 � r; b�;R/ is continuous and completely
continuous. From the choice of U, there is no y 2 @U such that y D �Ny for
some � 2 .0; 1/. Consequently, by the nonlinear alternative of Leray-Schauder type
(Theorem 1.15), we deduce that N has a fixed point y 2 U which is a solution of the
problem (2.1)–(2.2). This completes the proof. �

2.2.2 Neutral Functional Differential Equations

In this subsection, we establish the existence results for the IVP (2.3)–(2.4).

Definition 2.2 A function y 2 C 1.Œ1 � r; b�;R/ is said to be a solution of (2.3)–
(2.4) if it satisfies the equation D˛Œy.t/ � g.t; yt/� D f .t; yt/ on J, the conditions
y.t/ D 	.t/ on Œ1 � r; 1� and HJ1�˛y.t/jtD1 D 0:
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Theorem 2.4 (Uniqueness Result) Assume that (2.2.1) and the following condi-
tion hold:

(2.4.1) there exists a nonnegative constant c1 such that

jg.t; u/ � g.t; v/j � c1ku � vkC; for every u; v 2 C.Œ�r; 0�;R/:

If

c1 C `.log b/˛

� .˛ C 1/
< 1; (2.10)

then there exists a unique solution for the IVP (2.3)–(2.4) on the interval Œ1 � r; b�:

Proof Associated with the problem (2.3)–(2.4), we introduce an operator N1 W
C.Œ1 � r; b�;R/ ! C.Œ1 � r; b�;R/ defined by

N1.y/.t/ D

8̂
<
:̂
	.t/; if t 2 Œ1 � r; 1�;

g.t; yt/C 1

� .˛/

Z t

1

�
log

t

s

�˛�1 f .s; ys/

s
ds; if t 2 Œ1; b�:

(2.11)
To show that the operator N1 is a contraction, let y; z 2 C.Œ1 � r; b�;R/. Then, we
have

jN1.y/.t/ � N1.z/.t/j � jg.t; yt/ � g.t; zt/j

C 1

� .˛/

Z t

1

jf .s; ys/ � f .s; zs/j
�

log
t

s

�˛�1 ds

s

� c1kyt � ztkC C `

� .˛/

Z t

1

�
log

t

s

�˛�1
kys � zskC

ds

s

� c1ky � zkŒ1�r;b� C `

� .˛/
ky � zkŒ1�r;b�

Z t

1

�
log

t

s

�˛�1 ds

s

� c1ky � zkŒ1�r;b� C `.log t/˛

� .˛ C 1/
ky � zkŒ1�r;b�:

Consequently, we obtain

kN1.y/ � N1.z/kŒ1�r;b� �
�

c1 C `.log b/˛

� .˛ C 1/

�
ky � zkŒ1�r;b�;

which, in view of (2.10), implies that N1 is a contraction. Hence N1 has a unique
fixed point by Banach’s contraction mapping principle. This, in turn, shows that the
problem (2.3)–(2.4) has a unique solution on Œ1 � r; b�: �
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Theorem 2.5 Assume that (2.3.1) and (2.3.2) hold. Further, we suppose that:

(2.5.1) the function g is continuous and completely continuous, and for any
bounded set B in C.Œ1 � r; b�;R/, the set ft ! g.t; yt/ W y 2 Bg is
equicontinuous in C.Œ1; b�;R/, and there exist constants 0 � d1 < 1; d2 � 0

such that

jg.t; u/j � d1kukC C d2; t 2 Œ1; b�; u 2 C.Œ�r; 0�;R/I

(2.5.2) there exists a constant M > 0 such that

.1 � d1/M

d2 C kpk1 .M/
� .˛ C 1/

.log b/˛
> 1:

Then the IVP (2.3)–(2.4) has at least one solution on Œ1 � r; b�:

Proof Let us show that the operator N1 W C.Œ1� r; b�;R/ ! C.Œ1� r; b�;R/ defined
by (2.11) is continuous and completely continuous.

Using (2.5.1), it suffices to show that the operator N2 W C.Œ1� r; b�;R/ ! C.Œ1�
r; b�;R/ defined by

N2.y/.t/ D
8<
:
	.t/; t 2 Œ1 � r; 1�;
1

� .˛/

Z t

1

�
log

t

s

�˛�1 f .s; ys/

s
ds; t 2 Œ1; b�;

is continuous and completely continuous. The proof is similar to that of
Theorem 2.3, so we omit the details.

We now show that there exists an open set U � C.Œ1� r; b�;R/ with y ¤ �N1.y/
for � 2 .0; 1/ and y 2 @U:

Let y 2 C.Œ1 � r; b�;R/ and y D �N1.y/ for some 0 < � < 1. Thus, for each
t 2 Œ1; b�; we have

y.t/ D �

�
g.t; yt/C 1

� .˛/

Z t

1

�
log

t

s

�˛�1 f .s; ys/

s
ds

�
:

For each t 2 J; it follows by (2.3.1) and (2.3.2) that

jy.t/j � d1kytkC C d2 C 1

� .˛/

Z t

1

�
log

t

s

�˛�1
p.s/ .kyskC/

ds

s

� d1kytkC C d2 C kpk1 .kykŒ1�r;b�/

� .˛ C 1/
;
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which yields

.1 � d1/kykŒ1�r;b� � d2 C kpk1 .kykŒ1�r;b�/

� .˛ C 1/
.log b/˛:

In consequence, we get

.1 � d1/kykŒ1�r;b�

d2 C kpk1 .kykŒ1�r;b�/

� .˛ C 1/
.log b/˛

� 1:

In view of (2.5.2), there exists M such that kykŒ1�r;b� ¤ M. Let us set

U D fy 2 C.Œ1 � r; b�;R/ W kykŒ1�r;b� < Mg:

Note that the operator N1 W U ! C.Œ1 � r; b�;R/ is continuous and completely
continuous. From the choice of U, there is no y 2 @U such that y D �N1y
for some � 2 .0; 1/. Thus, by the nonlinear alternative of Leray-Schauder type
(Theorem 1.15), we deduce that N1 has a fixed point y 2 U which is a solution of
the problem (2.3)–(2.4). This completes the proof. �

2.2.3 An Example

Consider the initial value problem for fractional functional differential equations:

D1=2y.t/ D kytk
2.1C kytk/ C 1

3
; t 2 J WD Œ1; e�; (2.12)

y.t/ D 	.t/; t 2 Œ1 � r; 1�; HJ1=2y.t/jtD1 D 0: (2.13)

Let

f .t; x/ D x

2.1C x/
; .t; x/ 2 Œ1; e� � Œ0;1/:

For x; y 2 Œ0;1/ and t 2 J; we have

jf .t; x/ � f .t; y/j D 1

2

ˇ̌
ˇ x

1C x
� y

1C y

ˇ̌
ˇ D jx � yj

2.1C x/.1C y/
� 1

2
jx � yj:

Hence the condition (2.2.1) holds with ` D 1=2: Since
`.log b/˛

� .˛ C 1/
D 1p

�
< 1;

therefore, by Theorem 2.2, the problem (2.12)–(2.13) has a unique solution on
Œ1 � r; b�.
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2.3 Functional and Neutral Fractional Differential Inclusions

In this section, we study the existence of solutions for initial value problems of
functional and neutral functional Hadamard type fractional differential inclusions
given by

D˛y.t/ 2 F.t; yt/; for each t 2 J WD Œ1; b�; 0 < ˛ < 1; (2.14)

y.t/ D #.t/; t 2 Œ1 � r; 1�; HJ1�˛y.t/jtD1 D 0; (2.15)

and

D˛Œy.t/ � g.t; yt/� 2 F.t; yt/; t 2 J; (2.16)

y.t/ D #.t/; t 2 Œ1 � r; 1�; HJ1�˛y.t/jtD1 D 0; (2.17)

where D˛ is the Hadamard fractional derivative, F W J � C.Œ�r; 0�;R/ ! P.R/

(P.R/ is the family of all nonempty subsets of R) is a given function and # 2
C.Œ1 � r; 1�;R/ with #.1/ D 0 and g W J � C.Œ�r; 0�;R/ ! R is a given function
such that g.1; #/ D 0:

2.3.1 Functional Differential Inclusions

In this section, we establish the existence criteria for the problem (2.14)–(2.15).

Definition 2.3 A function y 2 C 1.Œ1 � r; b�;R/ is called a solution of prob-
lem (2.14)–(2.15) if there exists a function v 2 L1.J;R/ with v.t/ 2 F.t; yt/; a.e.
on J such that D˛y.t/ D v.t/ for a.e. t 2 J; y.t/ D #.t/; t 2 Œ1 � r; 1� and
HJ1�˛y.t/jtD1 D 0:

Theorem 2.6 Assume that:

(2.6.1) F W J � R ! P.R/ is L1-Carathéodory and has nonempty compact and
convex values;

(2.6.2) there exists a continuous nondecreasing function ˇ W Œ0;1/ ! .0;1/ and
a function � 2 C.J;RC/ such that

kF.t; y/kP WD supfjvj W v 2 F.t; y/g � �.t/ˇ.kykC/;

for each .t; y/ 2 J � C.Œ�r; 0�;R/I
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(2.6.3) there exists a constant � > 0 such that

�

ˇ.�/k�k1
.log b/˛

� .˛ C 1/

> 1:

Then the initial value problem (2.14) and (2.15) has at least one solution on Œ1�r; b�:

Proof Define an operator ˝F W C.Œ1 � r; b�;R/ ! P.C.Œ1 � r; b�;R// by

˝F.y/ D

8̂
ˆ̂̂<
ˆ̂̂̂
:

h 2 C.Œ1 � r; b�;R/ W

h.t/ D

8̂
<̂
ˆ̂:

#.t/; if t 2 Œ1 � r; 1�;

1

� .˛/

Z t

1

�
log

t

s

�˛�1 v.s/
s

ds; if t 2 Œ1; b�;

9>>>>=
>>>>;
(2.18)

for v 2 SF;y: It will be shown that the operator ˝F satisfies the assumptions of
Theorem 1.15. Firstly, we observe that ˝F is convex for each y 2 C.Œ1 � r; b�;R/
since SF;y is convex (F has convex values). Next, we show that ˝F maps bounded
sets into bounded sets in C.Œ1 � r; b�;R/: For a positive number r, let Br D fy 2
C.Œ1� r; b�;R/ W kykŒ1�r;b� � rg be a bounded ball in C.Œ1� r; b�;R/. Then, for each
h 2 ˝F.y/; y 2 Br, there exists v 2 SF;y such that

h.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 v.s/
s

ds:

Then, for t 2 J; we have

jh.t/j � 1

� .˛/

Z t

1

�
log

t

s

�˛�1
jv.s/jds

s

� ˇ.kykŒ1�r;b�/k�k1
� .˛/

Z t

1

�
log

t

s

�˛�1 ds

s

� ˇ.kykŒ1�r;b�/k�k1
� .˛ C 1/

.log b/˛:

Thus

khk � ˇ.r/k�k1
� .˛ C 1/

.log b/˛ WD Q̀:

Now, we show that ˝F maps bounded sets into equicontinuous sets of
C.Œ1 � r; b�;R/: Let t1; t2 2 J with t1 < t2 and y 2 Br: For each h 2 ˝F.y/;
we obtain



24 2 IVP and BVP for Hadamard-Type Differential Equations and Inclusions

jh.t2/ � h.t1/j � 1

� .˛/

ˇ̌
ˇ̌
ˇ
Z t1

1

"�
log

t2
s

�˛�1
�
�

log
t1
s

�˛�1
#

f .s; ys/
ds

s

C 1

� .˛/

Z t2

t1

�
log

t2
s

�˛�1
f .s; ys/

ds

s

ˇ̌
ˇ̌
ˇ

�  .��/kpk1
� .˛ C 1/

�
2j.log t2=t1/

˛j C j.log t2/
˛ � .log t1/

˛j
�
:

Clearly the right hand side of the above inequality tends to zero independent of
y 2 Br as t2 � t1 ! 0: As ˝F satisfies the above three assumptions, it follows by
the Arzelá-Ascoli Theorem that ˝F W C.Œ1 � r; b�;R/ ! P.C.Œ1 � r; b�;R// is
completely continuous.

In our next step, we show that ˝F is upper semicontinuous. It is known [69,
Proposition 1.2] that ˝F will be upper semicontinuous if we establish that it has
a closed graph, since ˝F is already shown to be completely continuous. Thus, we
will prove that ˝F has a closed graph. Let yn ! y�; hn 2 ˝F.yn/ and hn ! h�:
Then, we need to show that h� 2 ˝F.y�/: Associated with hn 2 ˝F.yn/; there exists
vn 2 SF;yn such that for each t 2 J;

hn.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
vn.s/

ds

s
:

Thus it suffices to show that there exists v� 2 SF;y�
such that for each t 2 J;

h�.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
v�.s/

ds

s
:

Let us consider the linear operator � W L1.J;R/ ! C.J;R/ given by

v 7! �.v/.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
v.s/

ds

s
:

Notice that

khn.t/ � h�.t/k D
�����

1

� .˛/

Z t

1

�
log

t

s

�˛�1
.vn.s/ � v�.s//

ds

s

����� ! 0; as n ! 1:

Thus, it follows by Lemma 1.2 that � ı SF;y is a closed graph operator. Further, we
have that hn.t/ 2 �.SF;yn/: Since yn ! y�; we have

h�.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
v�.s/

ds

s
;

for some v� 2 SF;y�
:



2.3 Functional and Neutral Fractional Differential Inclusions 25

Finally, we show that there exists an open set U � C.J;R/ with y … ˝F.y/ for
any � 2 .0; 1/ and all y 2 @U: Let � 2 .0; 1/ and y 2 �˝F.y/: Then there exists
v 2 L1.J;R/ with v 2 SF;y such that, for t 2 J, we have

y.t/ D �

�
1

� .˛/

Z t

1

�
log

t

s

�˛�1
v.s/

ds

s

�
:

By the assumption (2.6.2), for each t 2 J, we get

jy.t/j � 1

� .˛/

Z t

1

�
log

t

s

�˛�1
�.s/ˇ.kysk/ds

s

� k�k1ˇ.kykŒ1�r;b�/

� .˛ C 1/
.log b/˛;

which can be expressed as

kykŒ1�r;b�

ˇ.kykŒ1�r;b�/k�k1
.log b/˛

� .˛ C 1/

� 1:

In view of (2.6.3), there exists � such that kykŒ1�r;b� ¤ � . Let us set

U D fy 2 C.Œ1 � r; b�;R/ W kykŒ1�r;b� < �g:

Note that the operator ˝F W U ! P.C.Œ1 � r; b�;R// is upper semicontinuous
and completely continuous. From the choice of U, there is no y 2 @U such that
y 2 �˝F.y/ for some � 2 .0; 1/. Consequently, by the nonlinear alternative of
Leray-Schauder type (Theorem 1.15), we deduce that ˝F has a fixed point y 2 U
which is a solution of the problem (2.14)–(2.15). This completes the proof. �

Next, we prove the existence of solutions for the problem (2.14)–(2.15) with a
nonconvex valued right hand side (Lipschitz case) by applying a fixed point theorem
for multivalued maps due to Covitz and Nadler (Theorem 1.18).

Theorem 2.7 Assume that:

(2.7.1) F W J � R ! Pcp.R/ is such that F.�; y/ W J ! Pcp.R/ is measurable for
each y 2 RI

(2.7.2) Hd.F.t; y/;F.t; Ny// � `.t/ky � NykC for almost all t 2 J and y; Ny 2
C.Œ�r; 0�;R/ with ` 2 C.J;RC/ and d.0;F.t; 0// � `.t/ for almost all
t 2 J.

Then, if
.log b/˛

� .˛ C 1/
k`k1 < 1; the initial value problem (2.14)–(2.15) has at least

one solution on Œ1 � r; b�:
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Proof Observe that the set SF;y is nonempty for each y 2 C.Œ1 � r; b�;R/ by
the assumption (2.7.1), so F has a measurable selection (see Theorem III.6 [57]).
Now, we show that the operator ˝F; defined by (2.18), satisfies the hypothesis of
Theorem 1.18. To show that ˝F.y/ 2 Pcl.C.Œ1 � r; b�;R// for each y 2 C.Œ1 �
r; b�;R/, let fungn�0 2 ˝F.y/ be such that un ! u .n ! 1/ in C.Œ1 � r; b�;R/:
Then u 2 C.Œ1 � r; b�;R/ and there exists vn 2 SF;yn such that, for each t 2 J,

un.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
vn.s/

ds

s
:

As F has compact values, we pass onto a subsequence (if necessary) to obtain
that vn converges to v in L1.J;R/: Thus, v 2 SF;y and for each t 2 J, we have

un.t/ ! u.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
v.s/

ds

s
:

Hence, u 2 ˝.y/:
Next, we show that there exists ı < 1 (ı WD .log b/˛

� .˛ C 1/
k`k1/ such that

Hd.˝F.y/;˝F.Ny// � ıky � NykC for each y; Ny 2 C.Œ1 � r; b�;R/:

Let y; Ny 2 C.Œ1 � r; b�;R/ and h1 2 ˝F.y/. Then there exists v1.t/ 2 F.t; yt/ such
that, for each t 2 J,

h1.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
v1.s/

ds

s
:

By (2.7.2), we have

Hd.F.t; y/;F.t; Ny// � `.t/ky � NykC:

So, there exists w 2 F.t; Nyt/ such that

jv1.t/ � wj � `.t/ky � NykC; t 2 J:

Define U W J ! P.R/ by

U.t/ D fw 2 R W jv1.t/ � wj � `.t/ky � NykCg:

Since the multivalued operator U.t/ \ F.t; Nyt/ is measurable (Proposition III.4
[57]), there exists a function v2.t/ which is a measurable selection for U. So
v2.t/ 2 F.t; Nyt/ and for each t 2 J, we have jv1.t/ � v2.t/j � `.t/ky � NykC.
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For each t 2 J, let us define

h2.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
v2.s/

ds

s
:

Thus,

jh1.t/ � h2.t/j � 1

� .˛/

Z t

1

�
log

t

s

�˛�1
jv1.s/ � v2.s/j ds

s

� 1

� .˛/

Z t

1

�
log

t

s

�˛�1
`.s/ky � NykC

ds

s

� 1

� .˛/

Z b

1

�
log

t

s

�˛�1
`.s/ky � NykŒ1�r;b�

ds

s

� .log b/˛

� .˛ C 1/
k`k1ky � NykŒ1�r;b�:

Hence,

kh1 � h2k � .log b/˛

� .˛ C 1/
k`k1ky � NykŒ1�r;b�:

Analogously, interchanging the roles of y and y, we obtain

Hd.˝F.y/;˝F.Ny// � .log b/˛

� .˛ C 1/
k`k1ky � NykŒ1�r;b�:

Since ˝F is a contraction by the given condition, it follows by Theorem 1.18
that ˝F has a fixed point y which is a solution of (2.14)–(2.15). This completes the
proof. �

2.3.2 Neutral Functional Differential Inclusions

This subsection is concerned with the existence of solutions for the problem
(2.16)–(2.17).

Definition 2.4 A function y 2 C 1.Œ1 � r; b�;R/ is said to be a solution of (2.16)–
(2.17) if there exists a function v 2 L1.Œ1; b�;R/ with v.t/ 2 F.t; yt/; a.e. on
Œ1; b� such that D˛Œy.t/ � g.t; yt/� D v.t/ on J; y.t/ D #.t/ on Œ1 � r; 1� and
HJ1�˛y.t/jtD1 D 0:
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Theorem 2.8 Suppose that (2.5.1), (2.6.1) and (2.6.2) hold. Further it is assumed
that:

(2.8.1) there exists a constant M > 0 such that

.1 � d1/M

d2 C k�k1ˇ.M/
� .˛ C 1/

.log b/˛
> 1:

Then the IVP (2.16)–(2.17) has at least one solution on Œ1 � r; b�:

Proof Define an operator Q W C.Œ1 � r; b�;R/ ! P.C.Œ1 � r; b�;R/ by

Q.y/ D

8̂
ˆ̂̂<
ˆ̂̂̂
:

h 2 C.Œ1 � r; b�;R/ W

h.t/ D

8̂
<̂
ˆ̂:

#.t/; if t 2 Œ1 � r; 1�;

g.t; xt/C 1

� .˛/

Z t

1

�
log

t

s

�˛�1 v.s/
s

ds; if t 2 Œ1; b�;

9>>>>=
>>>>;

for v 2 SF;y:

Using (2.8.1), it suffices to show that the operator Q1 W C.Œ1� r; b�;R/ ! C.Œ1�
r; b�;R/ defined by

Q1.x/ D

8̂
ˆ̂̂<
ˆ̂̂̂
:

h 2 C.Œ1 � r; b�;R/ W

h.t/ D

8̂
<̂
ˆ̂:

#.t/; if t 2 Œ1 � r; 1�;

1

� .˛/

Z t

1

�
log

t

s

�˛�1 v.s/
s

ds; if t 2 Œ1; b�;

9>>>>=
>>>>;

for v 2 SF;y; is continuous and completely continuous. The proof is similar to that
of Theorem 2.6, so, we omit the details.

Next, we show that there exists an open set U � C.Œ1� r; b�;R/ with y ¤ �Q.y/
for � 2 .0; 1/ and y 2 @U:

Let y 2 C.Œ1 � r; b�;R/ be such that y D �Q.y/ for some 0 < � < 1. Thus, for
each t 2 Œ1; b�; we have

y.t/ D �

�
g.t; yt/C 1

� .˛/

Z t

1

�
log

t

s

�˛�1 v.s/
s

ds

�
:

For each t 2 J; it follows by (2.6.2) and (2.5.1) that

jy.t/j � d1kytkC C d2 C 1

� .˛/

Z t

1

�
log

t

s

�˛�1
�.s/ˇ.kyskC/

ds

s

� d1kytkC C d2 C k�k1ˇ.kykŒ1�r;b�/

� .˛ C 1/
.log b/˛;
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which yields

.1 � d1/kykŒ1�r;b� � d2 C k�k1ˇ.kykŒ1�r;b�/

� .˛ C 1/
.log b/˛:

In consequence, we get

.1 � d1/kykŒ1�r;b�

d2 C k�k1ˇ.kykŒ1�r;b�/

� .˛ C 1/
.log b/˛

� 1:

In view of (2.8.1), there exists M such that kykŒ1�r;b� ¤ M. Let us set

U D fy 2 C.Œ1 � r; b�;R/ W kykŒ1�r;b� < Mg:

Note that the operator Q W U ! C.Œ1 � r; b�;R/ is continuous and completely
continuous. From the choice of U, there is no y 2 @U such that y D �Qy
for some � 2 .0; 1/. Thus, by the nonlinear alternative of Leray-Schauder type
(Theorem 1.15), we deduce that Q has a fixed point y 2 U which is a solution of the
problem (2.16)–(2.17). This completes the proof. �

Theorem 2.9 Assume that (2.7.1) and (2.7.2) hold. In addition, we suppose that:

(2.9.1) there exists a constant L > 0 such that

jg.t; x/ � g.t; y/j � Lkx � ykC; for all t 2 Œ1; b� and x; y 2 C.Œ�r; 0�;R/:

Then, if L C .log b/˛

� .˛ C 1/
k`k1 < 1; the IVP (2.16)–(2.17) has at least one solution

on Œ1 � r; b�:

Proof Since the proof is similar to that of Theorem 2.7, it is omitted. �

2.3.3 Examples

Example 1 For any function # 2 C.Œ1 � r; 1�;R/ with #.1/ D 0; consider the
problem

D˛y.t/ 2 F.t; yt/; for each t 2 J WD Œ1; e�; 0 < ˛ < 1; (2.19)

y.t/ D #.t/; t 2 Œ1 � r; 1�; HJ1�˛y.t/jtD1 D 0; (2.20)
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where

F.t; yt/ D
h 1

4C e � t

� jytj
2.1C jytj/ C 1

4

�
;
1

16
.1C e�t/

i
:

Clearly

kF.t; yt/kP WD supfjuj W u 2 F.t; yt/g � 1

4

�3
4

�
; yt 2 R:

With �.t/ D 1=4; ˇ.kytk/ D 3=4; by the condition (2.3.3), we find that

M >
3

16� .˛ C 1/
; 0 < ˛ < 1:

Hence, by Theorem 2.6, the problem (2.19)–(2.20) has a solution on Œ1 � r; e�:

Example 2 Let us consider the problem (2.19)–(2.20) with

F.t; yt/ D
h 1
16
;

1

�
p

t C 3
tan�1.yt/C 1

12

i
: (2.21)

Observe that

Hd.F.t; yt/;F.t; Nyt// � 1

�
p

t C 3
ky � NykC:

Letting `.t/ D 1

�
p

t C 3
; we find that d.0;F.t; 0// � `.t/ for almost all t 2 J

and
.log b/˛

� .˛ C 1/
k`k1 D 1

2�� .˛ C 1/
< 1; for 0 < ˛ < 1: Thus all the

conditions of Theorem 2.7 are satisfied. Hence, by the conclusion of Theorem 2.7,
the problem (2.19)–(2.20) with (2.21) has a solution on Œ1 � r; e�:

2.4 Boundary Value Problems of Fractional Order
Hadamard-Type Functional Differential Equations
and Inclusions with Retarded and Advanced Arguments

In this section, we study Hadamard-type fractional functional differential equations
and inclusions involving both retarded and advanced arguments with boundary
conditions.
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2.4.1 Fractional Order Hadamard-Type Functional
Differential Equations

Here, we investigate a boundary value problem of Hadamard-type fractional
functional differential equations involving both retarded and advanced arguments
given by

D˛x.t/ D f .t; xt/; 1 � t � e; 1 < ˛ < 2; (2.22)

x.t/ D �.t/; 1 � r � t � 1; (2.23)

x.t/ D  .t/; e � t � e C h; (2.24)

where D˛ is the Hadamard fractional derivative, f W Œ1; e� � C.Œ�r; h�;R/ ! R is a
given continuous function, � 2 C.Œ1 � r; 1�;R/ with �.1/ D 0 and  2 C.Œe; e C
h�;R/ with  .e/ D 0. For any function x defined on Œ1�r; eCh� and any 1 � t � e,
we denote by xt the element of C.Œ�r; h�;R/ defined by xt.�/ D x.t C �/ for �r �
� � h, where r; h � 0 are constants.

By C WD C.Œ�r; h�;R/; we denote the Banach space of all continuous functions
from Œ�r; h� into R equipped with the norm

k�kŒ�r;h� D supfj�.�/j W �r � � � hg

and C.Œ1; e�;R/ is the Banach space endowed with norm kxk0 D supfjx.t/j W 1 �
t � eg: Also, let E D C.Œ1 � r; e C h�;R/; E1 D C.Œ1 � r; 1�;R/; and E2 D
C.Œe; e C h�;R/ be respectively endowed with the norms kxkŒ1�r;eCh� D supfjx.t/j W
1 � r � t � e C hg; kxkŒ1�r;1� D supfjx.t/j W 1 � r � t � 1g; and kxkŒe;eCh� D
supfjx.t/j W e � t � e C hg:
Lemma 2.1 Given g 2 C.Œ1; e�;R/ and 1 < ˛ � 2; the problem

D˛u.t/ D g.t/; 0 < t < 1; (2.25)

u.1/ D u.e/ D 0; (2.26)

is equivalent to the integral equation

u.t/ D �
Z e

1

G.t; s/
g.s/

s
ds; (2.27)

where

G.t; s/ D 1

� .˛/

8<
:
.log t/˛�1.1 � log s/˛�1 � .log t � log s/˛�1; 1 � s � t � e;

.log t/˛�1.1 � log s/˛�1; 1 � t � s � e:
(2.28)
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Proof As argued in [96], the solution of Hadamard differential equation (2.25) can
be written as

u.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 g.s/

s
ds C c1.log t/˛�1 C c2.log t/˛�2: (2.29)

Using the given boundary conditions, we find that c2 D 0; and

c1 D � 1

� .˛/

Z e

1

�
log

e

s

�˛�1 g.s/

s
ds:

Substituting the values of c1 and c2 in (2.29), we obtain

u.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 g.s/

s
ds � .log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 g.s/

s
ds

D � 1

� .˛/

Z t

1

h
.log t/˛�1.1 � log s/˛�1 � .log t � log s/˛�1ig.s/

s
ds

�
Z e

t

1

� .˛/
.log t/˛�1.1 � log s/˛�1 g.s/

s
ds

D �
Z e

1

G.t; s/
g.s/

s
ds;

where G.t; s/ is given by (2.28). Converse of the theorem follows by direct
computation. This completes the proof. �

By a solution of (2.22)–(2.24), we mean a function x 2 C 2.Œ1 � r; e C h�;R/
that satisfies the equation D˛x.t/ D f .t; xt/ on Œ1; e� and the conditions x.t/ D
�.t/; �.1/ D 0 on Œ1 � r; 1� and x.t/ D  .t/;  .e/ D 0 on Œe; e C h�.

Theorem 2.10 Let f W Œ1; e�� C.Œ�r; h�;R/ ! R be a continuous function. Assume
the following conditions hold:

(2.10.1) there exist p 2 C.J;R/ and ˝ W Œ0;1/ ! .0;1/ continuous and
nondecreasing such that

jf .t; u/j � p.t/˝.kukŒ�r;h�/

for all t 2 J and all u 2 C.Œ�r; h�;R/I
(2.10.2) there exists a number K0 > 0 such that

K0
2kpk0

� .˛ C 1/
˝.K0 C maxfkxkŒ1�r;1�; kxkŒe;eCh�g/

> 1:

Then the boundary value problem (2.22)–(2.24) has at least one solution on the
interval Œ1 � r; e C h�.
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Proof To transform the problem (2.22)–(2.24) into a fixed point problem, we
consider an operator Q W C.Œ1 � r; e C h�;R/ ! C.Œ1 � r; e C h�;R/ defined
by

.Qx/.t/ D

8̂
ˆ̂̂<
ˆ̂̂̂
:

�.t/; if t 2 Œ1 � r; 1�;
Z e

1

G.t; s/
f .s; xs/

s
ds; if t 2 Œ1; e�;

 .t/; if t 2 Œe; e C h�:

(2.30)

Let u W Œ1 � r; e C h� ! R be a function defined by

u.t/ D
8<
:
�.t/; if t 2 Œ1 � r; 1�;
0; if t 2 Œ1; e�;
 .t/; if t 2 Œe; e C h�:

For each y 2 C.Œ1; e�;R/ with y.1/ D 0; we denote by z the function defined by

z.t/ D
8<
:
0; if t 2 Œ1 � r; 1�;
y.t/; if t 2 Œ1; e�;
0; if t 2 Œe; e C h�:

Let us set x.t/ D y.t/C u.t/ such that xt D yt C ut for every 1 � t � e; where

x.t/ D
Z e

1

G.t; s/
f .s; xs/

s
ds;

y.t/ D
Z e

1

G.t; s/
f .s; ys C us/

s
ds:

Next, we define B D fy 2 C.Œ1 � r; e C h�;R/ W y.1/ D 0g and let F W B ! B be an
operator given by

.Fy/.t/ D

8̂
<̂
ˆ̂:

0; 1 � r � t � 1;Z e

1

G.t; s/
f .s; ys C us/

s
ds; 1 � t � e;

0; e � t � e C h:

(2.31)

Then it is enough to show that the operator F has a fixed point which will guarantee
that the operator F has a fixed point and in consequence, this fixed point will
correspond to a solution of the problem (2.22)–(2.24). In the following three steps,
it will be shown that the operator F is continuous and completely continuous.
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Step 1: F is continuous.

Let .yn/ be a sequence such that yn ! y in B. Then, we have

j.Fyn/.t/ � .Fy/.t/j �
Z e

1

G.t; s/jf .s; yns C us/ � f .s; ys C us/jds

s

� kf .�; yn.�/ C u.�// � f .�; y.�/ C u.�//k0
Z e

1

G.t; s/
ds

s
:

Since the function f is continuous, we have

kFyn � FykŒ1�r;eCh� � kf .�; yn.�/ C u.�// � f .�; y.�/ C u.�//k0
Z e

1
G.t; s/

ds

s
! 0 as n ! 1:

Step 2: F maps bounded sets into bounded sets in B.

For any k > 0, it is enough to show that there exists a positive constant OL such
that, for each y 2 Uk WD fy 2 B W kykŒ1�r;eCh� � kg; we have kFykŒ1�r;eCh� � OL. For
y 2 B and s 2 J; we have

kyskŒ�r;h� D max
�2Œ�r;h�

jy.s C �/j � max
t2Œ1�r;eCh�

jy.t/j D kykŒ1�r;eCh�

and

kys C usk � kyskŒ�r;h� C kuskŒ�r;h� � kykŒ�r;h� C maxfkxkŒ1�r;1�; kxkŒe;eCh�g:

Let y 2 Uk. Since f is continuous, for t 2 Œ1; e�; we have

j.Fy/.t/j �
ˇ̌
ˇ̌
ˇ
1

� .˛/

Z t

1

�
log

t

s

�˛�1 f .s; ys C us/

s
ds

�.log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 f .s; ys C us/

s
ds

ˇ̌
ˇ̌
ˇ

� 1

� .˛/

Z t

1

�
log

t

s

�˛�1 p.s/˝.kys C uskŒ�r;h�/

s
ds

C.log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 p.s/˝.kys C uskŒ�r;h�/

s
ds

� 2kpk0˝.k C maxfkxkŒ1�r;1�; kxkŒe;eCh�g/
� .˛/

Z e

1

�
log

t

s

�˛�1 1
s

ds

� 2kpk0˝.k C maxfkxkŒ1�r;1�; kxkŒe;eCh�g/
� .˛ C 1/

;
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and so

kFykŒ1�r;eCh� � 2kpk0˝.k C maxfkxkŒ1�r;1�; kxkŒe;eCh�g/
� .˛ C 1/

WD OL:

Consequently, F maps bounded sets into bounded sets in B.

Step 3: F maps bounded sets into equicontinuous sets of B.

Let t1; t2 2 Œ1; e� with t1 < t2 and Uk be a bounded set of B as in Step 2. Let
y 2 Uk: Then, we have

j.Fy/.t2/ � .Fy/.t1/j

�
Z e

1

jG.t2; s/ � G.t1; s/j jf .s; y
s C us/j
s

ds

� kpk0˝.k C maxfkxkŒ1�r;1�; kxkŒe;eCh�g/
Z e

1

jG.t2; s/ � G.t1; s/j ds

s
:

As t1 ! t2; the right-hand side of the last inequality tends to zero, independent of
y 2 Uk. The equicontinuity for the cases t1 < t2 � 0 and t1 � 0 � t2 is obvious.

In view of steps 1 to 3, it follows by the Arzelá-Ascoli Theorem that the operator
F is continuous and completely continuous.

Step 4: A priori bounds.

We will show that there exists an open set U � B with y ¤ �Fy for 0 < � < 1

and y 2 @U. Let y 2 B and y D �Fy for some 0 < � < 1. Thus, for each t 2 Œ1; e�;
we have

y.t/ D �

Z e

1

G.t; s/f .s; ys C us/
ds

s
:

By our assumptions, for each t 2 J; we get

jy.t/j � 1

� .˛/

Z t

1

�
log

t

s

�˛�1 p.s/˝.kys C uskŒ�r;h�/

s
ds

C.log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 p.s/˝.kys C uskŒ�r;h�/

s
ds

� 2kpk0˝.kykŒ�r;h� C maxfkxkŒ1�r;1�; kxkŒe;eCh�g/
� .˛/

Z e

1

�
log

e

s

�˛�1 1
s

ds

� 2kpk0
� .˛ C 1/

˝.kykŒ�r;h� C maxfkxkŒ1�r;1�; kxkŒe;eCh�g/;
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which implies that

kykŒ1�r;eCh�

2kpk0
� .˛ C 1/

˝.kykŒ�r;h� C maxfkxkŒ1�r;1�; kxkŒe;eCh�g/
� 1:

By (2.10.1), there exists K0 such that kykŒ1�r;eCh� ¤ K0: Set

U D fy 2 B W kykŒ1�r;eCh� < K0 C 1g:

By our choice of U, there is no y 2 @U such that y D �Fy for some 0 < � < 1. As
a consequence of the nonlinear alternative of Leray-Schauder type (Theorem 1.4),
we deduce that F has a fixed point y 2 NU which is a solution to problem (2.22)–
(2.24). �

The next result, concerning the existence of a unique solution of problem (2.22)–
(2.24), is based on the Banach’s fixed point theorem.

Theorem 2.11 Let f W Œ1; e� � C.Œ�r; h�;R/ ! R. Assume that there exists L > 0

such that

jf .t; u.t// � f .t; v.t//j � Lku � vkŒ�r;h�;

for t 2 Œ1; e� and for every u; v 2 C.Œ�r; h�;R/.
If

2L

� .˛ C 1/
< 1;

then the BVP (2.22)–(2.24) has a unique solution on the interval Œ1 � r; e C h�.

Proof As argued in the proof of the preceding theorem, it will be shown that the
operator F W B ! B defined by (2.31) is a contraction, where B D fy 2 C.Œ1 �
r; e C h�;R/ W y.1/ D 0g: For that, let y1; y2 2 B. Then, for t 2 Œ1; e�; we obtain

j.Fy1/.t/ � .Fy2/.t/j �
Z e

1

G.t; s/jf .s; ys
1 C us/ � f .s; ys

2 C us/j ds

s

� L
Z e

1

G.t; s/kys
1 � ys

2kŒ�r;h�
ds

s

� 2L

� .˛/
ky1 � y2kŒ�r;h�

Z e

1

�
log

e

s

�˛�1 1
s

ds

� 2L

� .˛ C 1/
ky1 � y2kŒ1�r;eCh�:
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Consequently, we get

kFy1 � Fy2kŒ1�r;eCh� � 2L

� .˛ C 1/
ky1 � y2kŒ1�r;eCh�;

which shows that F is a contraction by the given assumption, and hence F has a
unique fixed point by means of the Banach’s contraction mapping principle. This,
in turn, implies that the problem (2.22)–(2.24) has a unique solution on the interval
Œ1 � r; e C h�. �

2.4.2 Fractional Order Hadamard-Type Functional
Differential Inclusions

In this subsection, we extend our study initiated for functional fractional differential
equations in the last subsection to the multivalued case:

D˛x.t/ 2 F.t; xt/; 1 � t � e; 1 < ˛ < 2; (2.32)

x.t/ D �.t/; 1 � r � t � 1; (2.33)

x.t/ D  .t/; e � t � e C h; (2.34)

where F W Œ1; e�� C.Œ�r; h�;R/ ! P.R/ is a multivalued map (P.R/ is the family
of all nonempty subsets of R), while the rest of the quantities are the same as defined
in the problem (2.22)–(2.24).

Theorem 2.12 Assume that (2.10.2) and the following conditions hold:

(2.12.1) F W Œ1; e� � C.Œ�r; h�;R/ ! Pc;cp.R/ is an L1-Carathéodory multivalued
map;

(2.12.2) there exist p 2 C.Œ1; e�;R/ and a continuous and nondecreasing function
˝ W Œ0;1/ ! .0;1/ such that

kF.t; u/k WD supfjvj W v 2 F.t; u/g � p.t/˝.kukŒ�r;h�/;

for almost all t 2 Œ1; e� and all u 2 C.Œ�r; h�;R/:

Then the problem (2.32)–(2.34) has at least one solution on the interval Œ1�r; eCh�.

Proof In relation to the problem (2.32)–(2.34), we introduce an operator N W
C.Œ1 � r; e C h�;R/ �! P.C.Œ1 � r; e C h�;R// as
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N .x/ WD

8̂
ˆ̂̂̂
ˆ̂̂<
ˆ̂̂̂
ˆ̂̂̂
:

h 2 C.Œ1 � r; e C h�;R/ W

h.t/ D

8̂
ˆ̂̂̂
<
ˆ̂̂̂
:̂

�.t/; if t 2 Œ1 � r; 1�;
Z e

1

G.t; s/v.s/
ds

s
; if t 2 Œ1; e�;

 .t/; if t 2 Œe; e C h�;

9>>>>>>>>=
>>>>>>>>;

where

v 2 SF;y D fv 2 L1.Œ1; e�;R/ W v.t/ 2 F.t; yt/ for a.e. t 2 Jg:

Observe that the existence of a fixed point of the operator N implies the existence
of a solution to the problem (2.32)–(2.34).

As in the proof of Theorem 2.10, let B D fy 2 C.Œ1 � r; e C h�;R/ W y.1/ D 0g
and let T W B ! P.B/ be defined by

T.y/ WD

8̂
ˆ̂̂̂
ˆ̂̂<
ˆ̂̂̂
ˆ̂̂̂
:

h 2 C.Œ1 � r;E C h�;R/ W

h.t/ D

8̂
ˆ̂̂̂
<
ˆ̂̂̂
:̂

0; if t 2 Œ1 � r; 1�;
Z e

1

G.t; s/v.s/
ds

s
; if t 2 Œ1; e�;

0; if t 2 Œe; e C h�:

9>>>>>>>>=
>>>>>>>>;

Now, we show that the operator T has a fixed point which is equivalent to proving
that the operator N has a fixed point. We do it in several steps.

Claim 1: T.y/ is convex for each y 2 C.Œ1 � r; e C h�;R/:
This claim is obvious, since F has convex values.

Claim 2: T maps bounded sets into bounded sets in C.Œ1 � r; e C h�;R/:

Let y 2 Uk D fy 2 B W kykŒ1�r;eCh� � kg: Then, for each h 2 T.y/; there exists
v 2 SF;y such that

h.t/ D
Z e

1

G.t; s/v.s/
ds

s
; t 2 Œ1; e�;

and that

jh.t/j �
ˇ̌
ˇ̌
ˇ
1

� .˛/

Z t

1

�
log

t

s

�˛�1 v.s/
s

ds � .log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 v.s/
s

ds

ˇ̌
ˇ̌
ˇ

� 1

� .˛/

Z t

1

�
log

t

s

�˛�1 p.s/˝.kys C uskŒ�r;h�/

s
ds
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C.log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 p.s/˝.kys C uskŒ�r;h�/

s
ds

� 2kpk0˝.k C maxfkxkŒ1�r;1�; kxkŒe;eCh�g/
� .˛ C 1/

:

Thus

khkŒ1�r;eCh� � 2kpk0˝.k C maxfkxkŒ1�r;1�; kxkŒe;eCh�g/
� .˛ C 1/

WD OL:

This shows that T maps bounded sets into bounded sets in B.

Claim 3: T maps bounded sets in C.Œ1 � r; e C h�;R/ into equicontinuous sets.

We consider Bk as in Claim 2 and let h 2 T.y/ for y 2 Bk; k > 0: Now let
t1; t2 2 Œ1; e� with t2 > t1: Then, we have

jh.t2/ � h.t1/j �
Z e

1

jG.t2; s/ � G.t1; s/jjf .s; ys C us/j ds

s

� kpk0˝.k C maxfkxkŒ1�r;1�; kxkŒe;eCh�g/
Z e

1

jG.t2; s/ � G.t1; s/
ds

s
:

Clearly the right-hand side of the last inequality tends to zero as t1 ! t2;
independently of y 2 Bk: In view of Claims 2, 3 and the Arzelá-Ascoli Theorem, we
conclude that T W B �! P.B/ is completely continuous.

In our next step, we show that T is upper semicontinuous. We are done if we show
that the operator T has a closed graph, since T is already shown to be completely
continuous.

Claim 4: T has a closed graph.

Let xn ! x�; hn 2 T.xn/ and hn ! h�: Then, we need to show that h� 2 T.x�/:
Associated with hn 2 T.xn/; there exists vn 2 SF;xn such that for each t 2 Œ1; e�;

hn.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 vn.s/

s
ds � .log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 vn.s/

s
ds:

Thus it suffices to show that there exists v� 2 SF;x�
such that for each t 2 Œ1; e�;

h�.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 v�.s/
s

ds � .log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 v�.s/
s

ds:
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Let us consider the linear operator � W L1.Œ1; e�;R/ ! C.Œ1; e�;R/ given by

f 7! �.v/.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 v.s/
s

ds

�.log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 v.s/
s

ds:

Clearly

khn.t/ � h�.t/k D
�����

1

� .˛/

Z t

1

�
log

t

s

�˛�1 .vn.s/ � v�.s//
s

ds

�.log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 .vn.s/ � v�.s//
s

ds

����� ! 0;

as n ! 1: Thus, it follows by Lemma 1.2 that � ı SF;x is a closed graph operator.
Further, we have hn.t/ 2 �.SF;xn/: Since xn ! x�; we get

h�.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 v�.s/
s

ds � .log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 v�.s/
s

ds;

for some v� 2 SF;x�
.

Claim 5: We will show that there exists an open set U � B with y ¤ �Ty for
0 < � < 1 and y 2 @U.

Let y 2 B be such that y 2 �T.y/ for some 0 < � < 1: Then there exists v 2 SF;y

such that

y.t/ D �

Z e

1

G.t; s/v.s/
ds

s
; t 2 Œ1; e�:

By the given assumptions, for each t 2 Œ1; e�; we have

jy.t/j � 1

� .˛/

Z t

1

�
log

t

s

�˛�1 p.s/˝.kys C uskŒ�r;h�/

s
ds

C.log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 p.s/˝.kys C uskŒ�r;h�/

s
ds

� 2kpk0˝.kykŒ�r;h� C maxfkxkŒ1�r;1�; kxkŒe;eCh�g/
� .˛/

Z e

1

�
log

e

s

�˛�1 1
s

ds

� 2kpk0
� .˛ C 1/

˝.kykŒ1�r;eCh� C maxfkxkŒ1�r;1�; kxkŒe;eCh�g/:
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Then

kykŒ1�r;eCh�

2kpk0
� .˛ C 1/

˝.kykŒ1�r;eCh� C maxfkxkŒ1�r;1�; kxkŒe;eCh�g/
� 1:

By (2.12.3), there exists K0 such that kykŒ1�r;eCh� ¤ K0: Set

U D fy 2 C.Œ1 � r; e C h�;R/ W kykŒ1�r;eCh� < K0 C 1g:

From the choice of U there is no y 2 @U such that y 2 �T.y/ for � 2 .0; 1/: As a
consequence of the Leray-Schauder Alternative for Kakutani maps (Theorem 1.15),
we deduce that T has a fixed point. Thus the problem (2.32)–(2.34) has at least one
solution. �

Finally, we present an existence result for the problem (2.32)–(2.34) with
nonconvex valued right hand side.

Theorem 2.13 Suppose that:

(2.13.1) F W Œ1; e� � C.Œ�r; h�;R/ �! Pcp.R/ has the property that F.�; y/ W
Œ1; e� 7�! Pcp.R/ is measurable for each y 2 C.Œ�r; h�;R/I

(2.13.2) there exists ` 2 C.J;R/ such that

Hd.F.t; u/;F.t; Nu// � `.t/ku � NukŒ�r;h� for every u; Nu 2 C.Œ�r; h�;R/;

and

d.0;F.0; u// � `.t/; for a.e. t 2 Œ1; e�:

If

2

� .˛ C 1/
k`k0 < 1 .k`k0 D sup

t2Œ1;e�
j`.t/j/;

then there exists at least one solution for the problem (2.32)–(2.34).

Proof Transform the problem (2.32)–(2.34) into a fixed point problem by means
of the multivalued operator T W B ! P.B/ introduced in Theorem 2.12. We shall
show that T satisfies the assumptions of Theorem 1.18. The proof will be given in
two steps.

Step 1: T.y/ 2 Pcl.B/ for each y 2 B.

Indeed, let .yn/n�0 2 T.y/ such that yn �! Qy in B. Then Qy 2 B and there exists
gn 2 SF;y such that for each t 2 Œ1; e�;

yn.t/ D
Z e

1

G.t; s/gn.s/
ds

s
:
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Using (2.13.1) together with the fact that F has compact values, we may pass onto
a subsequence to get that gn converges weakly to g in L1.Œ1; e�;R/: Then, g 2 SF;x

and for each t 2 Œ1; e�; we have

yn.t/ �! Qy.t/ D
Z e

1

G.t; s/g.s/
ds

s
:

So Qy 2 T.y/.

Step 2: There exists  < 1 such that

Hd.T.y/;T.y// � ky � ykŒ1�r;eCh� for each y; y 2 B:

Let y; y 2 B and h 2 T.y/. Then there exists g.t/ 2 F.t; yt C ut/ such that

h.t/ D
Z e

1

G.t; s/g.s/
ds

s
;

for each t 2 J: From (2.13.2), it follows that

Hd.F.t; y
t C ut//;F.t; yt C ut/// � `.t/ky � ykŒ�r;h�; t 2 Œ1; e�:

Hence there is w 2 F.t; yt C ut/ such that

jg.t/ � wj � `.t/ky � ykŒ�r;h�; t 2 Œ1; e�:

Consider U W Œ1; e� ! P.E/; given by

U.t/ D fw 2 E W jg.t/ � wj � `.t/ky � ykŒ�r;h�g:

Since the multivalued operator V.t/ D U.t/ \ F.t; yt C ut/ is measurable (see
Proposition III.4 in [57]), there exists a function g.t/, which is a measurable
selection for V . So, g.t/ 2 F.t; yt C ut/ and

jg.t/ � g.t/j � `.t/ky � ykŒ�r;h�; for each t 2 Œ1; e�:

Let us define for each t 2 Œ1; e�;

h.t/ D
Z e

1

G.t; s/g.s/
ds

s
:
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Then we have

jh.t/ � h.t/j �
Z e

1

jG.t; s/jjg.s/ � g.s/j ds

s

�
Z e

1

jG.t; s/j`.s/ky � ykŒ�r;h�
ds

s

� 2k`k0ky � ykŒ�r;h�

� .˛/

Z e

1

�
log

e

s

�˛�1 1
s

ds

� 2

� .˛ C 1/
k`k0ky � ykŒ�r;h�:

Thus

kh � hkŒ1�r;eCh� � 2

� .˛ C 1/
k`k0ky � ykŒ1�r;eCh�:

Analogously, interchanging the roles of y and y; it follows that

Hd.T.y/;T.y// � 2

� .˛ C 1/
k`k0ky � ykŒ1�r;eCh�:

So, T is a contraction and hence, by Theorem 1.18, T has a fixed point y; which
is a solution to the problem (2.32)–(2.34). �

2.5 Notes and Remarks

We have established several existence results for initial and boundary value
problems of Hadamard type fractional order functional and neutral functional
differential equations involving both retarded and advanced arguments. Also, we
have discussed the multivalued analog of Hadamard type fractional functional and
neutral functional equations. Our results rely on the standard tools of the fixed point
theory for single and multivalued maps. Our results are not only new in the given
setting but also correspond to some new interesting situations for an appropriate
choice of r and h. For example, the results for ordinary Hadamard-type fractional
differential equations/inclusions follow by taking r D h D 0. Our results reduce to
the retarded and advanced argument cases for r > 0I h D 0 and r D 0I h > 0

respectively. The mixed (both retarded and advanced) case follows by choosing
r > 0 and h > 0: The results of this chapter are adapted from the papers [17, 19]
and [13].



Chapter 3
Nonlocal Hadamard Fractional Boundary Value
Problems

3.1 Introduction

Classical initial and boundary conditions cannot describe some peculiarities of
biological, chemical, physical or other processes happening inside the domain.
In order to cope with this situation, conditions involving the contributions at
intermediate positions of the domain together with its boundary contribution were
introduced. Such condition are known as nonlocal conditions and are found to be
of great value in modeling many real world phenomena. For example, there are
certain problems of thermodynamics, elasticity and wave propagation, where the
controllers at the end points of the interval under consideration may dissipate or add
energy according to censors located at interior points or segments of the domain.
The concept of nonlocal conditions led to the birth of nonlocal multi-point boundary
value problems, for instance, see [63, 172, 173].

Integral boundary conditions are found to be of great support in the mathematical
modeling of many problems in applied and technical sciences such as blood flow
problems, chemical engineering, underground water flow, population dynamics,
etc., for example, see [56, 58, 122, 159, 174]. As a matter of fact, integral boundary
conditions provide a more realistic alternative for the assumption of ‘circular cross-
section’ throughout the vessels in the study of fluid flow problems. Also, integral
boundary conditions help to regularize ill-posed parabolic backward problems
in time partial differential equations, see for example, mathematical models for
bacterial self-regularization [61]. Nonlocal integral boundary conditions indeed play
a key role when it is impossible to directly determine the values of the sought
quantity on the boundary and it can be interpreted as the total amount or integral
average on space domain, e.g., total energy, average temperature, total mass of
impurities. Some results on problems with nonlocal integral boundary conditions
for various evolution equations can be found in [38, 48, 120, 143].

The objective of this chapter is to develop the existence theory for a variety
of nonlocal nonlinear boundary value problems of fractional differential equations,

© Springer International Publishing AG 2017
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integro-differential equations and inclusions involving Hadamard fractional deriva-
tive and integral. We make use of the standard tools of fixed-point theory for single
valued and multivalued maps to establish the existence and uniqueness results for
the given problems.

3.2 A Three-Point Hadamard-Type Fractional Boundary
Value Problem

In this section, we study the following three-point boundary value problem of
Hadamard type fractional differential equations:

8<
:

D˛x.t/ D f .t; x.t//; 1 < t < e; 1 < ˛ � 2;

x.1/ D 0; x.e/ D ˇx.�/; 1 < � < e;
(3.1)

where D˛ is the Hadamard fractional derivative of order ˛; f W Œ1; e� � R ! R is a
continuous function and ˇ is a real constant.

We aim to establish an existence result for the problem (3.1) via Krasnoselskii-
Zabreiko’s fixed point theorem (Theorem 1.10).

Lemma 3.1 (Auxiliary Lemma) For 1 < ˛ � 2 and � 2 C.Œ1; e�;R/; the
boundary value problem

8<
:

D˛x.t/ D �.t/; 1 < t < e;

x.1/ D 0; x.e/ D ˇx.�/;
(3.2)

is equivalent to the integral equation

x.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 �.s/
s

ds

C .log t/˛�1

1 � ˇ.log �/˛�1

"
ˇ

� .˛/

Z �

1

�
log

�

s

�˛�1 �.s/
s

ds

� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 �.s/
s

ds

#
; t 2 Œ1; e�;

(3.3)

where ˇ.log �/˛�1 ¤ 1.

Proof As argued in [96], the solution of Hadamard differential equation in (3.2) can
be written as

x.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 �.s/
s

ds C c1.log t/˛�1 C c2.log t/˛�2: (3.4)
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Using the given boundary conditions, we find that c2 D 0; and

c1 D 1

1 � ˇ.log �/˛�1

(
ˇ

� .˛/

Z �

1

�
log

�

s

�˛�1 �.s/
s

ds

� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 �.s/
s

ds

)
:

Substituting the values of c1 and c2 in (3.4), we obtain (3.3). Conversely, by
direct computation, it can be established that (3.3) satisfies the problem (3.2). This
completes the proof. �

In view of Lemma 3.1, the solution of the problem (3.1) can be written as

x.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 f .s; x.s//

s
ds

C .log t/˛�1

1 � ˇ.log �/˛�1

"
ˇ

� .˛/

Z �

1

�
log

�

s

�˛�1 f .s; x.s//

s
ds

� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 f .s; x.s//

s
ds

#
; t 2 Œ1; e�:

(3.5)

Notation. We denote by E D C.Œ1; e�;R/ the Banach space of all continuous
functions from Œ1; e� ! R endowed with a topology of uniform convergence with
the norm defined by kxk D supfjx.t/j W t 2 Œ1; e�g:
Theorem 3.1 Let f be a continuous function, satisfying f .a; 0/ ¤ 0 for some a 2
Œ1; e�, and

lim
jxj!1

f .t; x/

x
D �.t/; �max WD max

t2Œ1;e� j�.t/j <
1

ı
;

with

ı D 1

� .˛ C 1/

(
1C 1C ˇ.log �/˛

j1 � ˇ.log �/˛�1j

)
:

Then the boundary value problem (3.1) has at last one nontrivial solution in Œ1; e�.
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Proof Define an operator F W E ! E by

Fx.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 f .s; x.s//

s
ds

C .log t/˛�1

1 � ˇ.log �/˛�1

"
ˇ

� .˛/

Z �

1

�
log

�

s

�˛�1 f .s; x.s//

s
ds

� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 f .s; x.s//

s
ds

#
; t 2 Œ1; e�:

(3.6)

It is clear that the mapping F is well defined. By means of Krasnoselsk’ii-Zabreiko’s
fixed point theorem (Theorem 1.10), we look for fixed points for the operator F in
the Banach space E : We split the proof into three steps.

Step 1. F is continuous.

Let us consider a sequence fxng converging to x: For each t 2 Œ1; e�, we have

jFxn.t/ � Fx.t/j

� 1

� .˛/

Z t

1

�
log

t

s

�˛�1 jf .s; xn.s// � f .s; x.s//j
s

ds

C 1

j1 � ˇ.log �/˛�1j

"
ˇ

� .˛/

Z �

1

�
log

�

s

�˛�1 jf .s; xn.s// � f .s; x.s//j
s

ds

C 1

� .˛/

Z e

1

�
log

e

s

�˛�1 jf .s; xn.s// � f .s; x.s//j
s

ds

#

� kf .s; xn.s// � f .s; x.s//k 1

� .˛ C 1/

(
1C 1C ˇ.log �/˛

j1 � ˇ.log �/˛�1j

)
:

Thus

kFxn � Fxk � ıkf .s; xn.s// � f .s; x.s//k:
Since the convergence of a sequence implies its boundedness, therefore, there exists
a number k > 0 such that kxnk � k; kxk � k; and hence f is uniformly continuous
on the compact set f.t; x/ W t 2 Œ1; e�; kxk � kg:

Thus kFxn � Fxk � "; 8n � n0: This shows that F is continuous.
For any R > 0, we consider the closed set C D fx 2 E W kxk � Rg:

Step 2. We prove that F.C/ is relatively compact in E :

We set fmax D max
t2Œ1;e�;kxk�R

jf .t; x/j: Then, we have

jFx.t/j � 1

� .˛/

Z t

1

�
log

t

s

�˛�1 jf .s; x.s//j
s

ds



3.2 A Three-Point Hadamard-Type Fractional Boundary Value Problem 49

C 1

j1 � ˇ.log �/˛�1j

"
ˇ

� .˛/

Z �

1

�
log

�

s

�˛�1 jf .s; x.s//j
s

ds

C 1

� .˛/

Z e

1

�
log

e

s

�˛�1 jf .s; x.s//j
s

ds

#

� fmax
1

� .˛ C 1/

(
1C 1C ˇ.log �/˛

j1 � ˇ.log �/˛�1j

)
:

Thus kFxk � fmaxı and consequently F.C/ is uniformly bounded. For �1; �2 2 Œ1; e�
with �1 < �2; we have

jFx.�2/ � Fx.�1/j

� fmax

� .˛/

ˇ̌
ˇ̌
ˇ
Z �2

1

�
log

�2

s

�˛�1 1
s

ds �
Z �1

1

�
log

�1

s

�˛�1 1
s

ds

ˇ̌
ˇ̌
ˇ

Cfmax

ˇ̌
ˇ̌
ˇ
.log �2/˛�1 � .log �1/˛�1

1 � ˇ.log �/˛�1

"
ˇ

� .˛/

Z �

1

�
log

�

s

�˛�1 1
s

ds

� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 1
s

ds

#ˇ̌
ˇ̌
ˇ

� fmax

� .˛/

ˇ̌
ˇ̌
ˇ
Z �1

1

"�
log

�2

s

�˛�1 �
�

log
�1

s

�˛�1
#
1

s
ds

ˇ̌
ˇ̌
ˇ

C fmax

� .˛/

ˇ̌
ˇ̌
ˇ
Z �2

�1

�
log

�2

s

�˛�1 1
s

ds

ˇ̌
ˇ̌
ˇ

Cfmax

ˇ̌
ˇ̌
ˇ
.log �2/˛�1 � .log �1/˛�1

1 � ˇ.log �/˛�1

"
ˇ

� .˛/

Z �

1

�
log

�

s

�˛�1 1
s

ds

� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 1
s

ds

#ˇ̌
ˇ̌
ˇ

� fmax

� .˛ C 1/

h
2.log.�2=�1//

˛ C j.log �2/
˛ � .log �1/

˛j
i

C fmax

ˇ̌
ˇ .log �2/˛�1 � .log �1/˛�1

1 � ˇ.log �/˛�1
hˇ.log �/˛ � 1
� .˛ C 1/

iˇ̌
ˇ:

Clearly F.C/ is equicontinuous, as the right-hand side tends to 0 independent of
x as �1 ! �2. Thus, by the Arzelá-Ascoli Theorem, the mapping F is completely
continuous on E . This completes the proof of Step 2.
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Next consider the following boundary value problem
8<
:

D˛x.t/ D �.t/x.t/; 1 < t < e;

x.1/ D 0; x.e/ D ˇx.�/:
(3.7)

Let us define an operator A W E ! E by

Ax.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 �.s/x.s/
s

ds

C .log t/˛�1

1 � ˇ.log �/˛�1

"
ˇ

� .˛/

Z �

1

�
log

�

s

�˛�1 �.s/x.s/
s

ds

� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 �.s/x.s/
s

ds

#
; t 2 Œ1; e�:

(3.8)

Obviously A is a bounded linear operator. Furthermore, any fixed point of A is a
solution of the boundary value problem (3.7) and vice versa.

Step 3. We now assert that 1 is not an eigenvalue of A:

Suppose that the boundary value problem (3.7) has a nontrivial solution x: Then

kxk D kA.x/k D sup
t2Œ1;e�

jAx.t/j

� �max sup
t2Œ1;e�

"
1

� .˛/

Z t

1

�
log

t

s

�˛�1 jx.s/j
s

ds

C 1

j1 � ˇ.log �/˛�1j

"
ˇ

� .˛/

Z �

1

�
log

�

s

�˛�1 jx.s/j
s

ds

C 1

� .˛/

Z e

1

�
log

e

s

�˛�1 jx.s/j
s

ds

##

� �max
1

� .˛ C 1/

(
1C 1C ˇ.log �/˛

j1 � ˇ.log �/˛�1j

)
kxk

D �max ı kxk
< kxk:

This contradiction shows that the BVP (3.7) has no nontrivial solution. Thus, 1 is
not an eigenvalue of A.

Finally, we establish that

lim
kxk!1

kFx � Axk
kxk D 0:



3.2 A Three-Point Hadamard-Type Fractional Boundary Value Problem 51

According to lim
jxj!1

f .t; x/

x
D �.t/, for any " > 0; there exists some M > 0 such

that

jf .t; x/ � �.t/xj < "jxj for jxj > M:

Set M� D maxt2Œ1;e�fmaxjxj�M jf .t; x/jg and select R0 > 0 such that M� C �maxM <

"R0: We denote

I1 D ft 2 Œ1; e� W jx.t/j � Mg; I2 D ft 2 Œ1; e� W jx.t/j > Mg:

For any x 2 E with kxk > R0, t 2 I1, we have

jf .t; x/ � �.t/xj � jf .t; x/j C �maxjxj
� M� C �maxM

� "R0 < "kxk:

For any x 2 E with kxk > R0, t 2 I2; we have

jf .t; x/ � �.t/xj < "kxk:

Then for any x 2 E with kxk > R0, we have

jf .t; x/ � �.t/xj < "kxk:

Then, we obtain

kFx � Axk D sup
t2Œ1;e�

j.Fx � Ax/.t/j

� sup
t2Œ1;e�

"
1

� .˛/

Z t

1

�
log

t

s

�˛�1 jf .s; x.s// � �.s/x.s/j
s

ds

C .log t/˛�1

j1 � ˇ.log �/˛�1j

"
ˇ

� .˛/

Z �

1

�
log

�

s

�˛�1 jf .s; x.s// � �.s/x.s/j
s

ds

C 1

� .˛/

Z e

1

�
log

e

s

�˛�1 jf .s; x.s// � �.s/x.s/j
s

ds

##

< "�max
1

� .˛ C 1/

(
1C 1C ˇ.log �/˛

j1 � ˇ.log �/˛�1j

)
kxk

D "�maxıkxk;
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which, on taking the limit, yields

lim
kxk!1

kFx � Axk
kxk D 0:

Consequently, Theorem 1.10 guarantees that the boundary value problem (3.1) has
at last one nontrivial solution. �

Example 3.1 Consider the boundary value problem

8̂
<
:̂

D3=2x.t/ D f .t; x.t//; 1 < t < e;

x.1/ D 0; x.e/ D 3

2
x.2/:

(3.9)

Here ˛ D 3=2; ˇ D 3=2; � D 2 and ı 	 6:3938692: If f .t; x/ D 1

20
.t2C1/x.t/; t 2

Œ1; e�; then �maxı 	 0:4194527 < 1 and hence by Theorem 3.1 the boundary value
problem (3.9) has at least one solution.

3.2.1 The Case of Fractional Integral Boundary Conditions

Here we consider a Hadamard type boundary value problem with fractional integral
boundary conditions given by

8<
:

D˛x.t/ D g.t; x.t//; 1 < t < e; 1 < ˛ � 2;

x.1/ D 0; x.e/ D Iˇx.�/; 1 < � < e;
(3.10)

where D˛ is the Hadamard fractional derivative of order ˛; Iˇ is the Hadamard
fractional integral of order ˇ and g W Œ1; e� � R ! R is a continuous function.

Lemma 3.2 For 1 < ˛ � 2 and � 2 C.Œ1; e�;R/; the boundary value problem

8<
:

D˛x.t/ D �.t/; 1 < t < e;

x.1/ D 0; x.e/ D Iˇx.�/;
(3.11)

is equivalent to the integral equation

x.t/ D I˛�.t/C .log t/˛�1

˝

	
IˇC˛�.�/ � I˛�.e/



; (3.12)
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where

˝ D 1

1 � 1

� .ˇ/

Z �

1

�
log

�

s

�ˇ�1 .log s/˛�1

s
ds

D 1

1 � � .˛/

� .˛ C ˇ/
.log �/˛Cˇ�1

;

(3.13)

with
� .˛/

� .˛ C ˇ/
.log �/˛Cˇ�1 ¤ 1.

Proof As argued in [96], the solution of Hadamard differential equation in (3.11)
can be written as

x.t/ D I˛�.t/C c1.log t/˛�1 C c2.log t/˛�2: (3.14)

Using the given boundary conditions, we find that c2 D 0; and

I˛�.e/C c1 D Iˇ
�
I˛�.s/C c1.log s/˛�1� .�/

D IˇC˛�.�/C c1
� .ˇ/

Z �

1

�
log

�

s

�ˇ�1 .log s/˛�1

s
ds;

which gives

c1 D 1

1 � 1

� .ˇ/

Z �

1

�
log

�

s

�ˇ�1 .log s/˛�1

s
ds

	
IˇC˛�.�/ � I˛�.e/



: (3.15)

Substituting the values of c1 and c2 in (3.14), we obtain (3.12). The converse follows
dy direct computation. This completes the proof. �

Theorem 3.2 Let g be a continuous function, satisfying g.a; 0/ ¤ 0 for some a 2
Œ1; e�, and

lim
jxj!1

g.t; x/

x
D �.t/; �max WD max

t2Œ1;e� j�.t/j <
1

ı1
;

with

ı1 D 1

� .˛ C 1/
C 1

j˝j

 
.log �/ˇC˛

� .ˇ C ˛ C 1/
C 1

� .˛ C 1/

!
:

Then the boundary value problem (3.10) has at last one nontrivial solution in Œ1; e�.



54 3 Nonlocal Hadamard Fractional Boundary Value Problems

Proof In view of Lemma 3.2, lets us define an operator G W E ! E by

G x.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 g.s; x.s//

s
ds

C .log t/˛�1

˝

"Z �

1

�
log

�

s

�ˇC˛�1 g.s; x.s//

s
ds

�
Z e

1

�
log

e

s

�˛�1 g.s; x.s//

s
ds

#
; t 2 Œ1; e�:

(3.16)

We omit the further details as the rest of the proof runs parallel to that of
Theorem 3.1 with ı1 in place of ı: �

Example 3.2 Consider the problem

8<
:

D3=2x.t/ D f .t; x.t//; 1 < t < e;

x.1/ D 0; x.e/ D I3=2x.2/:
(3.17)

Here ˛ D 3=2; ˇ D 3=2; � D 2: With the given values, we have ˝ 	 1:27

and ı1 	 1:39: By taking f .t; x/ D 1

20
.t2 C 1/x.t/; t 2 Œ1; e�; it is found that

�maxı1 	 0:576 < 1 and hence by Theorem 3.2 there exists at least one solution for
problem (3.17).

3.3 Nonlocal Hadamard BVP of Fractional
Integro-Differential Equations

In this section, we study the following boundary value problem

8<
:

D˛x.t/ D f .t; x.t//; 1 < t < e; 1 < ˛ � 2;

x.1/ D 0; AIx.�/C Bx.e/ D c; 1 < � < e;
(3.18)

where D˛ is the Hadamard fractional derivative of order ˛; I is the Hadamard
fractional integral of order ; f W Œ1; e� � R ! R is a given continuous function and
A;B; c are real constants.

It is well known that the conserved quantities play a key role in understanding
important mathematical and physical concepts such as differential equations, laws of
conservation of energy, quantum mechanics. The nonlocal boundary condition given
by (3.18) with B D 0; c D 0 can be conceived as a conserved boundary condition as
the sum (in terms of Hadamard integral) of the values of the continuous unknown
function (quantity) over the given interval of arbitrary length is zero. In other words,
the accumulative effect of the continuous unknown function over the given interval
vanishes.
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Lemma 3.3 Given y 2 E ; the boundary value problem

8<
:

D˛x.t/ D y.t/; 1 < t < e; 1 < ˛ � 2

x.1/ D 0; AIx.�/C Bx.e/ D c; 1 < � < e;
(3.19)

is equivalent to the integral equation

x.t/ D I˛y.t/C .log t/˛�1 c � AIC˛y.�/ � BI˛y.e/

B C A� .˛/

� . C ˛/
.log �/C˛�1

; (3.20)

with B C A� .˛/

� . C ˛/
.log �/C˛�1 ¤ 0.

Proof As before the solution of Hadamard differential equation in (3.19) can be
written as

x.t/ D I˛y.t/C c1.log t/˛�1 C c2.log t/˛�2: (3.21)

The first boundary condition gives c2 D 0: Note that

Ix.�/ D IC˛y.�/C c1
� ./

Z �

1

�
log

�

s

��1 .log s/˛�1

s
ds

D IC˛y.�/C c1
� .˛/

� . C ˛/
.log �/C˛�1:

Using the second boundary condition, we get

AIC˛y.�/C Ac1
� .˛/

� . C ˛/
.log �/C˛�1 C BI˛y.e/C Bc1 D c;

which gives

c1 D c � AIC˛y.�/ � BI˛y.e/

B C A� .˛/

� . C ˛/
.log �/C˛�1

:

Substituting the values of c1 and c2 in (3.21), we obtain (3.20). We can prove the
converse of the result by direct computation. This completes the proof. �

In view of Lemma 3.3, the integral solution of the problem (3.18) can be
written as
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x.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 f .s; x.s//

s
ds

C .log t/˛�1

˝

(
c � A

� . C ˛/

Z �

1

�
log

�

s

�C˛�1 f .s; x.s//

s
ds

� B

� .˛/

Z e

1

�
log

e

s

�˛�1 f .s; x.s//

s
ds

)
; t 2 Œ1; e�;

(3.22)

where

˝ D B C A� .˛/

� . C ˛/
.log �/C˛�1: (3.23)

We define an operator Q W E ! E by

Qx.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 f .s; x.s//

s
ds

C .log t/˛�1

˝

(
c � A

� . C ˛/

Z �

1

�
log

�

s

�C˛�1 f .s; x.s//

s
ds

� B

� .˛/

Z e

1

�
log

e

s

�˛�1 f .s; x.s//

s
ds

)
; t 2 Œ1; e�:

(3.24)

Notice that the problem (3.18) is equivalent to the fixed point operator equation
Qx D x and the existence of a fixed point of the operator Q implies the existence of
a solution of the problem (3.18).

In the next, we obtain some existence and uniqueness results by using a variety
of fixed point theorems.

3.3.1 Existence and Uniqueness Result via Banach’s Fixed
Point Theorem

For computation convenience, we set:

! D 1

� .˛ C 1/
C 1

j˝j

(
jAj.log �/C˛

� . C ˛ C 1/
C jBj
� .˛ C 1/

)
: (3.25)

Theorem 3.3 Let f W Œ1; e� � R ! R be a continuous function satisfying the
following condition:

(3.3.1) there exists a constant L1 > 0 such that jf .t; x/ � f .t; y/j � L1jx � yj, for
each t 2 Œ1; e� and x; y 2 R:
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If

L1! < 1; (3.26)

then the Hadamard fractional boundary value problem (3.18) has a unique solution
on Œ1; e�:

Proof Fixing maxt2Œ1;e� jf .t; 0/j D M < 1, we define Br D fx 2 E W kxk � rg;
where r � M! C jcj=˝

1 � L1!
: We show that the set Br is invariant with respect to the

operator Q; that is, QBr � Br: For x 2 Br, we have

kQxk � max
t2Œ1;e�

(
1

� .˛/

Z t

1

�
log

t

s

�˛�1 jf .s; x.s//j
s

ds

C .log t/˛�1

j˝j
"

jcj C jAj
� . C ˛/

Z �

1

�
log

�

s

�C˛�1 jf .s; x.s//j
s

ds

C jBj
� .˛/

Z e

1

�
log

e

s

�˛�1 jf .s; x.s//j
s

ds

#)

� max
t2Œ1;e�

(
1

� .˛/

Z t

1

�
log

t

s

�˛�1
�jf .s; x.s//� f .s; 0/

ˇ̌C ˇ̌
f .s; 0/j�

s
ds

C .log t/˛�1

j˝j
"

jcj C jAj
� . C ˛/

Z �

1

�
log

�

s

�C˛�1
�jf .s; x.s//� f .s; 0/

ˇ̌C ˇ̌
f .s; 0/j�

s
ds

C jBj
� .˛/

Z e

1

�
log

e

s

�˛�1
�jf .s; x.s//� f .s; 0/

ˇ̌C ˇ̌
f .s; 0/j�

s
ds

#)

� .L1r C M/ max
t2Œ1;e�

(
1

� .˛/

Z t

1

�
log

t

s

�˛�1
1

s
ds

C .log t/˛�1

j˝j
"

jAj
� . C ˛/

Z �

1

�
log

�

s

�C˛�1
1

s
ds C jBj

� .˛/

Z e

1

�
log

e

s

�˛�1
1

s
ds

#)

C jcj.log t/˛�1

j˝j

� .L1r C M/

"
1

� .˛ C 1/
C 1

j˝j
(

jAj.log �/C˛

� . C ˛ C 1/
C jBj
� .˛ C 1/

)#
C jcj

j˝j
D .L1r C M/! C jcj=j˝j � r;

which shows that QBr � Br:
Now let x; y 2 E . Then, for t 2 Œ1; e�, we have

j.Qx/.t/� .Qy/.t/j
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� max
t2Œ1;e�

(
1

� .˛/

Z t

1

�
log

t

s

�˛�1 jf .s; x.s//� f .s; y.s//j
s

ds

C .log t/˛�1

j˝j
"

jAj
� . C ˛/

Z �

1

�
log

�

s

�C˛�1 jf .s; x.s//� f .s; y.s//j
s

ds

C jBj
� .˛/

Z e

1

�
log

e

s

�˛�1 jf .s; x.s//� f .s; y.s//j
s

ds

#)

� L1kx � yk max
t2Œ1;e�

(
1

� .˛/

Z t

1

�
log

t

s

�˛�1
1

s
ds

C .log t/˛�1

j˝j
"

jAj
� . C ˛/

Z �

1

�
log

�

s

�C˛�1
1

s
ds C jBj

� .˛/

Z e

1

�
log

e

s

�˛�1
1

s
ds

#)

D L1!kx � yk:

Therefore,

kQu � Qvk � L1!ku � vk:

It follows from the assumption (3.26) that Q is a contraction. In consequence, by
Banach’s fixed point theorem, the operator Q has a fixed point which corresponds
to the unique solution of the problem (3.18). This completes the proof. �

Example 3.3 Consider the problem

8̂
<
:̂

D3=2x.t/ D L

2

�
sin x C jxj3

1C jxj3
�

C
p

t C 1

e
; 1 < t < e;

x.1/ D 0; I1=2x.2/C x.e/ D 4:

(3.27)

Here ˛ D 3=2;  D 1=2; � D 2;A D 1;B D 1; c D 4 and f .t; x/ D L

2

�
sin x C

jxj3
1C jxj3

�
C

p
t C 1

e
: With the given values, we find that ˝ 	 2:228571; ! 	

1:197596; and

jf .t; x/ � f .t; y/j � L

2

ˇ̌
ˇ sin x C jxj3

1C jxj3 � sin y � jyj3
1C jyj3

ˇ̌
ˇ � Ljx � yj:

With L <
1

!
	 0:835006; all the assumptions of Theorem 3.3 are satisfied. Hence,

the problem (3.27) has a unique solution on Œ1; e�:
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3.3.2 Existence Result via Krasnoselskii’s Fixed Point Theorem

Theorem 3.4 Let f W Œ1; e� � R ! R be a continuous function satisfying (3.3.1). In
addition, we assume that:

(3.4.1) jf .t; x/j � 
.t/; 8.t; u/ 2 Œ1; e� � R; and 
 2 C.Œ1; e�;RC/:

Then the problem (3.18) has at least one solution on Œ1; e� if

1

j˝j

(
jAj.log �/C˛

� . C ˛ C 1/
C jBj
� .˛ C 1/

)
< 1: (3.28)

Proof We define supt2Œ1;e� j
.t/j D k
k and choose a suitable constant r �
k
kj!j C jcj=j˝j; where ! is defined by (3.25). We define the operators P and
Q on Br D fx 2 E W kxk � rg as

.Px/.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 f .s; x.s//

s
ds;

.Qx/.t/ D .log t/˛�1

˝

"
c � A

� . C ˛/

Z �

1

�
log

�

s

�C˛�1 f .s; x.s//

s
ds

� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 f .s; x.s//

s
ds

#
:

For x; y 2 Br; we find that

kPx C Qyk

� k
k
(

1

� .˛/

Z t

1

�
log

t

s

�˛�1
1

s
ds

C .log t/˛�1

j˝j
"

jcj C jAj
� . C ˛/

Z �

1

�
log

�

s

�C˛�1
1

s
ds C jBj

� .˛/

Z e

1

�
log

e

s

�˛�1
1

s
ds

#)

� k
k! C jcj=j˝j
� r:

Thus, Px C Qy 2 Br: It follows from the assumption (3.3.1) together with (3.28)
that Q is a contraction. Continuity of f implies that the operator P is continuous.
Also, P is uniformly bounded on Br as kPxk � k
k=� .˛ C 1/: Now, we prove
the compactness of the operator P:

We define sup.t;x/2Œ1;e��Br
jf .t; x/j D f < 1; and let �1; �2 2 Œ1; e� with �1 < �2:

Then
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j.Px/.�2/ � .Px/.�1/j � f

� .˛/

ˇ̌
ˇ̌
ˇ
Z �2

1

�
log

�2

s

�˛�1 1
s

ds �
Z �1

1

�
log

�1

s

�˛�1 1
s

ds

ˇ̌
ˇ̌
ˇ

� f

� .˛/

ˇ̌
ˇ̌
ˇ
Z �1

1

"�
log

�2

s

�˛�1 �
�

log
�1

s

�˛�1
#
1

s
ds

ˇ̌
ˇ̌
ˇ

C f

� .˛/

ˇ̌
ˇ̌
ˇ
Z �2

�1

�
log

�2

s

�˛�1 1
s

ds

ˇ̌
ˇ̌
ˇ

D f

� .˛ C 1/

h
j.log �2/

˛ � .log �1/
˛j C 2.log.�2=�1//

˛
i
;

which is independent of x and tends to zero as �2 � �1 ! 0: Thus, P is
equicontinuous. So P is relatively compact on Br: Hence, by the Arzelá-Ascoli
Theorem, P is compact on Br: Thus all the assumptions of Theorem 1.2 are
satisfied. So the conclusion of Theorem 1.2 implies that the problem (3.18) has
at least one solution on Œ1; e�: The proof is completed. �

3.3.3 Existence Result via Leray-Schauder’s Nonlinear
Alternative

Theorem 3.5 Let f W Œ1; e� � R ! R be a continuous function. Assume that:

(3.5.1) there exist a continuous nondecreasing function  W Œ0;1/ ! .0;1/ and
a function p 2 C.Œ1; e�;RC/ such that

jf .t; u/j � p.t/ .juj/ for each .t; u/ 2 Œ1; e� � RI

(3.5.2) there exists a constant M > 0 such that

M

 .M/kpk! C jcj=j˝j > 1;

where ˝ and ! are defined by (3.23) and (3.25) respectively.

Then the fractional boundary value problem (3.18) has at least one solution on
Œ1; e�:

Proof We complete the proof in several steps. We first show that Q maps bounded
sets (balls) into bounded sets in E : For a positive number r, let Br D fx 2 E W kxk �
rg be a bounded ball in E . Then, for t 2 Œ1; e�; we have
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jQx.t/j � max
t2Œ1;e�

(
1

� .˛/

Z t

1

�
log

t

s

�˛�1 jf .s; x.s//j
s

ds

C .log t/˛�1

j˝j

"
jcj C jAj

� . C ˛/

Z �

1

�
log

�

s

�C˛�1 jf .s; x.s//j
s

ds

C jBj
� .˛/

Z e

1

�
log

e

s

�˛�1 jf .s; x.s//j
s

ds

#)

� max
t2Œ1;e�

(
 .kxk/kpk
� .˛/

Z t

1

�
log

t

s

�˛�1 1
s

ds

C .log t/˛�1

j˝j

"
jcj C jAj

� . C ˛/

Z �

1

�
log

�

s

�C˛�1 1
s

ds

C jBj
� .˛/

Z e

1

�
log

e

s

�˛�1 1
s

ds

#)

�  .kxk/kpk! C jcj=j˝j:

Consequently

kQxk �  .r/kpk! C jcj=j˝j:

Next, we show that Q maps bounded sets into equicontinuous sets of E : Let
�1; �2 2 Œ1; e� with �1 < �2 and x 2 Br: Then, we have

j.Qx/.�2/ � .Qx/.�1/j

�  .r/kpk
� .˛ C 1/

Œj.log �2/
˛ � .log �1/

˛j C 2.log.�2=�1//
˛�

C .r/kpkj.log �2/˛�1 � .log �1/˛�1j
j˝j

"
jcj C jAj

� . C ˛ C 1/
.log �/C˛

C jBj
� .˛ C 1/

#
:

Obviously the right hand side of the above inequality tends to zero independently
of x 2 Br as �2 � �1 ! 0: As Q satisfies the above assumptions, therefore it follows
by the Arzelá-Ascoli Theorem that Q W E ! E is completely continuous.

The result will follow from the Leray-Schauder nonlinear alternative once, we
have shown the boundedness of the set of all solutions to equations x D �Qx for
� 2 Œ0; 1�.



62 3 Nonlocal Hadamard Fractional Boundary Value Problems

Let x be a solution. Then, for t 2 Œ1; e�; as in the first step, we have

kxk �  .kxk/kpk! C jcj=j˝j;

which implies that

kxk
 .kxk/kpk! C jcj=j˝j � 1:

In view of (3.5.2), there exists M such that kxk ¤ M. Let us set

U D fx 2 E W kxk < Mg:

Note that the operator Q W U ! E is continuous and completely continuous. From
the choice of U, there is no x 2 @U such that x D �Qx for some � 2 .0; 1/.
Consequently, by the nonlinear alternative of Leray-Schauder type (Theorem 1.15),
we deduce that Q has a fixed point x 2 U which is a solution of the problem (3.18).
This completes the proof. �

Example 3.4 Consider the problem (3.27) with

f .t; x/ D e�t

3

� .1C x/2

1C .1C x/2
C x

�
: (3.29)

Clearly jf .t; x/j � 1=.3e/.1 C kxk/: By the assumption (3.5.2), we find that
M > 2:275971: Thus, by Theorem 3.5, there exists at least one solution for the
problem (3.27) with f .t; x/ given by (3.29).

3.3.4 Existence Result via Leray-Schauder’s Degree

Theorem 3.6 Let f W Œ1; e� � R ! R be a continuous function. Assume that:

(3.6.1) there exist constants 0 � � < !�1 and M1 > 0 such that

jf .t; x/j � �jxj C M1 for all .t; x/ 2 Œ1; e� � R:

Then the fractional boundary value problem (3.18) has at least one solution on
Œ1; e�:

Proof We define an operator Q W E ! E as in (3.24) and consider the fixed point
problem

x D Qx: (3.30)
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We will show that there exists a fixed point u 2 E satisfying (3.30). It is sufficient
to show that Q W BR ! E satisfies

x ¤ �Qx; 8x 2 @BR; 8� 2 Œ0; 1�; (3.31)

where BR D fx 2 E W maxt2Œ1;e� jx.t/j < R; R > 0g. We define

H.�; x/ D �Qx; u 2 E ; � 2 Œ0; 1�:

As shown in Theorem 3.5, we have that the operator Q is continuous, uniformly
bounded and equicontinuous. Then, by the Arzelá-Ascoli Theorem, a continuous
map h� defined by h�.x/ D u � H.�; x/ D x � �Qx is completely continuous.
If (3.31) is true, then the following Leray-Schauder degrees are well defined and by
the homotopy invariance of topological degree, it follows that

deg.h�;BR; 0/ D deg.I � �Q;BR; 0/ D deg.h1;BR; 0/

D deg.h0;BR; 0/ D deg.I;BR; 0/ D 1 ¤ 0; 0 2 BR; (3.32)

where I denotes the identity operator. By the nonzero property of Leray-Schauder
degree, h1.x/ D x � Qx D 0 for at least one x 2 BR. In order to prove (3.31),
we assume that x D �Qx for some � 2 Œ0; 1� and for all t 2 Œ1; e�: Then, with
kxk D supt2Œ1;e� jx.t/j, we have

jQx.t/j � max
t2Œ1;e�

(
1

� .˛/

Z t

1

�
log

t

s

�˛�1 jf .s; x.s//j
s

ds

C .log t/˛�1

j˝j

"
jcj C jAj

� . C ˛/

Z �

1

�
log

�

s

�C˛�1 jf .s; x.s//j
s

ds

C jBj
� .˛/

Z e

1

�
log

e

s

�˛�1 jf .s; x.s//j
s

ds

#)

� .�kxk C M/

(
1

� .˛/

Z t

1

�
log

t

s

�˛�1 1
s

ds

C .log t/˛�1

j˝j

"
jAj

� . C ˛/

Z �

1

�
log

�

s

�C˛�1 1
s

ds

C jBj
� .˛/

Z e

1

�
log

e

s

�˛�1 1
s

ds

#)
C jcj

j˝j
� .�kxk C M1/ ! C jcj=j˝j;



64 3 Nonlocal Hadamard Fractional Boundary Value Problems

which, on solving for kxk, yields

kxk � M1! C .jcj=j˝j/
1 � �! :

If R D M1! C .jcj=j˝j/
1 � �! C 1, inequality (3.31) holds. This completes the proof. �

Example 3.5 Consider the problem (3.27) with

f .t; x/ D sin.ax/Cp
log.t/C 3; a > 0: (3.33)

It is obvious that jf .t; x/j D j sin.ax/Cp
log.t/C 3j � ajxj C 2: With a < 1=! 	

0:835006; the assumptions of Theorem 3.6 are satisfied and in consequence, the
problem (3.27) with f .t; x/ given by (3.33) has a solution on Œ1; e�:

3.3.5 A Companion Problem

In this section, we consider a companion boundary value problem of (3.18) by
replacing the nonlocal integral boundary condition in it by AIx.e/ C Bx.�/ D c:
Precisely, we consider the following problem:

8<
:

D˛x.t/ D f .t; x.t//; 1 < t < e; 1 < ˛ � 2;

x.1/ D 0; AIx.e/C Bx.�/ D c; 1 < � < e:
(3.34)

In this case, we obtain an operator T W E ! E defined by

T x.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 f .s; x.s//

s
ds

C .log t/˛�1

�

(
c � A

� . C ˛/

Z e

1

�
log

e

s

�C˛�1 f .s; x.s//

s
ds

� B

� .˛/

Z �

1

�
log

�

s

�˛�1 f .s; x.s//

s
ds

)
; t 2 Œ1; e�;

(3.35)

where

� D B.log �/˛�1 C A

� . C 1/
:

The existence results analogue to Theorems 3.3, 3.4, 3.5, 3.6 for problem (3.34)
can be obtained in a similar manner with the aid of the operator (3.35) and the
constant !1 given by
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!1 D 1

� .˛ C 1/
C 1

j�j

(
jAj

� . C ˛ C 1/
C jBj.log �/˛

� .˛ C 1/

)
: (3.36)

3.4 Nonlocal Hadamard BVP of Fractional
Integro-Differential Inclusions

In this section, we study the following boundary value problem of fractional
differential inclusions with an integral nonlocal boundary condition

8<
:

D˛x.t/ 2 F.t; x.t//; 1 < t < e; 1 < ˛ � 2;

x.1/ D 0; AIx.�/C Bx.e/ D c; 1 < � < e;
(3.37)

where D˛ is the Hadamard fractional derivative of order ˛; I is the Hadamard
fractional integral of order ; F W Œ1; e� � R ! P.R/ is a multivalued map, P.R/

is the family of all nonempty subsets of R and A;B; c are real constants. Further, it
is assumed that B C ŒA� .˛/.log �/C˛�1=� . C ˛/� ¤ 0:

Definition 3.1 A function x 2 C 2.Œ1; e�;R/ is called a solution of problem (3.37)
if there exists a function v 2 L1.Œ1; e�;R/ with v.t/ 2 F.t; x.t//; a.e. on Œ1; e� such
that D˛x.t/ D v.t/; 1 < ˛ � 2; a.e. on Œ1; e� and x.1/ D 0; AIx.�/C Bx.e/ D
c; 1 < � < e:

3.4.1 The Carathéodory Case

Theorem 3.7 Assume that:

(3.7.1) F W Œ1; e� � R ! P.R/ is Carathéodory and has nonempty compact and
convex values;

(3.7.2) there exists a continuous nondecreasing function  W Œ0;1/ ! .0;1/ and
a function p 2 C.Œ1; e�;RC/ such that

kF.t; x/kP WD supfjyj W y2F.t; x/g�p.t/ .kxk/ for each .t; x/2Œ1; e� � RI

(3.7.3) there exists a constant M > 0 such that

M

 .M/kpk! C jcj=j˝j > 1;

where ˝ and ! are defined by (3.23) and (3.25) respectively.

Then the boundary value problem (3.37) has at least one solution on Œ1; e�:
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Proof Define an operator ˝F W E ! P.E / by

˝F.x/ D

8̂
ˆ̂̂̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂:

h 2 E W

h.t/ D

8̂
ˆ̂̂̂
ˆ̂̂<
ˆ̂̂̂
ˆ̂̂̂
:

1

� .˛/
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log
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�˛�1 v.s/
s
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C .log t/˛�1

˝

(
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� . C ˛/
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� B
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Z e

1
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log

e

s

�˛�1 v.s/
s

ds

)
;

9>>>>>>>>>>=
>>>>>>>>>>;

for v 2 SF;x: We will show that ˝F satisfies the assumptions of the nonlinear
alternative of Leray-Schauder type. The proof consists of several steps. As a first
step, we show that ˝F is convex for each x 2 E : This step is obvious since SF;x is
convex (F has convex values), and therefore, we omit the proof.

In the second step, we show that˝F maps bounded sets (balls) into bounded sets
in E : For a positive number r, let Br D fx 2 E W kxk � rg be a bounded ball in E .
Then, for each h 2 ˝F.x/; x 2 Br, there exists v 2 SF;x such that

h.t/ D 1

� .˛/

Z t
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log

t
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log

e
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�˛�1 v.s/
s

ds

)
:

Then, for t 2 Œ1; e�; we have

jh.t/j � 1
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log

t

s
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s

ds

C .log t/˛�1
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log
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�C˛�1 1
s

ds
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C jBj .kxk/kpk
� .˛/

Z e

1

�
log

e

s

�˛�1 1
s

ds

#

�  .kxk/kpk
"

1

� .˛ C 1/
C 1

j˝j

(
A.log �/C˛

� . C ˛ C 1/
C B

� .˛ C 1/

)#
C jcj

j˝j
D  .kxk/kpk! C jcj=j˝j:

Consequently

khk �  .r/kpk! C jcj=j˝j:

Now, we show that ˝F maps bounded sets into equicontinuous sets of E : Let
�1; �2 2 Œ1; e� with �1 < �2 and x 2 Br: For each h 2 ˝F.x/; we obtain

jh.�2/ � h.�1/j

�  .r/kpk
� .˛/

ˇ̌
ˇ̌
ˇ
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log
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log
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log
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� .˛ C 1/

Œj.log �2/
˛ � .log �1/

˛j C 2.log.�2=�1//
˛�

C .r/kpkj.log �2/˛�1 � .log �1/˛�1j
j˝j

"
jcj C jAj

� . C ˛ C 1/
.log �/C˛

C jBj
� .˛ C 1/

#
:

Obviously the right hand side of the above inequality tends to zero, independently
of x 2 Br as �2 � �1 ! 0: As ˝F satisfies the above three assumptions, therefore
it follows by the Arzelá-Ascoli Theorem that ˝F W E ! P.E / is completely
continuous.

In our next step, we show that ˝F is upper semicontinuous. By Lemma 1.1, ˝F

will be upper semicontinuous if we establish that it has a closed graph, since ˝F

is already shown to be completely continuous. Thus, we will prove that ˝F has a
closed graph. Let xn ! x�; hn 2 ˝F.xn/ and hn ! h�: Then, we need to show that
h� 2 ˝F.x�/: Associated with hn 2 ˝F.xn/; there exists vn 2 SF;xn such that for
each t 2 Œ1; e�;
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hn.t/ D 1
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)
:

Thus it suffices to show that there exists v� 2 SF;x�
such that for each t 2 Œ1; e�;

h�.t/ D 1
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log
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)
:

Let us consider the linear operator � W L1.Œ1; e�;R/ ! E given by

f 7! �.v/.t/ D 1
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log
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s
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)
:

Observe that

khn.t/ � h�.t/k D
�����
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) ����� ! 0;

as n ! 1:
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Thus, it follows by Lemma 1.2, that � ı SF;x is a closed graph operator. Further,
we have hn.t/ 2 �.SF;xn/: Since xn ! x�; therefore, we have

h�.t/ D 1

� .˛/

Z t
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�
log

t

s

�˛�1 v�.s/
s

ds

C .log t/˛�1

˝

(
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� . C ˛/

Z �

1
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log

�

s

�C˛�1 v�.s/
s
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� B

� .˛/

Z e

1

�
log

e

s

�˛�1 v�.s/
s

ds

)
;

for some v� 2 SF;x�
.

Finally, we show there exists an open set U � E with x … ˝F.x/ for any � 2
.0; 1/ and all x 2 @U: Let � 2 .0; 1/ and x 2 �˝F.x/: Then there exists v 2
L1.Œ1; e�;R/ with v 2 SF;x such that, for t 2 Œ1; e�, we have

x.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 v.s/
s

ds

C .log t/˛�1

˝

(
c � A

� . C ˛/

Z �

1

�
log

�

s

�C˛�1 v.s/
s
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� .˛/

Z e

1

�
log

e

s

�˛�1 v.s/
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)
:

As in the second step, one can have

kxk �  .kxk/kpk! C jcj=j˝j;

which implies that

kxk
 .kxk/kpk! C jcj=j˝j � 1:

In view of (3.7.3), there exists M such that kxk ¤ M. Let us set

U D fx 2 E W kxk < Mg:

Note that the operator ˝F W U ! P.E / is upper semicontinuous and completely
continuous. From the choice of U, there is no x 2 @U such that x 2 �˝F.x/ for
some � 2 .0; 1/. Consequently, by the nonlinear alternative of Leray-Schauder type
(Theorem 1.15), we deduce that ˝F has a fixed point x 2 U; which is a solution of
the problem (3.37). This completes the proof. �
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Example 3.6 Consider the problem

8<
:

D3=2x.t/ 2 F.t; x.t//; 1 < t < e;

x.1/ D 0; I1=2x.2/C x.e/ D 4:
(3.38)

Here ˛ D 3=2;  D 1=2; � D 2;A D 1;B D 1 and c D 4: With the given values,
we find that ˝ 	 2:228571; ! 	 1:197596: Let F W Œ1; e� � R ! P.R/ be a
multivalued map given by

x ! F.t; x/ D
� jxj5

jxj5 C 3
C t3 C t2 C 4;

jxj3
jxj3 C 1

C t C 2

�
:

For f 2 F; we have

jf j � max

� jxj5
jxj5 C 3

C t3 C t2 C 4;
jxj3

jxj3 C 1
C t C 2

�
� 7; x 2 R:

Thus,

kF.t; x/kP WD supfjyj W y 2 F.t; x/g � 7 D p.t/ .kxk/; x 2 R;

with p.t/ D 1;  .kxk/ D 7: In this case by the condition (3.7.3), we find that
M > 10:178044: Hence, by Theorem 3.7, the problem (3.38) has a solution on
Œ1; e�:

3.4.2 The Lower Semicontinuous Case

Theorem 3.8 Assume that (3.7.1), (3.7.2) and the following condition hold:

(3.8.1) F W Œ1; e� � R ! P.R/ is a nonempty compact-valued multivalued map
such that

.a/ .t; x/ 7�! F.t; x/ is L ˝ B measurable,

.b/ x 7�! F.t; x/ is lower semicontinuous for each t 2 Œ1; e�:
Then the boundary value problem (3.37) has at least one solution on Œ1; e�:

Proof It follows from (3.7.2) and (3.8.1) that F is of l.s.c. type [82]. Then, from
Lemma 1.3, there exists a continuous function f W E ! L1.Œ1; e�;R/ such that
f .x/ 2 F .x/ for all x 2 E .

Consider the problem

8<
:

D˛x.t/ D f .x.t//; 1 < t < e; 1 < ˛ � 2;

x.1/ D 0; AIx.�/C Bx.e/ D c; 1 < � < e:
(3.39)
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Observe that if x 2 C 2.Œ1; e�;R/ is a solution of (3.39), then x is a solution to the
problem (3.37). In order to transform the problem (3.39) into a fixed point problem,
we define the operator ˝F as

˝Fx.t/ D 1

� .˛/

Z t

1

�
log
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Z e
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log
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s
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)
:

It can easily be shown that ˝F is continuous and completely continuous. The
remaining part of the proof is similar to that of Theorem 3.7. So, we omit it. This
completes the proof. �

3.4.3 The Lipschitz Case

Theorem 3.9 Assume that:

(3.9.1) F W Œ1; e� � R ! Pcp.R/ is such that F.�; x/ W Œ1; e� ! Pcp.R/ is
measurable for each x 2 RI

(3.9.2) Hd.F.t; x/;F.t; Nx// � m.t/jx � Nxj for almost all t 2 Œ1; e� and x; Nx 2 R with
m 2 L1.Œ1; e�;RC/ and d.0;F.t; 0// � m.t/ for almost all t 2 Œ1; e�.

Then the boundary value problem (3.37) has at least one solution on Œ1; e� if

kmk! C jcj=j˝j < 1;

where ˝ and ! are defined by (3.23) and (3.25) respectively.

Proof Observe that the set SF;x is nonempty for each x 2 E by the assump-
tion (3.9.1), so F has a measurable selection (see Theorem III.6 [57]). Now, we show
that the operator ˝F; defined in the beginning of proof of Theorem 3.7, satisfies the
assumptions of Theorem 1.18. To show that ˝F.x/ 2 Pcl.E / for each x 2 E , let
fungn�0 2 ˝F.x/ be such that un ! u .n ! 1/ in E : Then u 2 E and there exists
vn 2 SF;xn such that, for each t 2 Œ1; e�,

un.t/ D 1
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log
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)
:

As F has compact values, we pass onto a subsequence (if necessary) to obtain
that vn converges to v in L1.Œ1; e�;R/: Thus, v 2 SF;x and for each t 2 Œ1; e�, we have

vn.t/ ! v.t/ D 1
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log
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s
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)
:

Hence, u 2 ˝F.x/:
Next, we show that there exists ı < 1 .ı WD kmk! C jcj=j˝j/ such that

Hd.˝F.x/;˝F.Nx// � ıkx � Nxk for each x; Nx 2 E :

Let x; Nx 2 E and h1 2 ˝F.x/. Then there exists v1.t/ 2 F.t; x.t// such that, for each
t 2 Œ1; e�,
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log
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:

By (3.9.2), we have

Hd.F.t; x/;F.t; Nx// � m.t/jx.t/ � Nx.t/j:

So, there exists w 2 F.t; Nx.t// such that

jv1.t/ � wj � m.t/jx.t/ � Nx.t/j; t 2 Œ1; e�:

Define U W Œ1; e� ! P.R/ by

U.t/ D fw 2 R W jv1.t/ � wj � m.t/jx.t/ � Nx.t/jg:
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Since the multivalued operator U.t/ \ F.t; Nx.t// is measurable (Proposition III.4
[57]), there exists a function v2.t/ which is a measurable selection for U. So v2.t/ 2
F.t; Nx.t// and for each t 2 Œ1; e�, we have jv1.t/ � v2.t/j � m.t/jx.t/ � Nx.t/j.

For each t 2 Œ1; e�, let us define
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:

Thus,
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kx � Nxk

�
�
kmk! C jcj=j˝j

�
kx � Nxk:

Hence,

kh1 � h2k �
�
kmk! C jcj=j˝j

�
kx � Nxk:

Analogously, interchanging the roles of x and x, we obtain

Hd.˝F.x/;˝F.Nx// �
�
kmk! C jcj=j˝j

�
kx � Nxk:
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Since ˝F is a contraction, it follows by Theorem 1.18, that ˝F has a fixed point
x; which is a solution of (3.37). This completes the proof. �

3.5 Boundary Value Problems of Hadamard-Type Fractional
Differential Equations and Inclusions with Nonlocal
Conditions

In this section, we study boundary value problems of Hadamard type fractional
differential equations and inclusions with nonlocal boundary conditions. Firstly, we
discuss the existence and uniqueness of solutions for the following boundary value
problem

8<
:

D˛x.t/ D f .t; x.t//; 1 < t < e; 1 < ˛ � 2;

x.1/ D 0; x.�/ D g.x/; 1 < � < e;
(3.40)

where D˛ is the Hadamard fractional derivative of order ˛; f W Œ1; e� � R ! R and
g W C.Œ0; 1�;R/ ! R are given continuous functions.

In passing, we remark that the nonlocal conditions are more plausible than
the standard initial conditions for the formulation of certain physical phenomena
involving interior points of the given domain. In (3.40), g.x/ may be regarded as
g.x/ D Pp

jD1 ˛jx.tj/ where ˛j; j D 1; : : : ; p; are given constants and 0 < t1 < : : : <
tp � 1: Further details can be found in the work by Byszewski [54, 55].

The main results for the problem (3.40) rely on Banach’s contraction principle
and a fixed point theorem due to O’Regan (Theorem 1.6).

Secondly, we extend our study to the case of inclusions by considering the
following boundary value problem:

8<
:

D˛x.t/ 2 F.t; x.t//; 1 < t < e; 1 < ˛ � 2;

x.1/ D 0; x.�/ D g.x/; 1 < � < e;
(3.41)

where F W Œ1; e� � R ! P.R/ is a multivalued map, P.R/ is the family of all
nonempty subsets of R: We show the existence of solutions for the problem (3.41)
by using the nonlinear alternative for contractive maps, when the multivalued map
F.t; x/ is convex valued.

Lemma 3.4 Given y 2 E ; the boundary value problem


D˛x.t/ D y.t/; 1 < t < e; 1 < ˛ � 2;

x.1/ D 0; x.�/ D y0 2 R;
(3.42)
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is equivalent to the integral equation

x.t/ D 1

� .˛/

Z t
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log
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ds
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log
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�˛�1 y.s/

s
ds C .log t/˛�1

.log �/˛�1 y0; t 2 Œ1; e�:
(3.43)

Proof We omit the proof as it is similar to that of Lemma 3.3. �

3.6 Existence Results: The Single-Valued Case

In view of Lemma 3.4, we define an operator Q W E ! E by

Qx.t/ D 1
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s
ds

� .log t/˛�1
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C .log t/˛�1

.log �/˛�1 g.x/; t 2 Œ1; e�:

(3.44)

Observe that the existence of a fixed point for the operator Q defined by (3.44)
implies the existence of a solution for the problem (3.40).

Theorem 3.10 Let f W Œ1; e� � R ! R and g W C.Œ1; e�;R/ ! R be continuous
functions. Assume that:

(3.10.1) jf .t; x/ � f .t; y/j � Ljx � yj;8t 2 Œ1; e�; L > 0; x; y 2 R;
(3.10.2) jg.u/ � g.v/j � `ku � vk; 0 < ` < .log �/˛�1; for all u; v 2 E I
(3.10.3)  WD L

� .˛ C 1/
.1C log �/C `

.log �/˛�1 < 1:

Then the boundary value problem (3.40) has a unique solution on Œ1; e�.

Proof For x; y 2 E and for each t 2 Œ1; e�; from the definition of Q and
assumptions (3.10.1) and (3.10.2), we obtain

j.Qx/.t/ � .Qy/.t/j

� 1

� .˛/

Z t

1

�
log

t

s

�˛�1 jf .s; x.s// � f .s; y.s//j
s

ds

C .log t/˛�1

� .˛/.log �/˛�1

Z �

1

�
log

�

s

�˛�1 jf .s; x.s// � f .s; y.s//j
s

ds
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C .log t/˛�1

.log �/˛�1 jg.x/ � g.y/j

� Lkx � yk
"

1

� .˛/

Z t

1

�
log

t

s

�˛�1 1
s

ds

C .log t/˛�1

� .˛/.log �/˛�1

Z �

1

�
log

�

s

�˛�1 1
s

ds

#
C `

.log �/˛�1 kx � yk

� kx � yk


L

� .˛ C 1/
.1C log �/C `

.log �/˛�1

�
:

Hence

kQx � Qyk � kx � yk:

As  < 1 by (3.10.3), Q is a contraction map from the Banach space E into itself.
Thus, the conclusion of the theorem follows by the contraction mapping principle
(Banach fixed point theorem). �

Example 3.7 Consider the following fractional boundary value problem

8̂
<̂
ˆ̂:

D3=2x.t/ D L

2

�
x C j sin xj

1C j sin xj C cos t
�
; 1 < t < e;

x.1/ D 0; x
�5
4

�
D 1

7
x
�3
2

�
C 1

9
x
�
2
�

C 1

11
x
�5
2

�
;

(3.45)

where L will be fixed later. Clearly � D 5

4
; g.x/ D 1

7
x
�3
2

�
C 1

9
x
�
2
�

C 1

11
x
�5
2

�
:

With the given values, it is found that ` ' 0:344877 and the assumption (3.10.3) is
satisfied for L < 0:293351: Thus all the conditions of Theorem 3.10 are satisfied.
Hence the boundary value problem (3.45) has a unique solution on Œ1; e�:

In the sequel, we will use Theorem 1.6, by taking C to be E: For more details of
such fixed point theorems, we refer a paper by Petryshyn [140].

Theorem 3.11 Let f W Œ1; e� � R ! R be a continuous function. Suppose
that (3.10.2) holds. In addition, we assume that:

(3.11.1) g.0/ D 0I
(3.11.2) there exists a nonnegative function p 2 C.Œ1; e�;RC/ and a nondecreasing

function  W Œ0;1/ ! .0;1/ such that

jf .t; u/j � p.t/ .juj/ for any .t; u/ 2 Œ1; e� � RI
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(3.11.3) sup
r2.0;1/

r

p0 .r/
>

1

1 � `.log �/1�˛
; where

p0 D kpk
� .˛ C 1/

.1C log �/: (3.46)

Then the boundary value problem (3.40) has at least one solution on Œ1; e�:

Proof Let us decompose the operator Q W E ! E defined by (3.44) into a sum of
two operators as

.Qx/.t/ D .Q1x/.t/C .Q2x/.t/; t 2 Œ1; e�; (3.47)

where

.Q1x/.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 f .s; x.s//

s
ds

� .log t/˛�1

� .˛/.log �/˛�1

Z �

1

�
log

�

s

�˛�1 f .s; x.s//

s
ds; t 2 Œ1; e�;

(3.48)

and

.Q2x/.t/ D .log t/˛�1

.log �/˛�1 g.x/; t 2 Œ1; e�: (3.49)

Let

˝r D fx 2 E W kxk < rg:

From (3.11.3), there exists a number r0 > 0 such that

r0
p0 .r0/

>
1

1 � `.log �/˛�1 : (3.50)

We shall show that the operators Q1 and Q2 satisfy all the conditions of
Theorem 1.6.

Step 1. The operator Q2 W N̋ r0 ! E is contractive. Indeed, we have:

j.Q2x/.t/ � .Q2y/.t/j D .log t/˛�1

.log �/˛�1 jg.x/ � g.y/j

� `

.log �/˛�1 kx � yk;

and hence by (3.10.2), Q2 is contractive.
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Step 2. The operator Q1 is continuous and completely continuous. We first show
that Q1. N̋ r0 / is bounded. For any x 2 N̋ r0 ; we have

kQ1xk � 1

� .˛/

Z t

1

�
log

t

s

�˛�1 jf .s; x.s//j
s

ds

C .log t/˛�1

� .˛/.log �/˛�1

Z �

1

�
log

�

s

�˛�1 jf .s; x.s//j
s

ds

� kpk .r0/
"

1

� .˛/

Z t

1

�
log

t

s

�˛�1 1
s

ds

C 1

� .˛/.log �/˛�1

Z �

1

�
log

�

s

�˛�1 1
s

ds

#

� kpk .r0/ 1

� .˛ C 1/
.1C log �/:

This proves that Q1. N̋ r0 / is uniformly bounded.
In addition, for any �1; �2 2 Œ1; e�; �1 < �2; we have:

j.Q1x/.�2/ � .Q1x/.�1/j

�  .r0/kpk
� .˛/

ˇ̌
ˇ̌
ˇ
Z �2

1

�
log

�2

s

�˛�1 1
s

ds �
Z �1

1

�
log

�1

s

�˛�1 1
s

ds

ˇ̌
ˇ̌
ˇ

C .r0/kpkj.log �2/˛�1 � .log �1/˛�1j
� .˛/.log �/˛�1

Z �

1

�
log

�

s

�˛�1 1
s

ds

�  .r0/kpk
� .˛ C 1/

Œj.log �2/
˛ � .log �1/

˛j C 2.log.�2=�1//
˛�

C .r0/kpkj.log �2/˛�1 � .log �1/˛�1j
� .˛ C 1/

.log �/;

which is independent of x; and tends to zero as �2 � �1 ! 0: Thus, Q1 is
equicontinuous. Hence, by the Arzelá-Ascoli Theorem, Q1. N̋ r0 / is a relatively
compact set. Now, let xn; x � N̋ r0 with kxn � xk ! 0: Then the limit jxn.t/ �
x.t/j ! 0 as n ! 1 uniformly on Œ1; e�: From the uniform continuity of f .t; x/
on the compact set Œ1; e� � Œ�r0; r0� it follows that kf .t; xn.t// � f .t; x.t//k ! 0

is uniformly valid on Œ1; e�: Hence kQ1xn �Q1xk ! 0 as n ! 1; which proves
the continuity of Q1: Hence Step 2 is completely established.

Step 3. The set F. N̋ r0 / is bounded. By (3.10.2) and (3.11.2), we get

kQ2.x/k � 1

.log �/˛�1 `r0;
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for any x 2 N̋ r0 : This, with the boundedness of the set Q1. N̋ r0 /; implies that the
set Q. N̋ r0 / is bounded.

Step 4. Finally, it will be shown that the case (C2) in Theorem 1.6 does not occur.
To this end, we suppose that (C2) holds. Then, there exist � 2 .0; 1/ and x 2 @˝r0
such that x D �Qx: So, we have kxk D r0 and

x.t/ D �

(
1

� .˛/

Z t

1

�
log

t

s

�˛�1 f .s; x.s//

s
ds

� .log t/˛�1
� .˛/.log �/˛�1

Z �

1

�
log

�

s

�˛�1 f .s; x.s//

s
ds C .log t/˛�1

.log �/˛�1 g.x/

)
; t 2 Œ1; e�:

With hypotheses (3.11.1)–(3.11.3), we have

jx.t/j � kpk .kxk/ 1C log �

� .˛ C 1/
C 1

.log �/˛�1 `kxk:

Taking supremum over t 2 Œ1; e�; we get r0 � p0 .r0/C .log �/1�˛`r0: Thus,

r0
p0 .r0/

� 1

1 � `.log �/1�˛
;

which contradicts (3.50). Thus it follows that the operators Q1 and Q2 satisfy all
the conditions of Theorem 1.6. Hence, the operator Q has at least one fixed point
x 2 N̋ r0 ; which is the solution of the boundary value problem (3.40). �

Example 3.8 Consider the following fractional boundary value problem

8̂
<̂
ˆ̂:

D3=2x.t/ D 1p
63C t2

21Cj sin xj; 1 < t < e;

x.1/ D 0; x
�5
4

�
D 1

7
x
�3
2

�
C 1

9
x
�
2
�

C 1

11
x
�5
2

�
;

(3.51)

Since
ˇ̌
ˇ 1p
63C t2

21Cj sin xj
ˇ̌
ˇ � 1

2
; we take kpk D 1

2
and  .juj/ D 1: By the

condition (3.11.3), we find that r0 > 1:70445: Obviously all the conditions of
Theorem 3.11 are satisfied. Therefore, the conclusion of Theorem 3.11 applies to
the problem (3.51).

3.7 Existence Result: The Multivalued Case

Definition 3.2 A function x 2 C 2.Œ1; e�;R/ is called a solution of problem (3.41) if
there exists a function f 2 L1.Œ1; e�;R/ with f .t/ 2 F.t; x.t//; a.e. on Œ1; e� such that
D˛x.t/ D f .t/; a.e. on Œ1; e� and x.1/ D 0; x.�/ D g.x/:
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Theorem 3.12 Assume that (3.10.2) holds. In addition, we suppose that:

(3.12.1) F W Œ1; e� � R ! Pcp;c.R/ is L1�Carathéodory multivalued map;
(3.12.2) there exists a continuous nondecreasing function  W Œ0;1/ ! .0;1/

and a function p 2 C.Œ1; e�;RC/ such that

kF.t; x/kP WD supfjyj W y 2 F.t; x/g � p.t/ .kxk/ for each .t; x/ 2 Œ1; e� � RI

(3.12.3) there exists a number M > 0 such that

.1 � `.log �/1�˛/M

kpk .M/ .1C log �/

� .˛ C 1/

> 1: (3.52)

Then the boundary value problem (3.41) has at least one solution on Œ1; e�:

Proof To transform the problem (3.41) into a fixed point problem, we define an
operator F W E �! P.E / as

F .x/ D

8̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂<
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂:

h 2 E W

h.t/ D

8̂
ˆ̂̂̂
ˆ̂̂̂
<
ˆ̂̂̂
ˆ̂̂̂
:̂

1

� .˛/

Z t

1

�
log

t

s

�˛�1 f .s/

s
ds

� .log t/˛�1

� .˛/.log �/˛�1

Z �

1

�
log

�

s

�˛�1 f .s/

s
ds

C .log t/˛�1

.log �/˛�1 g.x/; t 2 Œ1; e�;

9>>>>>>>>>>>=
>>>>>>>>>>>;

(3.53)

for f 2 SF;x:

Next, we introduce two operators A W E �! E and B W E �! P.E / as
follows:

A x.t/ D .log t/˛�1

.log �/˛�1 g.x/; t 2 Œ1; e�; (3.54)

and

B.x/ D

8̂
ˆ̂̂̂
<
ˆ̂̂̂
:̂

h 2 E W

h.t/ D

8̂
ˆ̂<
ˆ̂̂:

1

� .˛/

Z t

1

�
log

t

s

�˛�1 f .s/

s
ds

� .log t/˛�1

� .˛/.log �/˛�1

Z �

1

�
log

�

s

�˛�1 f .s/

s
ds; t 2 Œ1; e�:

9>>>>>=
>>>>>;

(3.55)
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Observe that F D A C B. We shall show that the operators A and B satisfy
all the conditions of Theorem 1.17 on Œ1; e�. First, we show that the operators A and
B define the multivalued operators A ;B W Br ! Pcp;c.E / where Br D fx 2 E W
kxk � rg is a bounded set in E . We prove that B is compact-valued on Br. Note that
the operator B is equivalent to the composition L ı SF, where L is the continuous
linear operator on L1.Œ1; e�;R/ into E , defined by

L .v/.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 v.s/
s

ds � .log t/˛�1
� .˛/.log �/˛�1

Z �

1

�
log

�

s

�˛�1 v.s/
s

ds:

Suppose that x 2 Br is arbitrary and let fvng be a sequence in SF;x. Then, by
definition of SF;x, we have vn.t/ 2 F.t; x.t// for almost all t 2 Œ1; e�. Since F.t; x.t//
is compact for all t 2 J, there is a convergent subsequence of fvn.t/g; (we denote it
by fvn.t/g again) that converges in measure to some v.t/ 2 SF;x for almost all t 2 J.
On the other hand, L is continuous, so L .vn/.t/ ! L .v/.t/ point-wise on Œ1; e�.

In order to show that the convergence is uniform, we have to show that fL .vn/g
is an equi-continuous sequence. Let �1; �2 2 Œ1; e� with �1 < �2. Then, we have

jL .vn/.�2/ � L .vn/.�1/j

�  .r/kpk
� .˛/

ˇ̌
ˇ̌
ˇ
Z �2

1

�
log

�2

s

�˛�1 1
s

ds �
Z �1

1

�
log

�1

s

�˛�1 1
s

ds

ˇ̌
ˇ̌
ˇ

C .�/kpkj.log �2/˛�1 � .log �1/˛�1j
� .˛/.log �/˛�1

Z �

1

�
log

�

s

�˛�1 1
s

ds

�  .�/kpk
� .˛ C 1/

Œj.log �2/
˛ � .log �1/

˛j C 2.log.�2=�1//
˛�

C .r/kpkj.log �2/˛�1 � .log �1/˛�1j
� .˛ C 1/

.log �/:

We see that the right hand of the above inequality tends to zero as �2 ! �1. Thus,
the sequence fL .vn/g is equi-continuous by the Arzelá-Ascoli Theorem, and hence
there exists a uniformly convergent subsequence. So, there is a subsequence of fvng;
(we denote it again by fvng) such that L .vn/ ! L .v/. Note that L .v/ 2 L .SF;x/.
Hence, B.x/ D L .SF;x/ is compact for all x 2 Br. So B.x/ is compact.

Now, we show that B.x/ is convex for all x 2 E . Let z1; z2 2 B.x/. We select
f1; f2 2 SF;x such that

zi.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 fi.s/

s
ds � .log t/˛�1

� .˛/.log �/˛�1

Z �

1

�
log

�

s

�˛�1 fi.s/

s
ds;
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i D 1; 2; for almost all t 2 Œ1; e�. Let 0 � � � 1. Then, we have

Œ�z1 C .1 � �/z2�.t/

D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 Œ�f1.s/C .1 � �/f2.s/�
s

ds

� .log t/˛�1

� .˛/.log �/˛�1

Z �

1

�
log

�

s

�˛�1 Œ�f1.s/C .1 � �/f2.s/�
s

ds:

Since F has convex values, so SF;x is convex and �f1.s/ C .1 � �/f2.s/ 2 SF;x.
Thus

�z1 C .1 � �/z2 2 B.x/:

Consequently, B is convex-valued. Obviously, A is compact and convex-valued.
For the sake of clarity, we split the rest of the proof into a number of steps and

claims.

Step 1. A is a contraction on E . This is a consequence of (3.10.2).
Step 2. B is compact, convex valued and completely continuous. This will be

established in several claims.

CLAIM I. B maps bounded sets into bounded sets in E . For that, let B� D
fx 2 E W kxk � �g be a bounded set in E . Then, for each h 2 B.x/; x 2 B�,
we have

jh.t/j � 1

� .˛/

Z t

1

�
log

t

s

�˛�1 jf .s/j
s

ds

C .log t/˛�1

� .˛/.log �/˛�1

Z �

1

�
log

�

s

�˛�1 jf .s/j
s

ds

� kpk .�/
"

1

� .˛/

Z t

1

�
log

t

s

�˛�1 1
s

ds

C 1

� .˛/.log �/˛�1

Z �

1

�
log

�

s

�˛�1 1
s

ds

#

� kpk .�/ 1

� .˛ C 1/
.1C log �/;

and consequently, for each h 2 B.B�/; we have

khk � kpk .r/ 1

� .˛ C 1/
.1C log �/:

CLAIM II. B maps bounded sets into equicontinuous sets. As before, let B� be
a bounded set and let h 2 B.x/ for x 2 B�: Let �1; �2 2 Œ1; e� with �1 < �2 and



3.7 Existence Result: The Multivalued Case 83

x 2 B�: For each h 2 B.x/; as before, we obtain

jh.�2/ � h.�1/j �  .�/kpk
� .˛/

Œj.log �2/
˛ � .log �1/

˛j C 2.log.�2=�1//
˛�

C .r/kpkj log �2/˛�1 � .log �1/˛�1j
� .˛ C 1/

.log �/;

which is independent of x and tends to zero as �2 � �1 ! 0: Therefore, it
follows by the Arzelá-Ascoli Theorem, that B W E ! P.E / is completely
continuous.

CLAIM III. B has a closed graph. Let xn ! x�; hn 2 B.xn/ and hn ! h�:
Then, we need to show that h� 2 B.x�/: Associated with hn 2 B.xn/; there
exists fn 2 SF;xn such that for each t 2 Œ1; e�;

hn.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 fn.s/

s
ds � .log t/˛�1

� .˛/.log �/˛�1
Z �

1

�
log

�

s

�˛�1 fn.s/

s
ds:

Then, we have to show that there exists f� 2 SF;x�
such that for each t 2 Œ1; e�;

h�.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 f�.s/
s

ds � .log t/˛�1

� .˛/.log �/˛�1

Z �

1

�
log

�

s

�˛�1 f�.s/
s

ds:

Let us consider the continuous linear operator � W L1.Œ1; e�;R/ ! C given by

f 7! �.f /.t/

D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 f .s/

s
ds � .log t/˛�1

� .˛/.log �/˛�1

Z �

1

�
log

�

s

�˛�1 f .s/

s
ds:

Observe that

khn.t/ � h�.t/k D
�����

1

� .˛/

Z t

1

�
log

t

s

�˛�1 .fn.s/ � f�.s//
s

ds

� .log t/˛�1

� .˛/.log �/˛�1

Z �

1

�
log

�

s

�˛�1 .fn.s/ � f�.s//
s

ds

����� ! 0;

as n ! 1: Thus, it follows by Lemma 1.2 that � ı SF;x is a closed graph operator.
Further, we have hn.t/ 2 �.SF;xn/: Since xn ! x�; therefore, we have

h�.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 f�.s/
s

ds � .log t/˛�1

� .˛/.log �/˛�1

Z �

1

�
log

�

s

�˛�1 f�.s/
s

ds;

for some f� 2 SF;x�
. Hence B has a closed graph (and therefore has closed values).

In consequence, the operator B is compact valued.



84 3 Nonlocal Hadamard Fractional Boundary Value Problems

Thus, the operators A and B satisfy hypotheses of Theorem 1.17 and therefore,
by its application, it follows either condition (i) or condition (ii) holds. We show that
the conclusion (ii) is not possible. If x 2 �A .x/C �B.x/ for � 2 .0; 1/; then there
exists f 2 SF;x such that

x.t/ D �

(
1

� .˛/

Z t

1

�
log

t

s

�˛�1 f .s/

s
ds

� .log t/˛�1

� .˛/.log �/˛�1

Z �

1

�
log

�

s

�˛�1 f .s/

s
ds C .log t/˛�1

.log �/˛�1 g.x/

)
; t 2 Œ1; e�:

Consequently, we have

jx.t/j � kpk .kxk/ 1

� .˛ C 1/
.1C log �/C 1

.log �/˛�1 `kxk:

If condition (ii) of Theorem 1.17 holds, then there exists � 2 .0; 1/ and x 2 @BM

with x D �F .x/: Then, x is a solution of (3.44) with kxk D M: Now, by the last
inequality, we have

.1 � `.log �/1�˛/M

kpk .M/ .1C log �/

� .˛ C 1/

� 1;

which contradicts (3.52). Hence, F has a fixed point in Œ1; e� by Theorem 1.17, and
consequently the problem (3.41) has a solution. This completes the proof. �

Example 3.9 Consider the following fractional boundary value problem

8̂
<
:̂

D3=2x.t/ 2 F.t; x/; 1 < t < e;

x.1/ D 0; x
�5
4

�
D 1

7
x
�3
2

�
C 1

9
x
�
2
�

C 1

11
x
�5
2

�
;

(3.56)

where

F.t; x/ D
h 1

.t C 2/

j sin xj3
8.j sin xj3 C 3/

C 1

10
;

t

3
p
.t C 1/

jxj
jxj C 1

i
:

Clearly kF.t; x/kP WD supfjyj W y 2 F.t; x/g � p.t/ .kxk/ for each .t; x/ 2
Œ1; e� � R with p.t/ D t

3
p
.tC1/ ;  .kxk/ D 1: By the condition (3.12.3), it is found

that M > 1:601815: Thus all the conditions of Theorem 3.12 are satisfied and in
consequence, there exists a solution for the problem (3.56) on Œ1; e�:
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3.8 Notes and Remarks

In Sect. 3.2, we studied a three-point boundary value problem of Hadamard type
fractional differential equations via Krasnoselskii-Zabreiko fixed point theorem.

We have investigated in Sect. 3.3 the existence and uniqueness of solutions for
a semi-linear Hadamard type fractional differential equation supplemented with
nonlocal non-conserved boundary conditions involving Hadamard integral. The
uniqueness result is proved by applying Banach’s fixed point theorem while the three
existence results are established by means of Krasnoselskii’s fixed point theorem,
Leray-Schauder’s nonlinear alternative, and Leray-Schauder degree respectively.
We have also discussed a companion problem (3.34) by replacing the condition
AIx.�/ C Bx.e/ D c with AIx.e/ C Bx.�/ D c in problem (3.18). The results
presented in this section are more general and correspond to several known and
new results corresponding to specific values of the parameters involved in the
problem (3.18). For instance, we have:

• By taking A D 0; c D 0;B ¤ 0; our results correspond to the ones for Hadamard
type fractional differential equations with Dirichlet boundary conditions.

• Letting A D 1;B D �1; c D 0 and � ! e in the results of this paper, we obtain
the ones presented in [22].

• With A ¤ 0;B D 0; c D 0; our problem becomes an “average type” nonlocal
boundary value problem in the sense of Hadamard integral ( D 1 in classical
sense). This reduced integral condition can also be termed as a “conserved”
condition in the sense of Hadamard. In this case, the operator Q W E ! E takes
the form:

Qx.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 f .s; x.s//

s
ds

� A.log t/˛�1

�� . C ˛/

Z �

1

�
log

�

s

�C˛�1 f .s; x.s//

s
ds; t 2 Œ1; e�:

In relation to problem (3.34), we can make similar observations.
The multivalued case of the problems studied in Sect. 3.3 is considered in

Sect. 3.4. We have established some existence results when the right hand side
is convex as well as non-convex valued. The first result relies on the nonlinear
alternative of Leray-Schauder type. In the second result, we combine the nonlinear
alternative of Leray-Schauder type for single-valued maps with a selection theorem
due to Bressan and Colombo for lower semicontinuous multivalued maps with
nonempty closed and decomposable values, while in the third result, a fixed point
theorem for contractive multivalued maps due to Covitz and Nadler is used. Note
that the special case A D �1;B D 1; c D 0 was studied in [12].
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In Sect. 3.5, we studied boundary value problems of Hadamard type fractional
differential equations and inclusions with nonlocal boundary conditions. The results
for single-valued case are proved via Banach’s contraction principle and a fixed
point theorem due to O’Regan, while the result for multivalued case is obtained by
means of the nonlinear alternative for contractive maps when the multivalued map
F.t; x/ is convex valued.

The content of this chapter is based on the papers [15, 24, 30] and [23].



Chapter 4
Existence Results for Mixed Hadamard
and Riemann-Liouville Fractional
Integro-Differential Equations and Inclusions

4.1 Introduction

We introduce a new class of mixed initial value problems involving Hadamard
derivative and Riemann-Liouville fractional integrals. Existence as well existence
and uniqueness results are proved for mixed initial value problems involving
Hadamard and Riemann-Liouville type integro-differential equations and inclusions
via appropriate fixed point theorems. We also obtain an existence result for the
inclusion case by following a relatively new approach known as “endpoint theory”.

4.2 Existence Results for Mixed Hadamard and
Riemann-Liouville Fractional Integro-Differential
Equations

In this section, we discuss the existence and uniqueness results for a new class of
mixed initial value problems involving Hadamard derivative and Riemann-Liouville
fractional integrals given by

8̂
<
:̂

D˛

 
x.t/ �

mX
iD1

Iˇi hi.t; x.t//

!
D g.t; x.t/;Kx.t//; t 2 J WD Œ1;T�;

x.1/ D 0;

(4.1)

where D˛ denotes the Hadamard fractional derivative of order ˛, 0 < ˛ � 1, I	

is the Riemann-Liouville fractional integral of order 	 > 0, 	 2 fˇ1; ˇ2; : : : ; ˇmg,
g 2 C.J � R

2;R/, hi 2 C.J � R;R/ with h.1; 0/ D 0, i D 1; 2; : : : ;m, and Kx.t/ DR t
1
'.t; s/x.s/ds, '.t; s/ 2 C.J2;R/:

© Springer International Publishing AG 2017
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The main tools of our study for (4.1) include Krasnoselskii’s fixed point theorem,
Banach’s fixed point theorem and Leray-Schauder’s nonlinear alternative.

In order to define the solution for problem (4.1), we need the following lemma.
The proof of this lemma is obvious [96] in view of the fact that Hadamard fractional
derivative is the left-inverse operator to the Hadamard fractional integral.

Lemma 4.1 Let 0 < ˛ � 1, and the functions g; hi, i D 1; 2; : : : ;m satisfy
problem (4.1). Then the unique solution of the problem (4.1) is

x.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
g.s; x.s/;Kx.s//

ds

s
C

mX
iD1

Iˇi hi.t; x.t//; t 2 J:

(4.2)

Let E D C.J;R/ be the space of continuous real-valued functions defined on
J D Œ1;T� endowed with the norm kxk D supt2J jx.t/j:
Theorem 4.1 Assume that:

(4.1.1) there exists a constant L0 > 0; such that

jhi.t; x/ � hi.t; y/j � L0jx � yj; (4.3)

for t 2 J and x; y 2 R; i D 1; 2; : : : ;mI
(4.1.2) there exist functions �i 2 C.J;RC/; i D 1; 2; : : : ;m; such that

jhi.t; x/j � �i.t/; 8.t; x/ 2 J � RI
(4.1.3) there exist functions �; 
 2 C.J;RC/; such that

jg.t; x; y/j � �.t/C 
.t/jyj;8.t; x; y/ 2 J � R
2:

Then the problem (4.1) has at least one solution on J; provided that

L0

mX
iD1

.T � 1/ˇi

� .ˇi C 1/
< 1: (4.4)

Proof Setting supt2J j�.t/j D k�k, supt2J j
.t/j D k
k, supt2J j�i.t/j D k�ik, i D
1; 2; : : : ;m; we consider BR D fx 2 E W kxk � Rg; where

R �
 

mX
iD1

.T � 1/ˇi

� .ˇi C 1/
k�ik C .log T/˛

� .˛ C 1/
k�k

!��
1 � '0k
k

�


� .˛/
C .log T/˛

� .˛ C 1/

��
;

 D T
Z log T

0

u˛�1e�udu; '0 D supfj'.t; s/j W .t; s/ 2 J � Jg and

'0k
k
�



� .˛/
C .log T/˛

� .˛ C 1/

�
< 1:
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Next we define the operators Q W BR ! E and T W BR ! E by

Qx.t/ D
mX

iD1

1

� .ˇi/

Z t

1

.t � s/ˇi�1hi.s; x.s//ds; t 2 J; (4.5)

T x.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
g.s; x.s/;Kx.s//

ds

s
; t 2 J: (4.6)

For any x; y 2 BR; we have

jQx.t/C T y.t/j �
mX

iD1

1

� .ˇi/

Z t

1

.t � s/ˇi�1jhi.s; x.s//jds

C 1

� .˛/

Z t

1

�
log

t

s

�˛�1
jg.s; y.s/;Ky.s//jds

s

�
mX

iD1

1

� .ˇi/

Z t

1

.t � s/ˇi�1j�i.s/jds

C 1

� .˛/

Z t

1

�
log

t

s

�˛�1
.j�.s/j C j
.s/jjKy.s/j/ ds

s

�
mX

iD1

.T � 1/ˇi

� .ˇi C 1/
k�ik C .log T/˛

� .˛ C 1/
k�k

C'0k
kR

�


� .˛/
C .log T/˛

� .˛ C 1/

�

� R:

Now we show that T is continuous and compact. The operator T is obviously
continuous. Also, T is uniformly bounded on BR as

kT xk � .log T/˛

� .˛ C 1/
k�k C k
k'0R

�


� .˛/
C .log T/˛

� .˛ C 1/

�
:

Let �1; �2 2 J with �1 < �2 and x 2 BR: We define sup.t;x;y/2J�BR�BR
jg.t; x; y/j D

Ng < 1: Then, we have

jT x.�2/ � T x.�1/j D
ˇ̌
ˇ̌
ˇ
1

� .˛/

Z �2

1

�
log

�2

s

�˛�1
g.s; x.s/;Kx.s//

ds

s

� 1

� .˛/

Z �1

1

�
log

�1

s

�˛�1
g.s; x.s/;Kx.s//

ds

s

ˇ̌
ˇ̌
ˇ

� Ng
� .˛ C 1/

j.log �2/
˛ � .log �1/

˛j C 2.log.�2=�1//
˛;
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which is independent of x; and tends to zero as �2 � �1 ! 0. Thus, T is
equicontinuous. So T is relatively compact on BR. Hence, by the Arzelá-Ascoli
Theorem, T is compact on BR.

Now, we show that Q is a contraction. Let x; y 2 BR: Then, for t 2 J; we have

jQx.t/ � Qy.t/j �
mX

iD1

1

� .ˇi/

Z t

1

.t � s/ˇi�1jhi.s; x.s// � hi.s; y.s//jds

� L0kx � yk
mX

iD1

1

� .ˇi/

Z t

1

.t � s/ˇi�1ds

� L0kx � yk
mX

iD1

.T � 1/ˇi

� .ˇi C 1/
:

Hence, by the given assumption (4.4), T is a contraction.
Thus all the assumptions of Krasnoselskii fixed point theorem (Theorem 1.2) are

satisfied, which implies that the problem (4.1) has at least one solution on J. �

Example 4.1 Consider the following mixed Hadamard and Riemann-Liouville
fractional integro-differential initial value problem:

8̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂:

D1=4

 
x.t/ �

3X
iD1

Iˇi hi.t; x.t//

!
D 1

2
C .

p
t C log t/jx.t/j
jx.t/j C 3

C .1C log t/
Z t

1

sin.� log t/x.s/

3.s2 C 1/
ds; t 2 	1; e1=2
 ;

x.1/ D 0:

(4.7)

Here ˛ D 1=4, ˇ1 D 2=5, ˇ2 D 3=5, ˇ3 D 4=5, m D 3, T D e1=2; and

h1.t; x/ D e�t
p
2

� jxj
1C jxj

�
; h2.t; x/ D 1

4t

�
1

jxj C 3
C 1

�
jxj; h3.t; x/ D 2.log t/

3
sin jxj;

g.t; x; y/ D 1

2
C .

p
t C log t/jxj
jxj C 3

C y.1C log t/; '.t; s/ D sin.� log t/

3.s2 C 1/
:

Using the given values, we have '0 D 1=6, jhi.t; x/ � hi.t; y/j � .1=3/jx � yj,
i D 1; 2; 3; jg.t; x; y/j � .1=2/ C 2

p
t C .1 C log t/jyj which satisfy (4.1.1)–

(4.1.3) with L0 D .1=3/, �.t/ D .1=2/ C 2
p

t and 
.t/ D 1 C log t.

We can show that  D 5:059974208, L0

mX
iD1

.T � 1/ˇi

� .ˇi C 1/
D 0:856880869 < 1 and

'0k
k
�



� .˛/
C .log T/˛

� .˛ C 1/

�
D 0:580837503 < 1:
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Therefore, by Theorem 4.1, the problem (4.7) has at least one solution on
Œ1; e1=2�:

Theorem 4.2 Assume that hi W J � R ! R, i D 1; 2; : : : ;m, are continuous
functions satisfying the condition (4.1.1). In addition, we assume that:

(4.2.1) jg.t; x; y/�g.t; Nx; Ny/j � L1jx�NxjCL2jy�Nyj; 8t 2 J, L1;L2 > 0, x; Nx; y; Ny 2 R:

Then the problem (4.1) has a unique solution if

� WD L0

mX
iD1

.T � 1/ˇi

� .ˇi C 1/
C L1

.log T/˛

� .˛ C 1/
C L2'0

�


� .˛/
C .log T/˛

� .˛ C 1/

�
< 1:

Proof Let us fix supt2Œ1;T� jg.t; 0; 0/j D N, supt2Œ1;T� jhi.t; 0/j D Ki; i D 1; 2; : : : ;m

and choose r � M

1 ��; where M D
mX

iD1
Ki
.T � 1/ˇi

� .ˇi C 1/
C N

.log T/˛

� .˛ C 1/
: Then, we

show that FBr � Br; where Br D fx 2 E W kxk � rg with the operator F W E ! E
defined by

.Fx/.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
g.s; x.s/;Kx.s//

ds

s
C

mX
iD1

Iˇi hi.t; x.t//; t 2 J:

(4.8)

For x 2 Br; we have

j.Fx/.t/j

� sup
t2Œ1;T�

(
mX

iD1

1

� .ˇi/

Z t

1
.t � s/ˇi�1jhi.s; x.s//jds

C 1

� .˛/

Z t

1

�
log

t

s

�˛�1
jg.s; x.s/;Kx.s//j ds

s

)

� sup
t2Œ1;T�

(
mX

iD1

1

� .ˇi/

Z t

1
.t � s/ˇi�1.jhi.s; x.s// � hi.s; 0/j C jhi.s; 0/j/ds

C 1

� .˛/

Z t

1

�
log

t

s

�˛�1
.jg.s; x.s/;Kx.s// � g.s; 0; 0/j C jg.s; 0; 0/j/ds

s

)

�
mX

iD1

.T � 1/ˇi

� .ˇi C 1/
.L0r C Ki/C .L1r C N/

.log T/˛

� .˛ C 1/
C L2'0r

�


� .˛/
C .log T/˛

� .˛ C 1/

�

D �r C M � r;

and hence kFxk � r; which implies that FBr � Br:
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Now, for x; y 2 E and for each t 2 J; we obtain

j.Fx/.t/ � .Fy/.t/j

� sup
t2Œ1;T�

(
mX

iD1

1

� .ˇi/

Z t

1

.t � s/ˇi�1jhi.s; x.s// � hi.s; y.s//jds

C 1

� .˛/

Z t

1

�
log

t

s

�˛�1
jg.s; x.s/;Kx.s// � g.s; y.s/;Ky.s//jds

s

)

�
(

L0

mX
iD1

.T � 1/ˇi

� .ˇi C 1/
C L1

.log T/˛

� .˛ C 1/
C L2'0

�


� .˛/
C .log T/˛

� .˛ C 1/

� )
kx � yk:

Therefore kFx � Fyk � �kx � yk: As � < 1; F is a contraction. Thus, the
conclusion of the theorem follows by the contraction mapping principle (Banach
fixed point theorem). �

Example 4.2 Consider the following mixed Hadamard and Riemann-Liouville
fractional integro-differential initial value problem:

8̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂:

D1=2
 

x.t/ �
4X

iD1
Iˇi hi.t; x.t//

!
D 1

10.1C t2/

 
x2.t/C 10jx.t/j
5C jx.t/j

!

C1

6

Z t

1

e1�stx.s/

.1C t/.1C j cos.�s=2/j/ds C 3

4
; t 2 Œ1; e�;

x.1/ D 0:

(4.9)

Here ˛ D 1=2, ˇ1 D 1=2, ˇ2 D 3=2, ˇ3 D 5=2, ˇ4 D 7=2; m D 4, T D e; and

h1.t; x/ D 1

20t

�
1

1C jxj C 1

�
jxj; h2.t; x/ D 2e�2t

3
sin jxj;

h3.t; x/ D 1

5.2C log t/
tan�1 jxj; h4.t; x/ D 1

10

� jxj
t C jxj

�
;

g.t; x; y/ D 1

10.1C t2/

�
x2 C 10jxj
5C jxj

�
C 1

6
y C 3

4
;

'.t; s/ D e1�st

.1C t/.1C j cos.�s=2/j/ :

With the given data, we find that '0 D 1=2, jhi.t; x/ � hi.t; y/j � .1=10/jx � yj,
i D 1; 2; 3; 4; jg.t; x; y/ � g.t; Nx; Ny/j � .1=10/jx � Nxj C .1=6/jy � Nyj which
satisfy (4.1.1) and (4.2.1) with L0 D .1=10/, L1 D .1=10/ and L2 D .1=6/.
Since

R 1
0

u�1=2e�udu D p
� erf.1/, where erf.�/ is the Gauss error function, we
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have  D 4:06015694. Hence, we obtain � D 0:88873633 < 1. Therefore, by
Theorem 4.2, the problem (4.9) has a unique solution on Œ1; e�:

Our final existence result is based on Leray-Schauder nonlinear alternative.

Theorem 4.3 Assume that g W J � R
2 ! R is a continuous function and the

following conditions hold:

(4.3.1) there exist functions p1; p2 2 C.J;RC/; and a nondecreasing function  W
R

C ! R
C such that jg.t; x; y/j � p1.t/ .jxj/Cp2.t/jyj for each .t; x; y/ 2

J � R
2I

(4.3.2) there exist functions qi 2 C.J;RC/; and nondecreasing functions ˝i W
R

C ! R
C such that jhi.t; x/j � qi.t/˝i.jxj/ for each .t; x/ 2 J � R; i D

1; 2; : : : ;mI
(4.3.3) there exists a number M0 > 0 such that

�
1 � kp2k'0

h


� .˛/
C .log T/˛

� .˛C1/
i�

M0

mX
iD1

.T � 1/ˇi

� .ˇi C 1/
kqik˝i.M0/C kp1k .M0/

.log T/˛

� .˛ C 1/

> 1;

with  D T
Z log T

0

u˛�1e�udu; and kp2k'0
�



� .˛/
C .log T/˛

� .˛ C 1/

�
< 1:

Then the problem (4.1) has at least one solution on J:

Proof Consider the operator F defined by (4.8). It is easy to prove that F is
continuous. Next, we show that F maps bounded sets into bounded sets in E. For a
positive number �, let B� D fx 2 E W kxk � �g be a bounded set in E. Then, for
each x 2 B�, we have

j.Fx/.t/j �
mX

iD1

1

� .ˇi/

Z t

1

.t � s/ˇi�1jhi.s; x.s//jds

C 1

� .˛/

Z t

1

�
log

t

s

�˛�1
jg.s; x.s/;Kx.s//jds

s

�
mX

iD1

.T � 1/ˇi

� .ˇi C 1/
kqik˝i.�/C kp1k .�/ .log T/˛

� .˛ C 1/

Ckp2k'0�
�



� .˛/
C .log T/˛

� .˛ C 1/

�
:

Thus,

kFxk �
mX

iD1

.T � 1/ˇi

� .ˇi C 1/
kqik˝i.r/C kp1k .�/ .log T/˛

� .˛ C 1/

Ckp2k'0�
�



� .˛/
C .log T/˛

� .˛ C 1/

�
:
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Now, we show that F maps bounded sets into equicontinuous sets of E. Let
t1; t2 2 J with t1 < t2 and x 2 B�, where B� is a bounded set of E. Then, we have

j.Fx/.t2/ � .Fx/.t1/j

�
ˇ̌
ˇ̌
ˇ

mX
iD1

1

� .ˇi/

Z t2

1

.t2 � s/ˇ1�1hi.s; x.s//ds �
mX

iD1

1

� .ˇi/

Z t1

1

.t1 � s/ˇi�1hi.s; x.s//ds

ˇ̌
ˇ̌
ˇ

C
ˇ̌
ˇ̌
ˇ
1

� .˛/

Z t2

1

�
log

t2
s

�˛�1

g.s; x.s/;Kx.s//
ds

s

� 1

� .˛/

Z t1

1

�
log

t1
s

�˛�1

g.s; x.s/;Kx.s//
ds

s

ˇ̌
ˇ̌
ˇ

�
mX

iD1

kqik˝i.�/

� .ˇi C 1/
Œ2.t2 � t1/

ˇi C j.t2 � 1/ˇi � .t1 � 1/ˇi j�

Ckp1k .�/C kp2k'0�.T � 1/
� .˛ C 1/

Œj.log t2/
˛ � .log t1/

˛j C 2.log.t2=t1//
˛�:

Obviously the right hand side of the above inequality tends to zero, independently
of x 2 B� as t2 � t1 ! 0: Therefore it follows by the Arzelá-Ascoli Theorem that
F W E ! E is completely continuous.

The result will follow from the Leray-Schauder nonlinear alternative once we
have shown the boundedness of the set of all solutions to equations x D �Fx for
� 2 Œ0; 1�.

Let x be a solution. Then, for t 2 J, following the computations used in proving
that F is bounded, we obtain

jx.t/j �
mX

iD1

.T � 1/ˇi

� .ˇi C 1/
kqik˝i.kxk/C kp1k .kxk/ .log T/˛

� .˛ C 1/

Ckp2k'0kxk
�



� .˛/
C .log T/˛

� .˛ C 1/

�
:

Consequently, we get

�
1 � kp2k'0

�


� .˛/
C .log T/˛

� .˛ C 1/

��
kxk

mX
iD1

.T � 1/ˇi

� .ˇi C 1/
kqik˝i.kxk/C kp1k .kxk/ .log T/˛

� .˛ C 1/

� 1:

In view of (4.3.3), there exists M0 such that kxk ¤ M0. Let us set

U D fx 2 E W kxk < M0 C 1g:
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Note that the operator F W U ! E is continuous and completely continuous. From
the choice of U, there is no x 2 @U such that x D �Fx for some � 2 .0; 1/. Hence,
by the Leray-Schauder alternative (Theorem 1.4), we deduce that F has a fixed point
x 2 U which is a solution of the problem (4.1). �

Example 4.3 Consider the following mixed Hadamard and Riemann-Liouville
fractional integro-differential initial value problem
8̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂:

D3=4

 
x.t/ �

5X
iD1

Iˇi hi.t; x.t//

!
D 1

1C 2t2

�
log t

3
x.t/C 1

2

�

Ce1�t

3

Z t

1

1C j sin�stj
7C 3st

x.s/ds; t 2 Œ1; e3=2�;
x.1/ D 0:

(4.10)

Here ˛ D 3=4, ˇ1 D 1=2, ˇ2 D 3=4, ˇ3 D 5=4, ˇ4 D 3=2, ˇ5 D 7=4, m D 5,
T D e3=2 and

hi.t; x/ D
�

1

i C 2 log t

��
x

24C i

�
; i D 1; 2; 3; 4; 5;

g.t; x; y/ D 1

1C 2t2

�
log t

3
x C 1

2

�
C ye1�t

3
; '.t; s/ D 1C j sin�stj

7C 3st
:

With the given data, we find that '0 D 1=5, jg.t; x; y/j � .1=.1C 2t2//..1=2/jxj C
.1=2// C .e1�t=3/jyj, jhi.t; x/j � .1=.i C 2 log t//.jxj=.24 C i//, i D 1; 2; 3; 4; 5,
which satisfy (4.3.1)–(4.3.3) with p1.t/ D 1=.1 C 2t2/,  .jxj/ D .1=2/.jxj C 1/,
p2.t/ D e1�t=3, qi.t/ D 1=.i C 2 log t/, ˝i.jxj/ D jxj=.24 C i/, i D 1; 2; 3; 4; 5.
Further, we find that  D 4:681329240, kp1k D 1=3, kp2k D 1=3, kqik D 1=i, i D
1; 2; 3; 4; 5; and kp2k'0

h


� .˛/
C .log T/˛

� .˛C1/
i

	 0:3529974 < 1: Hence there exists a

positive number M0 > 1:888596954. Therefore, by Theorem 4.3, the problem (4.10)
has at least one solution on Œ1; e3=2�:

4.3 Existence Results for Mixed Hadamard
and Riemann-Liouville Fractional Integro-Differential
Inclusions

In this section, we consider the following mixed Hadamard and Riemann-Liouville
fractional integro-differential inclusions:

8̂
<
:̂

D˛

 
x.t/ �

mX
iD1

Iˇi hi.t; x.t//

!
2 F.t; x.t/;Kx.t//; t 2 J WD Œ1;T�;

x.1/ D 0;

(4.11)
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where ˛; Iˇi ; hi; i D 1; 2; : : : ;m; Kx are as in problem (4.1), and F W J � R
2 !

P.R/ a multivalued map, (P.R/ is the family of all nonempty subsets of R).

Definition 4.1 A function x 2 C 1.J;R/ is called a solution of problem (4.11) if
there exists a function v 2 L1.J;R/ with v.t/ 2 F.t; x.t/;Kx.t//; a.e. on J such that
x.1/ D 0 and

x.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
v.s/

ds

s
C

mX
iD1

Iˇi hi.t; x.t//; t 2 J:

4.3.1 The Upper Semicontinuous Case

Our first existence result, for the initial value problem (4.11) deals with the convex
valued right-hand side of the inclusion and is based on Krasnoselskii’s fixed point
theorem for multivalued maps (Theorem 1.16).

Theorem 4.4 Assume that (4.1.1) and (4.1.2) hold. In addition, we suppose that:

(4.4.1) there exist functions �; 
 2 C.J;RC/ such that

kF.t; x; y/k WD supfjvj W v 2 F.t; x; y/jg � �.t/C 
.t/jyj;

8.t; x; y/ 2 J � R
2 with '0k
k

�


� .˛/
C .log T/˛

� .˛ C 1/

�
< 1, where

supt2J j
.t/j D k
k and

 D T
Z log T

0

u˛�1e�udu: (4.12)

Then the problem (4.11) has at least one solution on J; provided that

L0

mX
iD1

.T � 1/ˇi

� .ˇi C 1/
< 1: (4.13)

Proof Define an operator ˝F W E ! P.E/ by

˝F.x/ D

8̂
<
:̂

h 2 E W
h.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
v.s/

ds

s
C

mX
iD1

Iˇi hi.t; x.t//

9>=
>; (4.14)

for v 2 SF;x:
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Setting supt2J j�.t/j D k�k, supt2J j�i.t/j D k�ik, i D 1; 2; : : : ;m; we consider
BR D fx 2 C.J;R/ W kxk � Rg; where

R �
 

mX
iD1

.T � 1/ˇi

� .ˇi C 1/
k�ik C .log T/˛

� .˛ C 1/
k�k

!��
1 � '0k
k

�


� .˛/
C .log T/˛

� .˛ C 1/

��
:

We define the operators Q W BR ! E by

Qx.t/ D
mX

iD1

1

� .ˇi/

Z t

1

.t � s/ˇi�1hi.s; x.s//ds; t 2 J;

and a multivalued operator T W BR ! P.E/ by

T x.t/ D


h 2 E W h.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
v.s/

ds

s
; v 2 SF;x

�
:

In this way, the problem (4.11) is equivalent to the inclusion problem u 2 QuCT u:
We show that the operators Q and T satisfy the conditions of Theorem 1.16 on BR:

First, we show that the operators Q and T define the multivalued operators
Q;T W BR ! Pcp;c.E/: We prove that T is compact-valued on BR. Note that
the operator T is equivalent to the composition L ı SF, where L is the continuous
linear operator on L1.J;R/ into E, defined by

L .v/.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
v.s/

ds

s
:

Suppose that x 2 BR is arbitrary and let fvng be a sequence in SF;x. Then, by
definition of SF;x, we have vn.t/ 2 F.t; x.t/;Kx.t// for almost all t 2 J. Since
F.t; x.t/;Kx.t// is compact for all t 2 J, there is a convergent subsequence of
fvn.t/g; (we denote it by fvn.t/g again) that converges in measure to some v.t/ 2 SF;x

for almost all t 2 J. On the other hand, L is continuous, so L .vn/.t/ ! L .v/.t/
pointwise on J.

In order to show that the convergence is uniform, we need to establish that
fL .vn/g is an equi-continuous sequence. Let t1; t2 2 J with t1 < t2: Then, we
have

jL .vn/.t2/ � L .vn/.t1/j

D
ˇ̌
ˇ̌
ˇ
1

� .˛/

Z t2

1

�
log

t2
s

�˛�1
vn.s/

ds

s
� 1

� .˛/

Z t1

1

�
log

t1
s

�˛�1
vn.s/

ds

s

ˇ̌
ˇ̌
ˇ

� k�k C k
k'0R.T � 1/
� .˛ C 1/

jŒ.log t2/
˛ � .log t1/

˛j C 2.log.t2=t1//
˛�:
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We see that the right hand of the above inequality tends to zero as t2 ! t1. Thus,
the sequence fL .vn/g is equi-continuous and by using the Arzelá-Ascoli Theorem,
we get that there is a uniformly convergent subsequence. So, there is a subsequence
of fvng; (we denote it again by fvng) such that L .vn/ ! L .v/. Note that, L .v/ 2
L .SF;x/. Hence, T .x/ D L .SF;x/ is compact for all x 2 BR. So T .x/ is compact.

Now, we show that T .x/ is convex for all x 2 E. Let z1; z2 2 T .x/. We select
f1; f2 2 SF;x such that

zi.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
fi.s/

ds

s
; i D 1; 2;

for almost all t 2 J. Let 0 � � � 1. Then, we have

Œ�z1 C .1 � �/z2�.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
Œ�f1.s/C .1 � �/f2.s/�ds

s
:

Since F has convex values, so SF;x is convex and �f1.s/C .1 � �/f2.s/ 2 SF;x. Thus

�z1 C .1 � �/z2 2 T .x/:

Consequently, T is convex-valued. Obviously, Q is compact and convex-valued.
Next, we show that Q.x/ C T .x/ � BR for all x 2 BR: Suppose x 2 BR and

h 2 Q are arbitrary elements. Choose v 2 SF;x such that

h.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
v.s/

ds

s
C

mX
iD1

Iˇi hi.t; x.t//;

for almost all t 2 J: Hence, we get

jh.t/j �
mX

iD1

1

� .ˇi/

Z t

1

.t � s/ˇi�1jhi.s; x.s//jds C 1

� .˛/

Z t

1

�
log

t

s

�˛�1
jv.s/jds

s

�
mX

iD1

1

� .ˇi/

Z t

1

.t � s/ˇi�1j�i.s/jds

C 1

� .˛/

Z t

1

�
log

t

s

�˛�1
.j�.s/j C j
.s/jjKx.s/j/ ds

s

�
mX

iD1

.T � 1/ˇi

� .ˇi C 1/
k�ik C .log T/˛

� .˛ C 1/
k�k C '0k
kR

�


� .˛/
C .log T/˛

� .˛ C 1/

�

� R:

Thus khk � R; which means that Q.x/C T .x/ � BR for all x 2 BR:

The rest of the proof consists of several steps and claims.
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Step 1: We show that Q is a contraction on E. This is a consequence of (4.1.1).
Indeed, for x; y 2 E; we have

jQx.t/ � Qy.t/j �
mX

iD1

1

� .ˇi/

Z t

1

.t � s/ˇi�1jhi.s; x.s// � hi.s; y.s//jds

� L0kx � yk
mX

iD1

1

� .ˇi/

Z t

1

.t � s/ˇi�1ds

� L0kx � yk
mX

iD1

.T � 1/ˇi

� .ˇi C 1/
:

Hence, by the given assumption (4.13), Q is a contraction.
Step 2: T is compact and upper semicontinuous.

This will be established in several claims.

CLAIM I: T maps bounded sets into bounded sets in E. For each h 2
T .x/; x 2 BR, there exists v 2 SF;x such that

h.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
v.s/

ds

s
:

Then, we have

khk � .log T/˛

� .˛ C 1/
k�k C k
k'0R

�


� .˛/
C .log T/˛

� .˛ C 1/

�

and thus the operator T .BR/ is uniformly bounded.
CLAIM II: T maps bounded sets into equi-continuous sets. Let �1; �2 2 J with
�1 < �2 and x 2 BR: Then, we have

jT x.�2/ � T x.�1/j

D
ˇ̌
ˇ̌
ˇ
1

� .˛/

Z �2

1

�
log

�2

s

�˛�1
v.s/

ds

s
� 1

� .˛/

Z �1

1

�
log

�1

s

�˛�1
v.s/

ds

s

ˇ̌
ˇ̌
ˇ

� k�k C k
k'0R.T � 1/
� .˛ C 1/

Œj.log �2/
˛ � .log �1/

˛j C 2.log.�2=�1//
˛�;

which is independent of x; and tends to zero as �2 � �1 ! 0. Thus, T is
equicontinuous. So T is relatively compact on BR. Hence, by the Arzelá-
Ascoli Theorem, T is compact on BR.
In our next step, we show that T is upper semicontinuous. By Lemma 1.1, T
will be upper semicontinuous if we establish that it has a closed graph, since
T is already shown to be completely continuous.
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CLAIM III: T has a closed graph. Let xn ! x�; hn 2 T .xn/ and hn ! h�:
Then, we need to show that h� 2 T .x�/: Associated with hn 2 T .xn/; there
exists vn 2 SF;xn such that for each t 2 J;

hn.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
vn.s/

ds

s
:

Thus it suffices to show that there exists v� 2 SF;x�
such that for each t 2 J;

h�.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
v�.s/

ds

s
:

Let us consider the linear operator � W L1.J;R/ ! E given by

f 7! �.f /.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
v.s/

ds

s
:

Observe that

khn.t/ � h�.t/k D
�����

1

� .˛/

Z t

1

�
log

t

s

�˛�1
.vn.s/ � v�.s//

ds

s

����� ! 0;

as n ! 1:

Thus, it follows by Lemma 1.2 that � ı SF;x is a closed graph operator. Further,
we have that hn.t/ 2 �.SF;xn/: Since xn ! x�; we have

h�.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
v�.s/

ds

s
;

for some v� 2 SF;x�
. Hence T has a closed graph (and therefore has closed values).

In consequence, the operator T is upper semicontinuous.
Thus, the operators Q and T satisfy all the conditions of Theorem 1.16 and

hence its conclusion implies that x 2 Q.x/ C T .x/ is a solution in Br: Therefore
the problem (4.11) has a solution in Br and the proof is completed. �

4.3.2 The Lipschitz Case

Now, we prove the existence of solutions for the problem (4.11) with a nonconvex
valued right hand side by applying a fixed point theorem for multivalued maps due
to Covitz and Nadler (Theorem 1.18).
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Theorem 4.5 Let (4.1.1) and the following conditions hold:

(4.5.1) F W J � R
2 ! Pcp.R/ is such that F.�; x; y/ W J ! Pcp.R/ is measurable

for each x; y 2 RI
(4.5.2) Hd.F.t; x; y/;F.t; Nx; Ny// � m.t/.jx � Nxj C jy � Nyj/ for almost all t 2 J and

x; Nx; y; Ny 2 R with m 2 C.J;RC/ and d.0;F.t; 0; 0// � m.t/ for almost all
t 2 J.

Then the problem (4.11) has at least one solution on J if

kmk .log T/˛

� .˛ C 1/
.1C '0.T � 1//C L0

mX
iD1

.T � 1/ˇi

� .ˇ1 C 1/
< 1:

Proof Observe that the set SF;x is nonempty for each x 2 E by the assump-
tion (4.5.1), so F has a measurable selection (see Theorem III.6 [57]). Now, we show
that the operator ˝F; defined by (4.14), satisfies the assumptions of Theorem 1.18.
To show that ˝F.x/ 2 Pcl.E/ for each x 2 E, let fungn�0 2 ˝F.x/ be such that
un ! u .n ! 1/ in E: Then u 2 E and there exists vn 2 SF;xn such that, for each
t 2 J,

un.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
vn.s/

ds

s
C

mX
iD1

Iˇi hi.t; xn.t//:

As F has compact values, we pass onto a subsequence (if necessary) to obtain
that vn converges to v in L1.J;R/: Thus, v 2 SF;x and for each t 2 J, we have

vn.t/ ! v.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
v.s/

ds

s
C

mX
iD1

Iˇi hi.t; x.t//:

Hence, u 2 ˝F.x/:
Next. we show that there exists ı < 1 .ı WD kmk .log T/˛

� .˛C1/ .1 C '0.T � 1// C
L0
Pm

iD1
.T�1/ˇi

� .ˇ1C1/ / such that

Hd.˝F.x/;˝F.Nx// � ıkx � Nxk for each x; Nx 2 E:

Let x; Nx 2 E and h1 2 ˝F.x/. Then there exists v1.t/ 2 F.t; x.t/;Kx.t// such that,
for each t 2 J,

h1.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
v1.s/

ds

s
C

mX
iD1

Iˇi hi.t; x.t//:

By (4.5.2), we have

Hd.F.t; x;Kx/;F.t; Nx;K Nx// � m.t/.jx.t/ � Nx.t/j C jKx.t/ � K Nx.t/j/:
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So, there exists w 2 F.t; Nx.t// such that

jv1.t/ � wj � m.t/.jx.t/ � Nx.t/j C jKx.t/ � K Nx.t/j/; t 2 J:

Define U W J ! P.R/ by

U.t/ D fw 2 R W jv1.t/ � wj � m.t/.jx.t/ � Nx.t/j C jKx.t/ � K Nx.t/j/g:
Since the multivalued operator U.t/ \ F.t; Nx.t/;K Nx.t// is measurable (Proposi-
tion III.4 [57]), there exists a function v2.t/ which is a measurable selection for
U. So v2.t/ 2 F.t; Nx.t/;K Nx.t// and for each t 2 J, we have jv1.t/ � v2.t/j �
m.t/.jx.t/ � Nx.t/j C jKx.t/ � K Nx.t/j/.

For each t 2 J, let us define

h2.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
v2.s/

ds

s
C

mX
iD1

Iˇi hi.t; Nx.t//:

Thus,

jh1.t/ � h2.t/j � 1

� .˛/

Z t

1

�
log

t

s

�˛�1
jv1.s/ � v2.s/jds

s

C
mX

iD1
Iˇi jhi.t; x.s// � hi.t; Nx.s//j

� kmk .log T/˛

� .˛ C 1/
.1C '0.T � 1//kx � Nxk

CL0

mX
iD1

.T � 1/ˇi

� .ˇ1 C 1/
kx � Nxk:

Hence,

kh1 � h2k �
(

kmk .log T/˛

� .˛ C 1/
.1C 	0.T � 1//

CL0

mX
iD1

.T � 1/ˇi

� .ˇ1 C 1/

)
kx � Nxk:

Analogously, interchanging the roles of x and x, we obtain

Hd.˝F.x/;˝F.Nx// �
(

kmk .log T/˛

� .˛ C 1/
.1C 	0.T � 1//

CL0

mX
iD1

.T � 1/ˇi

� .ˇi C 1/

)
kx � Nxk:
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Since ˝F is a contraction, it follows by Theorem 1.18 that ˝F has a fixed point
x which is a solution of (4.11). This completes the proof. �

4.3.3 Examples

Example 4.4 Consider the following mixed Hadamard and Riemann-Liouville
fractional integro-differential initial value problem

8̂
<̂
ˆ̂:

D1=2

 
x.t/ �

3X
iD1

I.2iC1/=2hi.t; x.t//

!
2 F.t; x.t/;Kx.t//; t 2 Œ1; e�;

x.1/ D 0;

(4.15)
where

h1.t; x/ D log t

25

jxj
1C jxj ; h2.t; x/ D tan�1 jxj

29.1C log t/
; h3.t; x/ D 2e�t

21
sin jxj:

.i/ Consider the multivalued map F W Œ1; e� � R � R ! P.R/ given by

x ! F.t; x;Kx/ D
�
.t2 C 1/

jxj
3C jxj C e�t

4

Z t

1

cos2.t � s/

2
x.s/ds;

�p
t C 1

2

�
e�x2 C 1

2C log t

Z t

1

cos2.t � s/

2
x.s/ds

�
:

(4.16)

Here ˛ D 1=2, ˇ1 D 3=2, ˇ2 D 5=2, ˇ3 D 7=2, m D 3, T D e. With the given
data, we find that '0 D 1=2, jhi.t; x/ � hi.t; y/j � .1=25/jx � yj, i D 1; 2; 3;

which satisfies (4.1.1) with L0 D 1=25. Since
R 1
0

u�1=2e�udu D p
�erf.1/,

where erf.�/ is the Gauss error function, we have  D 4:06015694. For f 2 F,
we have

jf j � max

�
.t2 C 1/

jxj
3C jxj C e�t

4
Kjxj;

�p
t C 1

2

�
e�x2 C 1

2C log t
Kjxj

�

� t2 C 1C jKxj
2C log t

:

Thus

kF.t; x; y/k WD supfjf j ; f 2 F.t; x; y/g � t2 C 1C jyj
2C log t

;



104 4 Fractional Integro-Differential Equations and Inclusions

8.t; x; y/ 2 Œ1; e��R
2 with �.t/ D t2 C 1, 
.t/ D 1=.2C log t/. Then, we have

'0k
k
�



� .˛/
C .log T/˛

� .˛ C 1/

�
D 0:8547693548 < 1:

Hence, (4.4.1) is satisfied. It is easy to verify that jh1.t; x/j � .log t/=25,
jh2.t; x/j � �=.58.1 C log t// and jh3.t; x/j � 2e�t=21. In addition, we can
show that

L0

3X
iD1

.T � 1/ˇi

� .ˇi C 1/
D 0:1372254755 < 1:

Thus all conditions of Theorem 4.4 are satisfied. Therefore, by the conclusion
of Theorem 4.4, the problem (5.21) with F.t; x;Kx/ given by (4.16) has at least
one solution on Œ1; e�

.ii/ Let F W Œ1; e� � R
2 ! P.R/ be a multivalued map given by

x ! F.t; x;Kx/ D
�
0;

jxj
.
p
2C log t/2.3C jxj/

C 1

.
p
2C log t/2

sin

ˇ̌
ˇ̌
Z t

0

e�p
t�sx.s/ds

ˇ̌
ˇ̌C 1

9

�
: (4.17)

Then, we have

supfjxj W x 2 F.t; x;Kx/g � 2

.
p
2C log t/2

C 1

9
;

and

Hd.F.t; x;Kx/;F.t; Nx;K Nx// � 1

.
p
2C log t/2

.jx � Nxj C jKx � K Nxj/ :

Let m.t/ D 1=.
p
2 C log t/2. Then, we have Hd.F.t; x;Kx/;F.t; Nx;K Nx// �

m.t/jx � Nxj with d.0;F.t; 0; 0// D 1=9 � m.t/ and kmk D 1=2. Also

kmk .log T/˛

� .˛ C 1/
.1C '0.T � 1//C L0

3X
iD1

.T � 1/ˇi

� .ˇ1 C 1/
D 0:9437742360 < 1:

Thus all the conditions of Theorem 4.5 are satisfied. Therefore, by the
conclusion of Theorem 4.5, the problem (5.21) with F.t; x;Kx/ given by (4.17)
has at least one solution on Œ1; e�.
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4.4 Existence Result via Endpoint Theory

In this section, we consider the following mixed initial value problem involving
Hadamard derivative and Riemann-Liouville fractional integrals:

8̂
<
:̂

D˛

 
x.t/ �

mX
iD1

Iˇi hi.t; x.t//

!
2 F.t; x.t//; t 2 J WD Œ1;T�;

x.1/ D 0;

(4.18)

where D˛ denotes the Hadamard fractional derivative of order ˛, 0 < ˛ � 1, I	

is the Riemann-Liouville fractional integral of order 	 > 0, 	 2 fˇ1; ˇ2; : : : ; ˇmg,
F W J � R ! P.R/, (P.R/ is the family of all nonempty subsets of R), hi 2
C.J � R;R/ with hi.1; 0/ D 0; i D 1; 2; : : : ;m:

Definition 4.2 A function x 2 C 1.J;R/ is called a solution of problem (4.18) if
there exists a function v 2 L1.J;R/ with v.t/ 2 F.t; x.t//; a.e. on J such that
x.1/ D 0 and

x.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
v.s/

ds

s
C

mX
iD1

Iˇi hi.t; x.t//; t 2 J:

Define an operator N W E ! P.E/ by

N.u/ D

8̂
<
:̂

h 2 E W
h.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
v.s/

ds

s
C

mX
iD1

Iˇi hi.t; u.t//

9>=
>; (4.19)

for v 2 SF;u; where SF;u denote the set of selections of F defined by

SF;u WD fv 2 L1.J;R/ W v.t/ 2 F.t; u.t// for a.e. t 2 Jg:

Theorem 4.6 Suppose that  W Œ0;1/ ! Œ0;1/ is a nondecreasing upper semi-
continuous mapping such that lim inft!1.t � .t// > 0 and  .t/ < t for all t > 0.
Also, let F W J � R ! Pcp.R/ be an integrable bounded multifunction such that
F.�; u/ W J ! Pcp.R/ is measurable for all u 2 R. Assume that there exist functions
�;b� 2 C.J; Œ0;1// such that

Hd.F.t; u.t// � F.t; v.t/// � "1

�
k�k .log T/˛

� .˛ C 1/

��1
�.t/ .ju.t/ � v.t/j/;

jhi.t; u/ � hi.t; v/j � "2

�
kb�k

mX
iD1

.T � 1/ˇi

� .ˇ1 C 1/

��1kb�k .ju.t/ � v.t/j/;



106 4 Fractional Integro-Differential Equations and Inclusions

where supt2J j�.t/j D k�k with � D �;b�; and "1; "2 are positive constants such that
"1 C "2 � 1. If the multifunction N has the approximate endpoint property, then the
inclusion problem (4.18) has a solution.

Proof We show that the multifunction N W E ! P.E/; defined by (4.19), has an
endpoint. For this, we prove that N.u/ is a closed subset of P.E/ for all u 2 E.
Since the multivalued map t 7! F.t; u.t// is measurable and has closed values for
all u 2 E, so it has measurable selection and thus, SF;u is nonempty for all u 2 E.
Assume that u 2 E and fzngn�1 be a sequence in N.u/ with zn ! z. For every n 2 N,
choose vn 2 SF;un such that

zn.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
vn.s/

ds

s
C

mX
iD1

Iˇi hi.t; un.t//; t 2 J:

By compactness of F, the sequence fvngn�1 has a subsequence which converges
to some v 2 L1.J/. We denote this subsequence again by fvngn�1. It is clear that
v 2 SF;u and for all t 2 J; we have

zn.t/ ! z.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
v.s/

ds

s
C

mX
iD1

Iˇi hi.t; u.t//:

This shows that z 2 N.u/ and so N is closed-valued. On the other hand, N.u/ is
a bounded set for all u 2 E as F is a compact multivalued map.

Finally, we show that Hd.N.u/;N.w// �  .ku � wk/. Let u;w 2 E and h1 2
N.w/. Choose v1 2 SF;w such that

h1.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
v1.s/

ds

s
C

mX
iD1

Iˇi hi.t;w.t//;

for almost all t 2 J. Since

Hd.F.t; u.t// � F.t;w.t/// � "1

�
k�k .log T/˛

� .˛ C 1/

��1
�.t/ .ju.t/ � w.t/j/

for all t 2 J, there exists z 2 F.t; u.t// provided that

jv1.t/ � zj � "1

�
k�k .log T/˛

� .˛ C 1/

��1
�.t/ .ju.t/ � w.t/j/

for all t 2 J. Now, we consider the multivalued map U W J ! P.R/ as follows:

U.t/ D
(

z 2 R W jv1.t/ � zj � "1

�
k�k .log T/˛

� .˛ C 1/

��1
�.t/ .ju.t/ � w.t/j/

)
:
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Since v1 and ' D "1

�
k�k .log T/˛

� .˛ C 1/

��1
� .ju � wj/ are measurable, the multifunc-

tion U.�/ \ F.�; u.�// is measurable. Choose v2.t/ 2 F.t; u.t// such that

jv1.t/ � v2.t/j � "1

k�k .log T/˛

� .˛ C 1/

�.t/ .ju.t/ � w.t/j/

for all t 2 J. We define the element h2 2 N.u/ by

h2.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
v2.s/

ds

s
C

mX
iD1

Iˇi hi.t; u.t//;

for all t 2 J. Thus, one can get

jh1.t/ � h2.t/j � 1

� .˛/

Z t

1

�
log

t

s

�˛�1
jv1.s/ � v2.s/jds

s

C
mX

iD1
Iˇi jhi.t; u.t// � hi.t;w.t//j

� "1

�
k�k .log T/˛

� .˛ C 1/

��1k�k .log T/˛

� .˛ C 1/
 .ku � wk/

C"2
�
kb�k

mX
iD1

.T � 1/ˇi

� .ˇ1 C 1/

��1kb�k
mX

iD1

.T � 1/ˇi

� .ˇ1 C 1/
 .ku � vk/

D  .ku � wk/:

Hence,

kh1 � h2k �  .ku � wk/:

Therefore Hd.N.u/;N.w// �  .ku � wk/ for all u;w 2 E. By hypothesis, since
the multifunction N has approximate endpoint property, by Theorem 1.19, there
exists u� 2 X such that N.u�/ D fu�g. Consequently, the problem (4.18) has the
solution u� and the proof is completed. �

Example 4.5 Consider the following mixed Hadamard and Riemann-Liouville
fractional integro-differential problem

8̂
<̂
ˆ̂:

D1=2

 
x.t/ �

4X
iD1

I
2iC1
2 hi.t; x.t//

!
2 F.t; x.t//; t 2 Œ1; e�;

x.1/ D 0;

(4.20)
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where

hi.t; x.t// D
�

1

i C p
3 log t

��
x.t/

25C i

�
:

Clearlyb�.t/ D 1=.26.1C p
3 log t// with k�k D 1=26: Let F W Œ1; e��R ! P.R/

be a multivalued map given by

x ! F.t; x/ D
�
0;
3 log t

2

jxj
1C jxj C 2

3

�
: (4.21)

Setting �.t/ D .3 log t/=2, t 2 Œ1; e�, we have k�k D 3=2. Choosing  .y/ D y=2,
it is clear the function  is nondecreasing upper semi-continuous on Œ1; e� such that
lim infy!1.y �  .y// > 0 and  .y/ < y for all y > 0. Also we have

Hd.F.t; x/ � F.t; Nx// � 3 log t

2
jx � Nxj <

�k�k.log T/˛

� .˛ C 1/

��1 3 log t

2
 .jx � Nxj/;

for x, Nx 2 R. Let X D C.Œ1; e�;R/. Let N W X ! P.X/ be an operator defined by

N.u/ D fz 2 X W there exists v 2 SF;u such that z.t/ D w.t/ for all t 2 Œ1; e�g;

where

w.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1
v.s/

ds

s
C

mX
iD1

Iˇi hi.t;w.t//; t 2 Œ1; e�:

Since supu2N.0/ kuk D 0, thus infu2X sups2N.u/ ku � sk D 0. Consequently,
the operator N has the approximate endpoint property. Thus all the conditions
of Theorem 4.6 are satisfied. Therefore, by the conclusion of Theorem 4.6, the
problem (4.20) with F.t; x/ given by (4.21) has at least one solution on Œ1; e�.

4.5 Notes and Remarks

Section 4.2 contains the existence and uniqueness results for mixed initial value
problems for fractional differential equations involving Hadamard derivative and
Riemann-Liouville fractional integrals, while the inclusions (multivalued) analog of
the problem considered in Sect. 4.2 is studied in Sect. 4.3. Section 4.4 contains an
existence result for a mixed initial value problem involving Hadamard derivative
and Riemann-Liouville fractional integrals, via endpoint theory. The papers [25, 26]
and [27] are the sources of the work presented in this chapter.



Chapter 5
Nonlocal Hadamard Fractional Integral
Conditions and Nonlinear Riemann-Liouville
Fractional Differential Equations and Inclusions

5.1 Introduction

In this chapter, we develop the existence theory for nonlocal boundary value prob-
lems of nonlinear Riemann-Liouville fractional differential equations and inclusions
supplemented with the Hadamard fractional integral boundary conditions. The key
tool for the present study is the Property 2.25 from [96, p. 113] (see Lemma 1.6).

5.2 Nonlocal Hadamard Fractional Integral Conditions and
Nonlinear Riemann-Liouville Fractional Differential
Equations

In this section, we study existence and uniqueness of solutions for the following non-
linear Riemann-Liouville fractional differential equation with nonlocal Hadamard
fractional integral boundary conditions:

RLDqx.t/ D f .t; x.t//; t 2 Œ0;T�; (5.1)

x.0/ D 0; x.T/ D
nX

iD1
˛iHIpi x.�i/; (5.2)

where 1 < q � 2, RLDq is the standard Riemann-Liouville fractional derivative
of order q, HIpi is the Hadamard fractional integral of order pi > 0, �i 2 .0;T/,
f W Œ0;T� � R ! R and ˛i 2 R, i D 1; 2; : : : ; n are real constants such that

nX
iD1

˛i�
q�1
i

.q � 1/pi
¤ Tq�1:

© Springer International Publishing AG 2017
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The uniqueness results are obtained via Banach’s fixed point theorem, Banach’s
fixed point theorem combined with Hölder’s inequality and nonlinear contractions.
Existence results are established by means of Krasnoselskii’s fixed point theorem,
Leray-Schauder’s nonlinear alternative and Leray-Schauder’s degree theory. All the
results are illustrated by examples.

Lemma 5.1 Let �1 WD Tq�1 �
nX

iD1

˛i�
q�1
i

.q � 1/pi
¤ 0, 1 < q � 2, pi > 0,

˛i 2 R, �i 2 .0;T/, i D 1; 2; 3; : : : ; n and h 2 C.Œ0;T�;R/: Then, the
nonlocal Hadamard fractional boundary value problem of linear Riemann-Liouville
fractional differential equation

RLDqx.t/ D h.t/; 0 < t < T; (5.3)

subject to the boundary conditions

x.0/ D 0; x.T/ D
nX

iD1
˛iHIpi x.�i/; (5.4)

is equivalent to the following fractional integral equation

x.t/ D RLIqh.t/ � tq�1

�1

 
RLIqh.T/ �

nX
iD1

˛i.HIpi
RLIqh/.�i/

!
: (5.5)

Proof Using Lemmas 1.4 and 1.5, the equation (5.3) can be transformed into an
equivalent integral equation

x.t/ D RLIqh.t/ � c1t
q�1 � c2t

q�2; (5.6)

for c1; c2 2 R. The first condition in (5.4) implies that c2 D 0: Applying the
Hadamard fractional integral operator of order pi > 0 on (5.6) and using property:
.HIpi sq�1/.t/ D .q � 1/�pi tq�1 (see Lemma 1.6), we get

HIpi x.t/ D .HIpi
RLIqh/.t/ � c1.HIpi sq�1/.t/ D .HIpi

RLIqh/.t/ � c1
tq�1

.q � 1/pi
;

which, together with the second condition of (5.4), implies that

RLIqh.T/ � c1T
q�1 D

nX
iD1

˛i.HIpi
RLIqh/.�i/ � c1

nX
iD1

˛i�
q�1
i

.q � 1/pi
:

Thus,

c1 D 1

�1

 
RLIqh.T/ �

nX
iD1

˛i.HIpi
RLIqh/.�i/

!
:

Substituting the values of c1 and c2 in (5.6), we obtain the solution (5.5).
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Conversely, it can easily be shown by direct computation, that the integral
equation (5.5) satisfies the problem (5.3) and (5.4). This completes the proof. �

Throughout this chapter, for convenience, we use the following notations:

RLI˛f .s; x.s//.z/ D 1

� .˛/

Z z

0

.z � s/˛�1f .s; x.s//ds; z 2 ft;Tg;

for t 2 Œ0;T� and

HIpi
RLI˛ f .s; x.s//.�i/ D 1

� .pi/� .˛/

Z �i

0

Z r

0

�
log

�i

r

�pi�1

.r � s/˛�1 f .s; x.s//

r
ds dr;

where �i 2 .0;T/ for i D 1; 2; : : : ; n.
Let E0 D C.Œ0;T�;R/ denotes the Banach space of all continuous functions from

Œ0;T� to R endowed with the norm defined by kxk D supt2Œ0;T� jx.t/j: By Lemma 5.1,
we define an operator A W E0 ! E0 associated with the problem (5.1)–(5.2) as
follows:

.A x/.t/ D RLIqf .s; x.s//.t/

� tq�1

�1

 
RLIqf .s; x.s//.T/ �

nX
iD1

˛i.HIpi
RLIqf .s; x.s///.�i/

!
:

(5.7)

Observe that the problem (5.1)–(5.2) has solutions if and only if the operator A has
fixed points.

In the sequel, we set a constant

˚1 WD Tq

� .q C 1/
C T2q�1

j�1j� .q C 1/
C Tq�1

j�1j� .q C 1/

nX
iD1

j˛ijq�pi�
q
i : (5.8)

In the following subsections, we present existence, as well as existence and
uniqueness results, for the problem (5.1)–(5.2).

5.2.1 Existence and Uniqueness Result via Banach’s Fixed
Point Theorem

Theorem 5.1 Assume that:

(5.1.1) there exists a constant L > 0 such that jf .t; x/� f .t; y/j � Ljx � yj, for each
t 2 Œ0;T� and x; y 2 R:

If

L˚1 < 1; (5.9)

where ˚1 is defined by (5.8), then the problem (5.1)–(5.2) has a unique solution
on Œ0;T�.
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Proof We transform the problem (5.1)–(5.2) into a fixed point problem, x D
A x; where the operator A is defined by (5.7). Observe that the fixed points of
the operator A are solutions of the problem (5.1)–(5.2). Applying the Banach’s
contraction mapping principle, we shall show that A has a unique fixed point.

We let supt2Œ0;T� jf .t; 0/j D M < 1, and choose r � M˚1
1 � L˚1

to show that

A Br � Br, where Br D fx 2 E0 W kxk � rg. For any x 2 Br, we have

j.A x/.t/j � sup
t2Œ0;T�

(
RLIqjf .s; x.s//j.t/C tq�1

j�1j RLIqjf .s; x.s//j.T/

C tq�1
j�1j

nX
iD1

j˛ijHIpi
RLIqjf .s; x.s//j.�i/

)

� RLIq.jf .s; x.s// � f .s; 0/j C jf .s; 0/j/.T/

C Tq�1
j�1j RLIq.jf .s; x.s// � f .s; 0/j C jf .s; 0/j/.T/

C Tq�1
j�1j

nX
iD1

j˛ijHIpi
RLIq.jf .s; x.s// � f .s; 0/j C jf .s; 0/j/.�i/

� .Lkxk C M/RLIq.1/.T/C .Lkxk C M/
Tq�1
j�1j RLIq.1/.T/

C.Lkxk C M/
Tq�1
j�1j

nX
iD1

j˛ijHIpi
RLIq.1/.�i/

D .Lr C M/

 
Tq

� .q C 1/
C T2q�1

j�1j� .q C 1/
C Tq�1

j�1j� .q C 1/

nX
iD1

j˛ijq�pi�
q
i

!

D .Lr C M/˚1 � r:

Thus we get A Br � Br:

Next, we let x; y 2 E0: Then, for t 2 Œ0;T�; we have

j.A x/.t/ � .A y/.t/j

� RLIqjf .s; x.s// � f .s; y.s//j.t/C Tq�1

j�1j RLIqjf .s; x.s// � f .s; y.s//j.T/

CTq�1

j�1j
nX

iD1
j˛ijHIpi

RLIqjf .s; x.s// � f .s; y.s//j.�i/

� L

 
Tq

� .q C 1/
C T2q�1

j�1j� .q C 1/
C Tq�1

j�1j� .q C 1/

nX
iD1

j˛ijq�pi�
q
i

!
kx � yk

D L˚1kx � yk;
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which implies that kA x � A yk � L˚1kx � yk: As L˚1 < 1;A is a contraction.
Therefore, by the Banach’s contraction mapping principle, we deduce that A has a
unique fixed point which corresponds to the unique solution of the problem (5.1)–
(5.2). The proof is completed. �

Example 5.1 Consider the following nonlocal boundary value problem for a non-
linear Riemann-Liouville fractional differential equation with Hadamard fractional
integral boundary conditions:

8̂
ˆ̂<
ˆ̂̂:

RLD3=2x.t/ D sin2.� t/

.et C 3/2
� jx.t/j

jx.t/j C 1
C

p
3

2
; t 2 Œ0; 3�;

x.0/ D 0; x.3/C p
5HI1=2x

�
9

4

�
D 4

5
HI

p
2x

�
3

4

�
C

p
3

2
HI�x

�
3

2

�
:

(5.10)

Here q D 3=2, n D 3, T D 3, ˛1 D 4=5, ˛2 D p
3=2, ˛3 D �p

5,
p1 D p

2, p2 D � , p3 D 1=2, �1 D 3=4, �2 D 3=2, �3 D 9=4 and
f .t; x/ D .sin2.� t/=.et C 3/2/.jxj=.1 C jxj// C .

p
3=2/. Since jf .t; x/ � f .t; y/j �

.1=16/jx�yj, the condition (5.1.1) is satisfied with L D 1=16. Further, it is found that
˚1 	 7:239901027; and that L˚1 	 0:4524938142 < 1. Hence, by Theorem 5.1,
the problem (5.10) has a unique solution on Œ0; 3�.

5.2.2 Existence and Uniqueness Result via Banach’s Fixed
Point Theorem and Hölder’s Inequality

Theorem 5.2 Suppose that: f W Œ0;T� � R ! R is a continuous function satisfying
the following assumption:

(5.2.1) jf .t; x/ � f .t; y/j � ı.t/jx � yj, for t 2 Œ0;T�; x; y 2 R and ı 2
L
1
� .Œ0;T�;RC/; � 2 .0; 1/:

Denote kık D
�R T

0
jı.s/j 1� ds

��
: If

0 WD kık
(

Tq��

� .q/

�
1 � �
q � �

�1��
C T2q���1

j�1j� .q/
�
1 � �
q � �

�1��

C Tq�1

j�1j� .q/
�
1 � �
q � �

�1�� nX
iD1

j˛ij.q � �/pi�
q��
i

)
< 1; (5.11)

then the problem (5.1)–(5.2) has a unique solution on Œ0;T�:
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Proof For x; y 2 E0 and for each t 2 Œ0;T�; by Hölder’s inequality, we have

j.A x/.t/ � .A y/.t/j

� RLIqjf .s; x.s// � f .s; y.s//j.t/C Tq�1

j�1j RLIqjf .s; x.s// � f .s; y.s//j.T/

CTq�1

j�1j
nX

iD1
j˛ijHIpi

RLIqjf .s; x.s// � f .s; y.s//j.�i/

D 1

� .q/

Z t

0

.t � s/q�1ı.s/jx.s/ � y.s/jds

C Tq�1

j�1j� .q/
Z T

0

.T � s/q�1ı.s/jx.s/ � y.s/jds

CTq�1

j�1j
nX

iD1

j˛ij
� .pi/� .q/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � r/q�1ı.r/jx.r/ � y.r/jdr

ds

s

� 1

� .q/

�Z t

0

..t � s/q�1/ 1
1�� ds

�1�� �Z t

0

.ı.s//
1
� ds

��
kx � yk

C Tq�1

j�1j� .q/
�Z T

0

..T � s/q�1/ 1
1�� ds

�1�� �Z T

0

.ı.s//
1
� ds

��
kx � yk

CTq�1

j�1j
nX

iD1

j˛ij
� .q/� .pi/

Z �i

0

�
log

�i

s

�pi�1 �Z s

0

..s � r/q�1/
1

1�� dr

�1��

�
�Z s

0

.ı.r//
1
� dr

�� ds

s
kx � yk

� kıkTq��

� .q/

�
1 � �
q � �

�1��
kx � yk C kık T2q���1

j�1j� .q/
�
1 � �
q � �

�1��
kx � yk

Ckık Tq�1

j�1j� .q/
�
1 � �
q � �

�1�� nX
iD1

j˛ij
� .pi/

Z �i

0

�
log

�i

s

�pi�1
sq�� ds

s
kx � yk

� kık
"

Tq��

� .q/

�
1 � �
q � �

�1��
C T2q���1

j�1j� .q/
�
1 � �
q � �

�1��
C Tq�1

j�1j� .q/
�
1 � �
q � �

�1��

�
nX

iD1
j˛ij.q � �/pi�

q��
i

#
kx � yk:

In view of the condition (5.11), it follows that A is a contraction. Hence, Banach’s
fixed point theorem implies that A has a unique fixed point, which is the unique
solution of the problem (5.1)–(5.2). The proof is completed. �
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Example 5.2 Consider a nonlocal boundary value problem of a nonlinear Riemann-
Liouville fractional differential equation with Hadamard fractional integral bound-
ary conditions of the form:

8̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂:

RLD4=3x.t/ D et

et C 8
� jx.t/j

jx.t/j C 2
C 1; t 2

�
0;
3

2

�
;

x.0/ D 0; x

�
3

2

�
C 2

3
HI

p
2=2x

�
3

5

�
C �HI

p
3x

�
6

5

�

D 1

5
HI1=4x

�
3

10

�
C 1p

3
HI6=5x

�
9

10

�
:

(5.12)

Here q D 4=3, n D 4, T D 3=2, ˛1 D 1=5, ˛2 D �2=3, ˛3 D 1=
p
3, ˛4 D

��=2, p1 D 1=4, p2 D p
2=2, p3 D 6=5, p4 D p

3, �1 D 3=10, �2 D 3=5,
�3 D 9=10 and �4 D 6=5. Since jf .t; x/ � f .t; y/j � .2et=.et C 8//jx � yj, (5.2.1) is
satisfied with ı.t/ D 2et=.et C8/ and � D 1=2. Using the given values, we find that
0 	 0:9380422264 < 1: Hence, by Theorem 5.2, the problem (5.12) has a unique
solution on Œ0; 3=2�.

5.2.3 Existence and Uniqueness Result via Nonlinear
Contractions

Theorem 5.3 Let f W Œ0;T� � R ! R be a continuous function satisfying the
assumption:

(5.3.1) jf .t; x/ � f .t; y/j � h.t/
jx � yj

H� C jx � yj for t 2 Œ0;T�; x; y � 0; where h W
Œ0;T� ! R

C is continuous and H� the constant defined by

H� WD RLIqh.T/C Tq�1

j�1j RLIqh.T/C Tq�1

j�1j
nX

iD1
j˛ijHIpi

RLIqh.�i/:

Then the problem (5.1)–(5.2) has a unique solution on Œ0;T�.

Proof We define a continuous nondecreasing function � W RC ! R
C by �."/ D

H�"
H� C "

; 8" � 0; such that �.0/ D 0 and �."/ < " for all " > 0:

For any x; y 2 E0 and for each t 2 Œ0;T�; by (5.7), we have

j.A x/.t/ � .A y/.t/j

� RLIqjf .s; x.s// � f .s; y.s//j.t/C Tq�1

j�1j RLIqjf .s; x.s// � f .s; y.s//j.T/

CTq�1

j�1j
nX

iD1
j˛ijHIpi

RLIqjf .s; x.s// � f .s; y.s//j.�i/
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� RLIq

�
h.s/

jx � yj
H� C jx � yj

�
.T/C Tq�1

j�1j RLIq

�
h.s/

jx � yj
H� C jx � yj

�
.T/

CTq�1

j�1j
nX

iD1
j˛ijHIpi

RLIq

�
h.s/

jx � yj
H� C jx � yj

�
.�i/

� �.kx � yk/
H�

 
RLIqh.T/C Tq�1

j�1j RLIqh.T/C Tq�1

j�1j
nX

iD1
j˛ijHIpi

RLIqh.�i/

!

D �.kx � yk/:

This implies that kA x�A yk � �.kx�yk/. Therefore A is a nonlinear contraction.
Hence, by Theorem 1.11, the operator A has a unique fixed point, which is the
unique solution of the problem (5.1)–(5.2). This completes the proof. �

Example 5.3 Consider the following nonlocal boundary value problem:
8̂
<̂
ˆ̂:

RLD7=6x.t/ D t2

.t C 2/2
� jx.t/j

jx.t/j C 1
C 3t C 4

5
; t 2 Œ0; 2�;

x.0/ D 0; x .2/ D 2HI
p
�x

�
2

5

�
C 2

3
HI5=4x

�
4

3

�
C p

3HI3=7x

�
3

2

�
:

(5.13)

Here q D 7=6, n D 3, T D 2, ˛1 D 2, ˛2 D 2=3, ˛3 D p
3, p1 D p

� , p2 D 5=4,
p3 D 3=7, �1 D 2=5, �2 D 4=3, �3 D 3=2 and f .t; x/ D .t2jxj=..tC2/2/.jxjC1//C
3t C .4=5/. We choose h.t/ D t2=4: Then, we find H� 	 0:6432886158: Clearly,

jf .t; x/ � f .t; y/j D t2

.t C 2/2

ˇ̌
ˇ̌ jxj � jyj
1C jxj C jyj C jxjjyj

ˇ̌
ˇ̌ � t2

4

� jx � yj
0:6432886158C jx � yj

�
:

Hence, by Theorem 5.3, the problem (5.13) has a unique solution on Œ0; 2�.

5.2.4 Existence Result via Krasnoselskii’s Fixed Point Theorem

Theorem 5.4 Let f W Œ0;T��R ! R be a continuous function satisfying (5.1.1). In
addition, we assume that:

(5.4.1) jf .t; x/j � '.t/; 8.t; x/ 2 Œ0;T� � R; and ' 2 C.Œ0;T�;RC/:

Then the problem (5.1)–(5.2) has at least one solution on Œ0;T�; provided that

1 WD L

 
T2q�1

j�1j� .q C 1/
C Tq�1

j�1j� .q C 1/

nX
iD1

j˛ijq�pi�
q
i

!
< 1: (5.14)

Proof Setting supt2Œ0;T� '.t/ D k'k and � � k'k˚1; where ˚1 is defined by (5.8),
we consider B� D fx 2 E0 W kxk � �g and introduce the operators A1 and A2 on
B� by
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A1x.t/ D RLIqf .s; x.s//.t/; t 2 Œ0;T�;

A2x.t/ D � tq�1

�1

 
RLIqf .s; x.s//.T/ �

nX
iD1

˛i.HIpi
RLIqf .s; x.s///.�i/

!
; t 2 Œ0;T�:

For any x; y 2 B�, we have

j.A1x/.t/C .A2y/.t/j

� sup
t2Œ0;T�

(
RLIqjf .s; x.s//j.t/C tq�1

j�1j RLIqjf .s; y.s//j.T/

C tq�1

j�1j
nX

iD1
j˛ijHIpi

RLIqjf .s; y.s//j.�i/

)

� k'k
 

Tq

� .q C 1/
C T2q�1

j�1j� .q C 1/
C Tq�1

j�1j� .q C 1/

nX
iD1

j˛ijq�pi�
q
i

!

D k'k˚1 � �:

This shows that A1x C A2y 2 B�: It is easy to check that A2 is a contraction by
using (5.14).

Continuity of f implies that the operator A1 is continuous. Also, A1 is uniformly
bounded on B� as

kA1xk � Tq

� .q C 1/
k'k:

Now, we prove the compactness of the operator A1.
We define sup.t;x/2Œ0;T��B� jf .t; x/j D Nf < 1; and consequently, for 0 < t1;

t2 < T; we have

j.A1x/.t2/ � .A1x/.t1/j D 1

� .q/

ˇ̌
ˇ̌
ˇ
Z t1

0

Œ.t2 � s/q�1 � .t1 � s/q�1�f .s; x.s//ds

C
Z t2

t1

.t2 � s/q�1f .s; x.s//ds

ˇ̌
ˇ̌
ˇ

�
Nf

� .q C 1/
Œ2jt2 � t1jq C jtq

1 � tq
2j�;

which is independent of x; and tends to zero as t2 � t1 ! 0: Thus, A1 is
equicontinuous. So A1 is relatively compact on B�. Hence, by the ArzelKa-Ascoli
Theorem, A1 is compact on B�. Thus, all the assumptions of Theorem 1.2 are
satisfied. So the conclusion of Theorem 1.2 implies that the problem (5.1)–(5.2)
has at least one solution on Œ0;T�. �
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Example 5.4 Consider the nonlocal problem for a nonlinear Riemann-Liouville
fractional differential equation with Hadamard fractional integral boundary condi-
tions given by

8̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂<
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂:

RLD5=4x.t/ D e�t2 sin2.2t/

.t C 3/2
� jx.t/j

jx.t/j C 1
C t � 1

t C 1
; t 2 Œ0; 2��;

x.0/ D 0;

x .2�/C p
3HI1=2x

��
3

�
C 3

4
HI3=4x

�
2�

3

�
D

HI4=5x .�/C 1

9
HI4=3x

�
4�

3

�
C 2HI2=3x

�
5�

3

�
:

(5.15)

Here q D 5=4, n D 5, T D 2� , ˛1 D �p
3, ˛2 D �3=4, ˛3 D 1, ˛4 D 1=9,

˛5 D 2, p1 D 1=2, p2 D 3=4, p3 D 4=5, p4 D 4=3, p5 D 2=3, �1 D �=3,
�2 D 2�=3, �3 D � , �4 D 4�=3, �5 D 5�=3, and f .t; x/ D .e�t2 sin2.2t/jxj/=...t C
3/2/.jxj C 1// C .t � 1/=.t C 1/. Since jf .t; x/ � f .t; y/j � .1=9/jx � yj; (5.2.1) is
satisfied with L D 1=36: Further, we have that 1 	 0:9518560542 < 1: Clearly,

jf .t; x/j D
ˇ̌
ˇ̌
ˇ
e�t2 sin2.2t/

.t C 3/2
� jx.t/j

jx.t/j C 1
C t � 1

t C 1

ˇ̌
ˇ̌
ˇ � e�t2

9
C jt � 1j

t C 1
:

Hence, by Theorem 5.4, the problem (5.15) has at least one solution on Œ0; 2��.

5.2.5 Existence Result via Leray-Schauder’s Nonlinear
Alternative

Theorem 5.5 Assume that:

(5.5.1) there exist a continuous nondecreasing function  W Œ0;1/ ! .0;1/ and
a function p 2 C.Œ0;T�;RC/ such that

jf .t; u/j � p.t/ .kxk/ for each .t; x/ 2 Œ0;T� � RI

(5.5.2) there exists a constant M > 0 such that

M

 .M/kpk˚1 > 1;

where ˚1 is defined by (5.8).

Then the problem (5.1)–(5.2) has at least one solution on Œ0;T�:
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Proof Firstly, we shall show that the operator A defined by (5.7) maps bounded sets
(balls) into bounded sets in E0. For a number r > 0, let Br D fx 2 E0 W kxk � rg be
a bounded ball in E0. Then, for t 2 Œ0;T�; we have

j.A x/.t/j

� sup
t2Œ0;T�

(
RLIqjf .s; x.s//j.t/C tq�1

j�1j RLIqjf .s; x.s//j.T/

C tq�1

j�1j
nX

iD1
j˛ijHIpi

RLIqjf .s; x.s//j.�i/

)

�  .kxk/RLIqp.s/.T/C  .kxk/Tq�1

j�1j RLIqp.s/.T/

C .kxk/Tq�1

j�1j
nX

iD1
j˛ijHIpi

RLIqp.s/.�i/

�  .kxk/kpk
 

Tq

� .q C 1/
C T2q�1

j�1j� .q C 1/
C Tq�1

j�1j� .q C 1/

nX
iD1

j˛ijq�pi�
q
i

!
;

and consequently,

kA xk �  .r/jjpjj˚1:
Next, we will show that A maps bounded sets into equicontinuous sets of E0:

Let �1; �2 2 Œ0;T� with �1 < �2 and x 2 Br: Then, we have

j.A x/.�2/� .A x/.�1/j

� 1

� .q/

ˇ̌
ˇ̌
Z �1

0

Œ.�2 � s/q�1 � .�1 � s/q�1�f .s; x.s//ds C
Z �2

�1

.�2 � s/q�1f .s; x.s//ds

ˇ̌
ˇ̌

C .�
q�1
2 � �

q�1
1 /

j�1j RLIqjf .s; x.s//j.T/C .�
q�1
2 � �

q�1
1 /

j�1j
nX

iD1

j˛ijHIpi
RLIqjf .s; x.s//j.�i/

�  .r/

� .q C 1/
Œ2.�2 � �1/

q C j�q
2 � �

q
1 j�

C .�
q�1
2 � �

q�1
1 / .r/

j�1j
h

RLIqp.s/.T/C
nX

iD1

j˛ijHIpi
RLIqp.s/.�i/

i
:

As �2 � �1 ! 0, the right-hand side of the above inequality tends to zero
independently of x 2 Br. Therefore, by the Arzelá-Ascoli Theorem, the operator
A W E0 ! E0 is completely continuous.

Finally, we show that there exists an open set U � E0 with x ¤ �A x for � 2
.0; 1/ and x 2 @U:

Let x be a solution. Then, as in the first step, we have

jx.t/j �  .kxk/jjpjj˚1; t 2 Œ0;T�;
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which leads to

kxk
 .kxk/jjpjj˚1 � 1:

In view of (5.5.1), there exists M such that kxk ¤ M: Let us set

U D fx 2 E0 W kxk < Mg:
Notice that the operator A W U ! E0 is continuous and completely continuous.
From the choice of U, there is no x 2 @U such that x D �A x for some � 2 .0; 1/.
Consequently, by the nonlinear alternative of Leray-Schauder type (Theorem 1.4),
we deduce that A has a fixed point x 2 U; which is a solution of the problem (5.1)–
(5.2). This completes the proof. �

Example 5.5 Consider the following nonlocal boundary value problem:

8̂
ˆ̂<
ˆ̂̂:

RLD6=5x.t/ D 1

64
.1C t2/

 
x2

jxj C 1
C

pjxj
2.1Cpjxj/ C 1

2

!
; t 2 Œ0; e�;

x.0/ D 0; x .e/ D 1

2
HI

p
2x

�
1

2

�
� 5HI

p
3x

�
2

3

�
C p

3HI
p
5x .1/ :

(5.16)

Here q D 6=5, n D 3, T D e, ˛1 D 1=2, ˛2 D �5, ˛3 D p
3, p1 D p

2, p2 D p
3,

p3 D p
5, �1 D 1=2, �2 D 2=3, �3 D 1, and f .t; x/ D .1=64/.1 C t2/..x2=.jxj C

1//C.px/=.2.1Cp
x//C.1=2//. It is easy to find that˚1 	 3:905177250: Clearly,

jf .t; x/j D
ˇ̌
ˇ̌
ˇ
1

64
.1C t2/

 
x2

jxj C 1
C

pjxj
2.1Cpjxj/ C 1

2

!ˇ̌
ˇ̌
ˇ � 1

64
.1C t2/.jxj C 1/:

Choosing p.t/ D .1=64/.1C t2/ and  .jxj/ D jxj C 1, we can show that (5.5.2) is
satisfied for M > 1:048704821: Hence, by Theorem 5.5, the problem (5.16) has at
least one solution on Œ0; e�.

5.2.6 Existence Result via Leray-Schauder’s Degree Theory

Theorem 5.6 Let f W Œ0;T� � R ! R be a continuous function. Suppose that:

(5.6.1) there exist constants 0 � � < ˚�1
1 ; and K > 0 such that

jf .t; x/ � �jxj C K for all .t; x/ 2 Œ0;T� � R;

where ˚1 is defined by (5.8).

Then the problem (5.1)–(5.2) has at least one solution on Œ0;T�:
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Proof Consider the fixed point problem

x D A x; (5.17)

where the operator A is given by (5.7). We shall prove the existence of at least one
solution x 2 E0 satisfying (5.17). Define a ball BR D fx 2 E0 W jx.t/j < Rg; with a
constant radius R > 0; and show that A W BR ! E0 satisfies a condition

x ¤ �A x; 8x 2 @BR; 8� 2 Œ0; 1�: (5.18)

We set

H.�; x/ D �A x; x 2 E0; � 2 Œ0; 1�:

As shown in Theorem 5.5, the operator A is continuous, uniformly bounded and
equicontinuous. Then, by the Arzelá-Ascoli Theorem, a continuous map h� defined
by h� .x/ D x � H.�; x/ D x � �A x is completely continuous. If (5.18) holds,
then Leray-Schauder degrees are well defined and by the homotopy invariance of
topological degree, we have

deg.h� ;BR; 0/ D deg.I � �A ;BR; 0/ D deg.h1;BR; 0/

D deg.h0;BR; 0/ D deg.I;BR; 0/ D 1 ¤ 0; 0 2 BR;

where I denotes the unit operator. By the nonzero property of Leray-Schauder
degree, h1.x/ D x � A x D 0 for at least one x 2 BR: Let us assume that x D �A x
for some � 2 Œ0; 1� and for all t 2 Œ0;T� so that

jx.t/j D j�.A x/.t/j

� RLIqjf .s; x.s//j.t/C tq�1

j�1j RLIqjf .s; x.s//j.T/

C tq�1

j�1j
nX

iD1
j˛ijHIpi

RLIqjf .s; x.s//j.�i/

� .�jxj C K/RLIq.1/.T/C .�jxj C M/
Tq�1

j�1j RLIq.1/.T/

C.�jxj C K/
Tq�1

j�1j
nX

iD1
j˛ijHIpi

RLIqp.s/.�i/

� .�jxj C K/

 
Tq

� .q C 1/
C T2q�1

j�1j� .q C 1/
C Tq�1

j�1j� .q C 1/

nX
iD1

j˛ijq�pi�
q
i

!

D .�jxj C K/˚1;
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which, on taking norm (supt2Œ0;T� jx.t/j D kxk) and solving for kxk; yields

kxk � K˚1
1 � �˚1 :

If R D K˚1
1 � �˚1 C 1, the inequality (5.18) holds. This completes the proof. �

Example 5.6 Consider a nonlinear Riemann-Liouville fractional differential equa-
tion with Hadamard fractional integral boundary conditions of the form:

8̂
<̂
ˆ̂:

RLD7=4x.t/ D 1

2�
sin
��
2

x
�

� jxj
jxj C 1

C 1; t 2 Œ0; 1�;

x.0/ D 0; x .1/ D 3HI1=2x

�
1

2

�
� 2HI3=2x

�
3

4

�
:

(5.19)

Here q D 7=4, n D 2, T D 1, ˛1 D 3, ˛2 D �2, p1 D 1=2, p2 D 3=2, �1 D 1=2,
�2 D 3=4, and f .t; x/ D .1=2�/.sin.�x=2//.jxj=.jxj C 1// C 1. Using the given
values ˚1 	 1:582207843: Since

jf .t; x/j D
ˇ̌
ˇ̌ 1
2�

sin
��
2

x
�

� jxj
jxj C 1

C 1

ˇ̌
ˇ̌ � 1

4
jxj C 1;

(5.6.1) is satisfied with � D 1=4 and M D 1: Note that � D 1

4
<

1

˚1
	

0:6320282158: Hence, by Theorem 5.6, the problem (5.19) has at least one solution
on Œ0; 1�.

5.3 Nonlocal Hadamard Fractional Integral Conditions and
Nonlinear Riemann-Liouville Fractional Differential
Inclusions

In this section, we study the multivalued variant of the problem (5.1)–(5.2) given by
8̂
<̂
ˆ̂:

RLDqx.t/ 2 F.t; x.t//; 0 < t < T; 1 < q � 2;

x.0/ D 0; x.T/ D
nX

iD1
˛iHIpi x.�i/;

(5.20)

where F W Œ0;T� � R ! P.R/ is a multivalued map, P.R/ is the family of all
nonempty subsets of R:

Definition 5.1 A function x 2 C 2.Œ0;T�;R/ is called a solution of problem (5.20) if
there exists a function v 2 L1.Œ0;T�;R/with v.t/ 2 F.t; x.t//; a.e. on Œ0;T� such that
Dqx.t/ D v.t/; 1 < q � 2; a.e. on Œ0;T� and x.0/ D 0; x.T/ D Pn

iD1 ˛iHIpi x.�i/:
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5.3.1 The Lipschitz Case

In this subsection, we prove the existence of solutions for the problem (5.20) with a
not necessary non-convex valued right hand side, by applying a fixed point theorem
for multivalued maps due to Covitz and Nadler (Theorem 1.18).

Theorem 5.7 Assume that:

(5.7.1) F W Œ0;T� � R ! Pcp.R/ is such that F.�; x/ W Œ0;T� ! Pcp.R/ is
measurable for each x 2 RI

(5.7.2) Hd.F.t; x/;F.t; Nx// � m.t/jx � Nxj for almost all t 2 Œ0;T� and x; Nx 2 R with
m 2 C.Œ0;T�;RC/ and d.0;F.t; 0// � m.t/ for almost all t 2 Œ0;T�.

Then the problem (5.20) has at least one solution on Œ0;T� if

kmk˚1 < 1;
where ˚1 is defined by (5.8).

Proof Define an operator B W E0 ! P.E0/ by

B.x/

D

8̂
ˆ̂̂̂
<
ˆ̂̂̂
:̂

h 2 E0 W

h.t/ D

8̂
ˆ̂<
ˆ̂̂:

1

� .q/

Z t

0

.t � s/q�1v.s/ds C tq�1

�1� .q/

Z T

0

.T � s/q�1v.s/ds

� tq�1

�1� .q/

nX
iD1

˛i

� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � r/q�1 v.r/

s
drds

9>>>>>=
>>>>>;

for v 2 SF;x:

Observe that the set SF;x is nonempty for each x 2 E0 by the assumption (5.7.1),
so F has a measurable selection (see [57, Theorem III.6]). Now, we show that
the operator B satisfies the assumptions of Theorem 1.18. To show that B.x/ 2
Pcl.E0/ for each x 2 E0, let fungn�0 2 B.x/ be such that un ! u .n ! 1/ in E0:
Then u 2 E0 and there exists vn 2 SF;xn such that, for each t 2 Œ0;T�, we have

un.t/ D 1

� .q/

Z t

0

.t � s/q�1vn.s/ds C tq�1

�1� .q/

Z T

0

.T � s/q�1vn.s/ds

� tq�1

�1� .q/

nX
iD1

˛i

� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � r/q�1 vn.r/

s
drds:

As F has compact values, we pass onto a subsequence (if necessary) to obtain
that vn converges to v in L1.Œ0;T�;R/: Thus, v 2 SF;x and for each t 2 Œ0;T�, we
have
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vn.t/ ! v.t/ D 1

� .q/

Z t

0

.t � s/q�1v.s/ds C tq�1

�1� .q/

Z T

0

.T � s/q�1v.s/ds

� tq�1

�1� .q/

nX
iD1

˛i

� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � r/q�1 v.r/

s
drds:

Hence, u 2 B.x/: Next, we show that there exists Oı < 1 . Oı D kmk˚1/ such that

Hd.B.x/;B.Nx// � Oıkx � Nxk for each x; Nx 2 E :

Let x; Nx 2 E0 and h1 2 B.x/. Then there exists v1.t/ 2 F.t; x.t// such that, for each
t 2 Œ0;T�,

h1.t/ D 1

� .q/

Z t

0

.t � s/q�1v1.s/ds C tq�1

�1� .q/

Z T

0

.T � s/q�1v1.s/ds

� tq�1

�1� .q/

nX
iD1

˛i

� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � r/q�1 v1.r/

s
drds:

By (5.7.2), we have

Hd.F.t; x/;F.t; Nx// � m.t/jx.t/ � Nx.t/j:

So, there exists w 2 F.t; Nx.t// such that

jv1.t/ � wj � m.t/jx.t/ � Nx.t/j; t 2 Œ0;T�:

Define U W Œ0;T� ! P.R/ by

U.t/ D fw 2 R W jv1.t/ � wj � m.t/jx.t/ � Nx.t/jg:

Since the multivalued operator U.t/\F.t; Nx.t// is measurable [57, Proposition III.4],
there exists a function v2.t/ which is a measurable selection for U. So v2.t/ 2
F.t; Nx.t// and for each t 2 Œ0;T�, we have jv1.t/ � v2.t/j � m.t/jx.t/ � Nx.t/j.

For each t 2 Œ0;T�, let us define

h2.t/ D 1

� .q/

Z t

0

.t � s/q�1v2.s/ds C tq�1

�1� .q/

Z T

0

.T � s/q�1v2.s/ds

� tq�1

�1� .q/

nX
iD1

˛i

� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � r/q�1 v2.r/

s
drds:
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Then

jh1.t/ � h2.t/j

D 1

� .q/

Z t

0
.t � s/q�1jv1.s/ � v2.s/jds C tq�1

j�1j� .q/
Z T

0
.T � s/q�1jv1.s/ � v2.s/jds

C tq�1
j�1j� .q/

nX
iD1

j˛ij
� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � r/q�1 jv1.r/ � v2.r/j

s
drds

� kmk
 

Tq

� .q C 1/
C T2q�1

j�1j� .q C 1/
C Tq�1

j�1j� .q C 1/

nX
iD1

j˛ij�q
i

qpi

!
kx � Nxk:

Hence,

kh1 � h2k � kmk˚1kx � Nxk:

Analogously, interchanging the roles of x and x, we obtain

Hd.B.x/;B.Nx// � kmk˚1kx � Nxk:

Since B is a contraction by the given assumption, it follows by Theorem 1.18
that B has a fixed point x which is a solution of (5.20). This completes the proof. �

Example 5.7 Consider the following boundary value problem for Riemann-
Liouville fractional differential inclusions with nonlocal Hadamard fractional
integral boundary conditions:

8<
:

RLD3=2x.t/ 2 F.t; x.t//; t 2 .0; 5=2/;

x.0/ D 0; x.5=2/C 3=2HI
p
2=2x.3=2/ D �HI

p
3=2x.1=2/C p

2HI1=2x.2/;
(5.21)

where q D 3=2; n D 3;T D 5=2; ˛1 D �; ˛2 D �3=2; ˛3 D p
2; �1 Dp

3=2; �2 D p
2=2; �3 D 1=2; �1 D 1=2; �2 D 3=2; �3 D 2: By using computer

program, we find that �1 	 �1:56277153 ¤ 0:

Let the multivalued map F W Œ0; 5=2� ! P.R/ be given by

x ! F.t; x/ D
"
0;
1C sin2 x

16.1C t/2
C 1

3

#
: (5.22)

Then, we have

supfjxj W x 2 F.t; x/g � 1

8.1C t/2
C1

3
; and Hd.F.t; x/;F.t; Nx// � 1

8.1C t/2
jx�Nxj:
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Let m.t/ D 1=.8.1Ct/2/: Then Hd.F.t; x/;F.t; Nx// � m.t/jx�Nxj and kmkL1 D 5=56.
Using the given data, we find that Oı 	 0:95635768 < 1: Thus all the conditions
of Theorem 5.7 are satisfied. Therefore, by the conclusion of Theorem 5.7, the
problem (5.21) with F.t; x/ given by (5.22) has at least one solution on Œ0; 5=2�:

5.3.2 The Carathéodory Case

In this subsection, we consider the case when F has convex values and prove an
existence result based on nonlinear alternative of Leray-Schauder type, assuming
that F is Carathéodory.

Theorem 5.8 Assume that:

(5.8.1) F W Œ0;T� � R ! P.R/ is Carathéodory and has nonempty compact and
convex values;

(5.8.2) there exist a continuous nondecreasing function  W Œ0;1/ ! .0;1/ and
a function p 2 C.Œ0;T�;RC/ such that

kF.t; x/kP WD supfjyj W y 2 F.t; x/g � p.t/ .kxk/ for each .t; x/ 2 Œ0;T��RI

(5.8.3) there exists a constant M > 0 such that

M

 .M/kpk˚1 > 1;

where ˚1 is defined by (5.8).

Then the problem (5.20) has at least one solution on Œ0;T�:

Proof Consider the operator B W E0 ! P.E0/ defined in the beginning of the proof
of Theorem 5.7. We will show that B satisfies the assumptions of the nonlinear
alternative of Leray-Schauder type. The proof consists of several steps. As a first
step, we show that B is convex for each x 2 E0: This step is obvious since SF;x is
convex (F has convex values), and therefore, we omit the proof.

In the second step, we show that B maps bounded sets (balls) into bounded sets
in E0: For a positive number �, let B� D fx 2 E0 W kxk � �g be a bounded ball in
E0. Then, for each h 2 B.x/; x 2 B�, there exists v 2 SF;x such that

h.t/ D 1

� .q/

Z t

0

.t � s/q�1v.s/ds C tq�1

�1� .q/

Z T

0

.T � s/q�1v.s/ds

� tq�1

�1� .q/

nX
iD1

˛i

� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � r/q�1 v.r/

s
drds:
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Then, for t 2 Œ0;T�; we have

jh.t/j � 1

� .q/

Z t

0

.t � s/q�1jv.s/jds C tq�1

j�1j� .q/
Z T

0

.T � s/q�1jv.s/jds

C tq�1

j�1j� .q/
nX

iD1

j˛ij
� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � r/q�1 jv.r/j

s
drds

�  .kxk/kpk
 

Tq

� .q C 1/
C T2q�1

j�1j� .q C 1/
C Tq�1

j�1j� .q C 1/

nX
iD1

j˛ij�q
i

qpi

!
;

and consequently,

kBxk �  .�/jjpjj˚1:

Now, we show that the operator B maps bounded sets into equicontinuous sets
of E0: Let �1; �2 2 Œ0;T� with �1 < �2 and x 2 B�: For each h 2 B.x/; we obtain

jh.�2/ � h.�1/j

� 1

� .q/

ˇ̌
ˇ̌
Z �1

0

Œ.�2 � s/q�1 � .�1 � s/q�1�f .s; x.s//ds C
Z �2

�1

.�2 � s/q�1f .s; x.s//ds

ˇ̌
ˇ̌

C .�
q�1
2 � �q�1

1 /

j�1j� .q/
Z T

0

.T � s/q�1jv.s/jds

C .�
q�1
2 � �q�1

1 /

j�1j� .q/
nX

iD1

j˛ij
� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � r/q�1 jv.r/j

s
drds

� kpk .�/
� .q C 1/

Œ2.�2 � �1/q C j�q
2 � �q

1 j�

C .�
q�1
2 � �q�1

1 /Tq�1kpk .�/
j�1j� .q C 1/

 
T C

nX
iD1

j˛ij�q
i

qpi

!
:

Obviously the right hand side of the above inequality tends to zero, independently
of x 2 B� as �2 � �1 ! 0: As B satisfies the above three assumptions, therefore
it follows by the Arzelá-Ascoli Theorem that B W E0 ! P.E0/ is completely
continuous.

By Lemma 1.1, B will be upper semi-continuous (u.s.c.) if we prove that it has
a closed graph, since B is already shown to be completely continuous.

Thus, in our next step, we show that B has a closed graph. Let xn ! x�; hn 2
B.xn/ and hn ! h�: Then, we need to show that h� 2 B.x�/: Associated with
hn 2 B.xn/; there exists vn 2 SF;xn such that for each t 2 Œ0;T�;
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hn.t/ D 1

� .q/

Z t

0

.t � s/q�1vn.s/ds C tq�1

�1� .q/

Z T

0

.T � s/q�1vn.s/ds

� tq�1

�1� .q/

nX
iD1

˛i

� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � r/q�1 vn.r/

s
drds:

Thus it suffices to show that there exists v� 2 SF;x�
such that for each t 2 Œ0;T�;

h�.t/ D 1

� .q/

Z t

0

.t � s/q�1v�.s/ds C tq�1

�1� .q/

Z T

0

.T � s/q�1v�.s/ds

� tq�1

�1� .q/

nX
iD1

˛i

� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � r/q�1 v�.r/

s
drds:

Let us consider the linear operator � W L1.Œ0;T�;R/ ! E0 given by

f 7! �.v/.t/ D 1

� .q/

Z t

0

.t � s/q�1v.s/ds C tq�1

�1� .q/

Z T

0

.T � s/q�1v.s/ds

� tq�1

�1� .q/

nX
iD1

˛i

� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � r/q�1 v.r/

s
drds:

Observe that

khn.t/ � h�.t/k

D
�����

1

� .q/

Z t

0
.t � s/q�1.vn.s/ � v�.s//ds C tq�1

�1� .q/

Z T

0
.T � s/q�1.vn.s/ � v�.s//ds

� tq�1
�1� .q/

nX
iD1

˛i

� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � r/q�1 .vn.r/ � v�.r//

s
drds

����� ! 0;

as n ! 1: Thus, it follows by Lemma 1.2 that � ı SF;x is a closed graph operator.
Further, we have hn.t/ 2 �.SF;xn/: Since xn ! x�; therefore, we have

h�.t/ D 1

� .q/

Z t

0

.t � s/q�1v�.s/ds C tq�1

�1� .q/

Z T

0

.T � s/q�1v�.s/ds

� tq�1

�1� .q/

nX
iD1

˛i

� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � r/q�1 v�.r/

s
drds;

for some v� 2 SF;x�
.
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Finally, we show there exists an open set U � E0 with x … �B.x/ for any
� 2 .0; 1/ and all x 2 @U: Let � 2 .0; 1/ and x 2 �B.x/: Then there exists
v 2 L1.Œ0;T�;R/ with v 2 SF;x such that, for t 2 Œ0;T�, we have

x.t/ D �

� .q/

Z t

0

.t � s/q�1v.s/ds C � tq�1

�1� .q/

Z T

0

.T � s/q�1v.s/ds

� � tq�1

�1� .q/

nX
iD1

˛i

� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � r/q�1 v.r/

s
drds:

As in the second step, we can obtain

kxk �  .kxk/kpk˚1;
which implies that

kxk
 .kxk/kpk˚1 � 1:

In view of (5.8.3), there exists M such that kxk ¤ M. Let us set

U D fx 2 E0 W kxk < Mg:

Note that the operator B W U ! P.E0/ is upper semi-continuous and completely
continuous. From the choice of U, there is no x 2 @U such that x 2 �B.x/ for
some � 2 .0; 1/. Consequently, by the nonlinear alternative of Leray-Schauder type
(Theorem 1.15), we deduce that B has a fixed point x 2 U; which is a solution of
the problem (5.20). This completes the proof. �

Example 5.8 Consider the boundary value problem for Riemann-Liouville frac-
tional differential inclusions with nonlocal Hadamard fractional integral boundary
conditions studied in Example 5.7 with the values of F.t; x/ as follows:

(a) Let F W Œ0; 5=2� � R ! P.R/ be a multivalued map given by

x ! F.t; x/ D
"

jxj
1C sin2 2x C jxj C t2 C 1

2
; 1C e�x2 C

�
t C 93

2

� 1
2

#
:

(5.23)
For f 2 F; we have

jf j � max

 
jxj

1C sin2 2x C jxj C t2 C 1

2
; 1C e�x2 C

�
t C 93

2

� 1
2

!
� 9; x 2 R:

Thus, kF.t; x/kP WD supfjyj W y 2 F.t; x/g � 9 D p.t/ .kxk/; x 2 R;

with p.t/ D 1;  .kxk/ D 9: Further, using the condition (5.8.3), we find that
M > 96:400854: Therefore, all the conditions of Theorem 5.8 are satisfied.
So, the problem (5.21) with F.t; x/ given by (5.23) has at least one solution on
Œ0; 5=2�:
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(b) Let F W Œ0; 5=2� � R ! P.R/ be a multivalued map given by

x ! F.t; x/ D
�

e�x4 C t

3
;

jxj
1C 2jxj C t C 3

2

�
: (5.24)

For f 2 F; we have

jf j � max

�
e�x4 C t

3
;

jxj
1C 2jxj C t C 3

2

�
� 2C t; x 2 R:

Here, kF.t; x/kP WD supfjyj W y 2 F.t; x/g � .2 C t/ D p.t/ .kxk/; x 2 R;

with p.t/ D 2C t;  .kxk/ D 1: It is easy to verify that M > 48:200427: Then,
by Theorem 5.8, the problem (5.21) with F.t; x/ given by (5.24) has at least one
solution on Œ0; 5=2�:

5.3.3 The Lower Semicontinuous Case

In the next result, it is assumed that F is not necessarily convex valued. Our strategy
to deal with this problem is based on the nonlinear alternative of Leray Schauder
type together with the selection theorem of Bressan and Colombo (Lemma 1.3) for
lower semi-continuous maps with decomposable values.

Theorem 5.9 Assume that (5.8.2), (5.8.3) and the following condition hold:

(5.9.1) F W Œ0;T� � R ! P.R/ is a nonempty compact-valued multivalued map
such that

.a/ .t; x/ 7�! F.t; x/ is L ˝ B measurable,

.b/ x 7�! F.t; x/ is lower semi-continuous for each t 2 Œ0;T�:
Then the problem (5.20) has at least one solution on Œ0;T�:

Proof It follows from (5.8.2) and (5.9.1) that F is of l.s.c. type. Then from
Lemma 1.3, there exists a continuous function f W E0 ! L1.Œ0;T�;R/ such that
f .x/ 2 F.x/ for all x 2 E0.

Consider the problem
8̂
<̂
ˆ̂:

RLDqx.t/ D f .x.t//; 0 < t < T; 1 < q � 2;

x.0/ D 0; x.T/ D
nX

iD1
˛iHIpi x.�i/:

(5.25)

Observe that if x 2 C 2.Œ0;T�;R/ is a solution of (5.25), then x is a solution to the
problem (5.20). In order to transform the problem (5.25) into a fixed point problem,
we define the operator BF as
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BFx.t/ D 1

� .q/

Z t

0

.t � s/q�1f .x.s//ds C tq�1

�1� .q/

Z T

0

.T � s/q�1f .x.s//ds

� tq�1

�1� .q/

nX
iD1

˛i

� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � r/q�1 f .x.r//

s
drds:

It can easily be shown that BF is continuous and completely continuous. The
remaining part of the proof is similar to that of Theorem 5.8. So, we omit it. This
completes the proof. �

5.4 Riemann-Liouville Fractional Differential Equations
and Inclusions with Nonlocal Hadamard Fractional
Integral Boundary Conditions

In this section, we introduce the general form of nonlocal conditions by replacing
x.T/ by g.x/ in (5.2) and consider the following boundary value problem

RLDqx.t/ D f .t; x.t//; t 2 .0;T/; (5.26)

x.0/ D 0; g.x/ D
nX

iD1
˛iHIpi x.�i/; (5.27)

where g W C.Œ0;T�;R/ ! R:

Also, we study the multivalued analogue of the above problem

RLDqx.t/ 2 F.t; x.t//; t 2 .0;T/; (5.28)

x.0/ D 0; g.x/ D
nX

iD1
˛iHIpi x.�i/; (5.29)

where F W Œ0;T� � R ! P.R/ is a multivalued map, P.R/ is the family of all
nonempty subsets of R:

Lemma 5.2 Let �2 WD
nX

iD1

˛i�
q�1
i

.q � 1/pi
¤ 0; 1 < q � 2, pi > 0, ˛i 2 R, �i 2 .0;T/,

i D 1; 2; 3; : : : ; n and h 2 E0: Then, the nonlocal Hadamard fractional boundary
value problem for linear Riemann-Liouville fractional differential equation

RLDqx.t/ D h.t/; 0 � t � T; (5.30)
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subject to the boundary conditions (5.27) is equivalent to the following fractional
integral equation

x.t/ D RLIqh.t/ � tq�1

�2

 
nX

iD1
˛i.HIpi

RLIqh/.�i/ � g.x/

!
: (5.31)

Proof We omit the proof as it is similar to that of Lemma 5.1. �

5.4.1 Existence Results: The Single-Valued Case

In view of Lemma 5.2, we define an operator Q W E0 ! E0 by

.Qx/.t/ D
Z t

0

.t � s/q�1

� .q/
f .s; x.s//ds

� tq�1

�2� .q/

nX
iD1

˛i

� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1

.s � �/q�1 f .�; x.�//

s
d�ds

C tq�1

�2

g.x/; t 2 Œ0;T�:

(5.32)

For convenience, we set:

p0 D Tq

� .q C 1/
C Tq�1

j�2j� .q C 1/

nX
iD1

j˛ij�q
i

qpi
; (5.33)

and

k0 D Tq�1

j�2j : (5.34)

In the next, we prove an existence and uniqueness result for the problem (5.26)–
(5.27) by means of Banach’s fixed point theorem.

Theorem 5.10 Let f W Œ0;T� � R ! R and g W C.Œ0;T�;R/ ! R be continuous
functions. Assume that:

(5.10.1) jf .t; x/ � f .t; y/j � Ljx � yj;8t 2 Œ0;T�; L > 0; x; y 2 R;
(5.10.2) jg.u/ � g.v/j � `ku � vk; ` < k�1

0 for all u; v 2 C.Œ0;T�;R/I
(5.10.3)  WD Lp0 C `k0 < 1:

Then the problem (5.26)–(5.27) has a unique solution on Œ0;T�.

Proof For x; y 2 E0 and for each t 2 Œ0;T�; from the definition of the operator Q
defined by (5.32), and assumptions (5.10.1), (5.10.2), we obtain
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j.Qx/.t/� .Qy/.t/j

�
Z t

0

.t � s/q�1

� .q/
jf .s; x.s//� f .s; y.s//jds

C Tq�1

j�2j� .q/
nX

iD1

j˛ij
� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1

.s � �/q�1 jf .�; x.�//� f .�; y.�//j
s

d�ds

C Tq�1

j�2j jg.x/� g.y/j

� Lkx � yk
"Z t

0

.t � s/q�1

� .q/
ds

C Tq�1

j�2j� .q/
nX

iD1

j˛ij
� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1

.s � �/q�1 d�

s
ds

#
C Tq�1

j�2j `kx � yk

� Lkx � yk
(

Tq

� .q C 1/
C Tq�1

j�2j� .q C 1/

nX
iD1

j˛ij�q
i

qpi

)
C Tq�1

j�2j `kx � yk

D .Lp0 C `k0/kx � yk:

Hence

kQx � Qyk � kx � yk:

As  < 1 by (5.10.3), the operator Q is a contraction from the Banach space E0
into itself. Thus, the conclusion of the theorem follows by the contraction mapping
principle (Banach fixed point theorem). �

Example 5.9 Consider the following nonlocal boundary value problem:

8̂
ˆ̂<
ˆ̂̂:

RLD3=2x.t/ D e�t2

3.
p
3C t/2

� jxj
1C jxj � 1; t 2 .0; �/;

x.0/ D 0;
1

8
x .�/C

p
2

2
D 1

2
HI

p
3x
��
2

�
� 4

5
HI2=3x

��
3

�
:

(5.35)

Here q D 3=2; T D �; n D 2; ˛1 D 1=2; ˛2 D �4=5; �1 D p
3; �2 D 2=3; �1 D

�=2; �2 D �=3; g.x/ D .1=8/x.�/ C .
p
2=2/ and f .t; x/ D .e�t2 jxj/=.3.p3 C

t/2/.1 C jxj// � 1: By using computer program, we find that �2 	 0:78220904 ¤
0; p0 	 6:13531215 and k0 	 2:2659593: As jf .t; x/ � f .t; y/ � .1=9/jx � yj and
jg.t; x/ � g.t; y/ � .1=4/jx � yj; therefore, (5.10.1) and (5.10.2) are satisfied with
L D 1=9 and ` D 1=4 < 0:44131419 D k�1

0 ; respectively. Also  D Lp0 C `k0 	
0:96494626 < 1: By the conclusion of Theorem 5.10, the nonlocal boundary value
problem (5.35) has a unique solution on Œ0; ��:

Our next existence result is based on O’Regan’s fixed point theorem
(Theorem 1.6).
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Theorem 5.11 Let f W Œ0;T� � R ! R be a continuous function. Suppose
that (5.10.2) holds. In addition, we assume that:

(5.11.1) g.0/ D 0I
(5.11.2) there exists a nonnegative function m 2 C.Œ0;T�;RC/ and a nondecreasing

function  W Œ0;1/ ! .0;1/ such that

jf .t; u/j � m.t/ .kuk/ for any .t; u/ 2 Œ0;T� � RI

(5.11.3) sup
r2.0;1/

r

p0kmk .r/ >
1

1 � k0`
;

where p0 and k0 are defined by (5.33) and (5.34) respectively. Then, the prob-
lem (5.26)–(5.27) has at least one solution on Œ0;T�:

Proof Consider the operator Q W E0 ! E0 defined by (5.32). We decompose Q into
a sum of two operators

.Qx/.t/ D .Q1x/.t/C .Q2x/.t/; t 2 Œ0;T�; (5.36)

where

.Q1x/.t/

D
Z t

0

.t � s/q�1

� .q/
f .s; x.s//ds

� tq�1

�2� .q/

nX
iD1

˛i

� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1

.s � �/q�1 f .�; x.�//

s
d�ds; t 2 Œ0;T�;

(5.37)

and

.Q2x/.t/ D tq�1

�2

g.x/; t 2 Œ0;T�: (5.38)

Let

Kr D fx 2 E0 W kxk < rg:

From (5.11.3), there exists a number r0 > 0 such that

r0
p0kmk .r0/ >

1

1 � k0`
: (5.39)

We shall prove that operators Q1 and Q2 satisfy all the conditions of Theorem 1.6.



5.4 Nonlocal Hadamard Fractional Boundary Value Problems 135

Step 1. The set Q. NKr0 / is bounded. For any x 2 NKr0 ; we have

kQ1xk �
Z t

0

.t � s/q�1
� .q/

jf .s; x.s//jds

C Tq�1
j�2j� .q/

nX
iD1

j˛ij
� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � �/q�1 jf .�; x.�//j

s
d�ds

� kmk .r0/
(

Tq

� .q C 1/
C Tq�1

j�2j� .q C 1/

nX
iD1

j˛ij�q
i

qpi

)

D kmk .r0/p0:

This shows that Q1. NKr0 / is uniformly bounded.
The conditions (5.10.2) and (5.11.2) imply that

kQ2.x/k � Tq�1

j�2j ` r0;

for any x 2 NKr0 : Thus, the set Q. NKr0 / is bounded.
Step 2. The operator Q1 is continuous and completely continuous.

By Step 1, Q1. NKr0 / is uniformly bounded. In addition, for any t1; t2 2 Œ0;T�; we
have:

j.Q1x/.t2/ � .Q1x/.t1/j

�
Z t1

0

Œ.t2 � s/q�1 � .t1 � s/q�1�
� .q/

jf .s; x.s//jds C
Z t2

t1

.t2 � s/q�1

� .q/
jf .s; x.s//jds

Cjtq�1
2 � tq�1

1 j
j�2j� .q/

nX
iD1

j˛ij
� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � �/q�1 jf .�; x.�//j

s
d�ds

� kmk .r0/
� .q C 1/

Œ2.t2 � t1/
q C jtq

2 � tq
1j�C

kmk .r0/jtq�1
2 � tq�1

1 j
j�2j� .q C 1/

nX
iD1

j˛ij�q
i

qpi
;

which is independent of x; and tends to zero as t2 � t1 ! 0: Thus, Q1 is
equicontinuous. Hence, by the Arzelá-Ascoli Theorem, Q1. NKr0 / is a relatively
compact set. Now, let xn; x 2 NKr0 with kxn � xk ! 0: Then the limit jxn.t/ �
x.t/j ! 0 is uniformly valid on Œ0;T�: From the uniform continuity of f .t; x/ on
the compact set Œ0;T� � Œ�r0; r0�; it follows that kf .t; xn.t// � f .t; x.t//k ! 0 is
uniformly valid on Œ0;T�: Hence kQ1xn � Q1xk ! 0 as n ! 1 which proves
the continuity of Q1:Consequently the operator Q1 is continuous and completely
continuous
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Step 3. The operator Q2 W NKr0 ! E0 is contractive. Observe that

j.Q2x/.t/ � .Q2y/.t/j D tq�1

j�2j jg.x/ � g.y/j � Tq�1

j�2j `kx � yk D O�kx � yk;

with O� D k0` < 1 by (5.10.2). Hence Q2 is contractive.
Step 4. Finally, it will be shown that the case (C2) in Theorem 1.6 does not occur.

For that, we suppose that (C2) holds. Then, we have that there exist � 2 .0; 1/

and x 2 @Kr0 such that x D �Qx: So, we have kxk D r0 and for t 2 Œ0;T�,

x.t/ D �

( Z t

0

.t � s/q�1
� .q/

f .s; x.s//ds

� tq�1
�2� .q/

nX
iD1

˛i

� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � �/q�1 f .�; x.�//

s
d�ds C tq�1

�2
g.x/

)
:

Using the hypotheses (5.11.1)–(5.11.3), we get

jx.t/j �  .kxk/
( Z T

0

.T � s/q�1

� .q/
m.s/ds

C Tq�1

j�2j� .q/
nX

iD1

j˛ij
� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � �/q�1m.�/

s
d�ds

)

CTq�1

j�2j `kxk:

Taking the supremum over t 2 Œ0;T�; we obtain

kxk �  .kxk/
( Z T

0

.T � s/q�1

� .q/
m.s/ds

C Tq�1

j�2j� .q/
nX

iD1

j˛ij
� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � �/q�1m.�/

s
d�ds

)

CTq�1

j�2j `kxk;

or

r0 � kmk .r0/
(

Tq

� .q C 1/
C Tq�1

j�2j� .q C 1/

nX
iD1

j˛ij�q
i

qpi

)
C Tq�1

j�2j `r0;

which implies that

r0 � p0kmk .r0/C k0` r0:
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Thus,

r0
p0kmk .r0/ � 1

1 � k0`
;

which contradicts (5.39). Thus we have shown that the operators Q1 and Q2

satisfy all the conditions of Theorem 1.6. Hence, the operator Q has at least one
fixed point x 2 NKr0 ;which is the solution of the problem (5.26)–(5.27). The proof
is completed. �

Example 5.10 Consider the following nonlocal nonlinear fractional boundary value
problem:

8̂
ˆ̂̂̂
ˆ̂<
ˆ̂̂̂
ˆ̂̂:

RLD5=3x.t/ D t

2

� jxj C 1

jxj C 2
C jxj

�
; t 2 .0; 1=3/;

x.0/ D 0;
1

4
sin

�
x

�
1

6

��
D 4

7
HI�x

�
1

12

�

C 1

4
HI1=2x

�
1

8

�
C HI3=2x

�
1

5

�
:

(5.40)

Here q D 5=3; T D 1=3; n D 3; ˛1 D 4=7; ˛2 D 1=4; ˛3 D 1; �1 D �; �2 D
1=2; �3 D 3=2; �1 D 1=12; �2 D 1=8; �3 D 1=5; g.x/ D .1=4/ sin.x/ and
f .t; x/ D .t=2/..jxj C 1/=.jxj C 2/C jxj/: By using computer program, we find that
�2 	 1:09451783 ¤ 0; p0 	 0:11808820; k0 	 0:43923438: As jg.x/ � g.y/j �
.1=4/jx � yj with ` D .1=4/ < 0:43923438 D k�1

0 and g.0/ D 0; therefore, (5.10.2)
and (5.11.1) are satisfied respectively. Since jf .t; x/j D j.t=2/..jxj C 1/=.jxj C 2/C
jxj/j � .t=2/.x2 C 3jxj C 1/; we choose m.t/ D t=2 and  .jxj/ D x2 C 3jxj C 1; and
find that

sup
r2.0;1/

r

p0kmk .r/ 	 10:16189578 > 1:123353914 D 1

1 � k0`
:

Therefore, by Theorem 5.11, the problem (5.40) has at least one solution on Œ0; 1=3�:

5.4.2 Existence Results: The Multivalued Case

In this section, we will prove an existence result for the problem (5.28)–(5.29) by
using the nonlinear alternative for contractive maps (Theorem 1.17).

Definition 5.2 A function x 2 C 2.Œ0;T�;R/ is a solution of the problem (5.28)–

(5.29) if x.0/ D 0; g.x/ D
nX

iD1
˛iHIpi x.�i/; and there exists a function f 2

L1.Œ0;T�;R/ such that f .t/ 2 F.t; x.t// a.e. on Œ0;T� and
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x.t/ D
Z t

0

.t � s/q�1

� .q/
f .s/ds

� tq�1

�2� .q/

nX
iD1

˛i

� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � �/q�1 f .�/

s
d�ds

C tq�1

�2

g.x/:

(5.41)

Theorem 5.12 Assume that (5.10.2) holds. In addition, we suppose that:

(5.11.1) F W Œ0;T� � R ! Pcp;c.R/ is L1�Carathéodory multivalued map;
(5.11.2) there exists a continuous nondecreasing function  W Œ0;1/ ! .0;1/

and a function m 2 C.Œ0;T�;RC/ such that

kF.t; x/kP WD supfjyj W y 2 F.t; x/g � m.t/ .jxj/ for each .t; x/ 2 Œ0;T� � RI

(5.11.3) there exists a number M > 0 such that

.1 � k0`/M

p0kmk .M/ > 1; (5.42)

where p0 and k0 are defined by (5.33) and (5.34) respectively.

Then the problem (5.28)–(5.29) has at least one solution on Œ0;T�:

Proof To transform the problem (5.28)–(5.29) into a fixed point problem, we
consider the operator N W E0 �! P.E0/ defined by

N .x/ D

8̂
ˆ̂̂̂
ˆ̂̂<
ˆ̂̂̂
ˆ̂̂̂
:

h 2 E0 W

h.t/ D

8̂
ˆ̂̂̂
ˆ̂̂<
ˆ̂̂̂
ˆ̂̂̂
:

Z t

0

.t � s/q�1

� .q/
f .s/ds

� tq�1

�2� .q/

nX
iD1

˛i

� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1

.s � �/q�1 f .�/

s
drds

C tq�1

�2

g.x/;

9>>>>>>>>=
>>>>>>>>;

for f 2 SF;x:

Next, we introduce two operators: N1 W E0 �! E0 by

N1x.t/ D tq�1

�2

g.x/; (5.43)

and the multivalued operator N2 W E0 �! P.E0/ by

N2.x/ D

8̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂:

h 2 E0 W

h.t/ D

8̂
ˆ̂̂<
ˆ̂̂̂
:

Z t

0

.t � s/q�1

� .q/
f .s/ds

� tq�1

�2� .q/

nX
iD1

˛i

� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1

.s � �/q�1 f .�/

s
drds:

9>>>>>>=
>>>>>>;
(5.44)
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Observe that N D N1CN2. We shall show that the operators N1 and N2 satisfy
all the conditions of Theorem 1.17 on Œ0;T�. For that, we consider the operators
N1;N2 W Br ! Pcp;c.E0/; where Br D fx 2 E0 W kxk � rg is a bounded set in
E0. First, we prove that N2 is compact-valued on Br. Note that the operator N2 is
equivalent to the composition L ı SF , where L is the continuous linear operator on
L1.Œ0;T�;R/ into E0, defined by

L .v/.t/ D
Z t

0

.t � s/q�1

� .q/
v.s/ds

� tq�1

�2� .q/

nX
iD1

˛i

� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � �/q�1 v.�/

s
drds:

Suppose that x 2 Br is arbitrary and let fvng be a sequence in SF;x. Then, by
definition of SF;x, we have vn.t/ 2 F.t; x.t// for almost all t 2 Œ0;T�. Since F.t; x.t//
is compact for all t 2 J, there is a convergent subsequence of fvn.t/g; (we denote it
by fvn.t/g again) that converges in measure to some v.t/ 2 SF;x for almost all t 2 J.
On the other hand, L is continuous, so L .vn/.t/ ! L .v/.t/ pointwise on Œ0;T�.

In order to show that the convergence is uniform, we have to show that fL .vn/g
is an equi-continuous sequence. Let t1; t2 2 Œ0;T� with t1 < t2. Then, we have

jL .vn/.t2/ � L .vn/.t1/j

�
ˇ̌
ˇ̌
ˇ
Z t1

0

Œ.t2 � s/q�1 � .t1 � s/q�1�
� .q/

vn.s/ds

ˇ̌
ˇ̌
ˇC

ˇ̌
ˇ̌
ˇ
Z t2

t1

.t2 � s/q�1

� .q/
vn.s/ds

ˇ̌
ˇ̌
ˇ

Cjtq�1
2 � tq�1

1 j
j�2j� .q/

nX
iD1

j˛ij
� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � �/q�1 jvn.�/j

s
d�ds

� kmk .r/
� .q C 1/

Œ2.t2 � t1/
q C jtq

2 � tq
1j�C

kmk .r/jtq�1
2 � tq�1

1 j
j�2j� .q C 1/

nX
iD1

j˛ij�q
i

qpi
:

We see that the right hand of the above inequality tends to zero as t2 ! t1. Thus,
the sequence fL .vn/g is equi-continuous and by using the Arzelá-Ascoli Theorem,
we get that there is a uniformly convergent subsequence. So, there is a subsequence
of fvng; (we denote it again by fvng) such that L .vn/ ! L .v/. Note that L .v/ 2
L .SF;x/. Hence, N2.x/ D L .SF;x/ is compact for all x 2 Br. So N2.x/ is compact.

Now, we show that N2.x/ is convex for all x 2 E0. Let z1; z2 2 N2.x/. We select
f1; f2 2 SF;x such that

zi.t/ D
Z t

0

.t � s/q�1

� .q/
fi.s/ds

� tq�1

�2� .q/

nX
iD1

˛i

� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � �/q�1 fi.�/

s
d�ds;
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i D 1; 2; for almost all t 2 Œ0;T�. Let 0 � � � 1. Then, we have

Œ�z1 C .1� �/z2�.t/

D
Z t

0

.t � s/q�1

� .q/
Œ�f1.s/C .1� �/f2.s/�ds

� tq�1

�2� .q/

nX
iD1

˛i

� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1

.s � �/q�1 Œ�f1.�/C .1� �/f2.�/�

s
d�ds:

Since F has convex values, so SF;x is convex and �f1.s/ C .1 � �/f2.s/ 2 SF;x.
Thus

�z1 C .1 � �/z2 2 N2.x/:

Consequently, N2 is convex-valued. Obviously, N1 is compact and convex-valued.
The rest of the proof consists of several steps and claims.

Step 1: We show that N1 is a contraction on E0. This is a consequence of (5.10.2),
and the proof is similar to the one for the operator Q2 in Step 2 of Theorem 5.11.

Step 2: We shall show that the operator N2 is compact and upper semicontinuous.
This will be given in several claims.

Claim I: N2 maps bounded sets into bounded sets in E0. To see this, let Br D
fx 2 E0 W kxk � rg be a bounded set in E0. Then, for each h 2 N2.x/; x 2 Br,
there exists f 2 SF;x such that

h.t/ D
Z t

0

.t � s/q�1

� .q/
f .s/ds

� tq�1

�2� .q/

nX
iD1

˛i

� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � �/q�1 f .�/

s
d�ds:

Then, for t 2 Œ0;T�; we have

jh.t/j �
Z t

0

.t � s/q�1

� .q/
jf .s/jds

C Tq�1

j�2j� .q/
nX

iD1

j˛ij
� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � r/q�1 jf .�/j

s
d�ds

�  .kxk/
"Z t

0

.t � s/q�1

� .q/
m.s/ds

C Tq�1

j�2j� .q/
nX

iD1

j˛ij
� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � �/q�1m.�/

s
d�ds

#

�  .r/

(
Tq

� .q C 1/
C Tq�1

j�2j� .q C 1/

nX
iD1

j˛ij�q
i

qpi

)
kmk:
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Thus,

khk �  .r/p0kmk:
Claim II: Next, we show that N2 maps bounded sets into equicontinuous sets.

Let t1; t2 2 Œ0;T� and x 2 Br: For each h 2 N2.x/; we obtain

jh.t2/ � h.t1/j

�
ˇ̌
ˇ̌
ˇ
Z t1

0

Œ.t2 � s/q�1 � .t1 � s/q�1�
� .q/

f .s/ds

ˇ̌
ˇ̌
ˇC

ˇ̌
ˇ̌
ˇ
Z t2

t1

.t2 � s/q�1

� .q/
f .s/ds

ˇ̌
ˇ̌
ˇ

Cjtq�1
2 � tq�1

1 j
j�2j� .q/

nX
iD1

j˛ij
� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � �/q�1 jf .�/j

s
d�ds

� kmk .r/
� .q C 1/

Œ2.t2 � t1/
q C jtq

2 � tq
1j�C

kmk .�/jtq�1
2 � tq�1

1 j
j�2j� .q C 1/

nX
iD1

j˛ij�q
i

qpi
:

Obviously the right hand side of the above inequality tends to zero, indepen-
dently of x 2 Br as t2 � t1 ! 0: Therefore it follows by the Arzelá-Ascoli
Theorem that N2 W E0 ! P.E0/ is completely continuous.
By Lemma 1.1, N2 will be upper semi-continuous (u.s.c.) if we prove that it
has a closed graph since N2 is already shown to be completely continuous.
We establish it in the next claim.

Claim III: N2 has a closed graph. Let xn ! x�; hn 2 N2.xn/ and hn ! h�:
Then, we need to show that h� 2 N2.x�/: Associated with hn 2 N2.xn/; there
exists fn 2 SF;xn such that for each t 2 Œ0;T�;

hn.t/ D
Z t

0

.t � s/q�1

� .q/
fn.s/ds

� tq�1

�2� .q/

nX
iD1

˛i

� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � �/q�1 fn.�/

s
d�ds:

Thus it suffices to show that there exists f� 2 SF;x�
such that for each t 2 Œ0;T�;

h�.t/ D
Z t

0

.t � s/q�1

� .q/
f�.s/ds

� tq�1

�2� .q/

nX
iD1

˛i

� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � �/q�1 f�.�/

s
d�ds:

Let us consider the linear operator � W L1.Œ0;T�;R/ ! E0 given by

f 7! �.f /.t/ D
Z t

0

.t � s/q�1

� .q/
f .s/ds

� tq�1

�2� .q/

nX
iD1

˛i

� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � �/q�1 f .r/

s
drds:
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Observe that

khn.t/ � h�.t/k

D
�����
Z t

0

.t � s/q�1
� .q/

.fn.s/ � f�.s//ds

� tq�1
�2� .q/

nX
iD1

˛i

� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � �/q�1 .fn.�/ � f�.�//

s
d�ds

����� ! 0;

as n ! 1: Thus, it follows by Lemma 1.2 that � ı SF;x is a closed graph operator.
Further, we have hn.t/ 2 �.SF;xn/: Since xn ! x�; therefore, we have

h�.t/ D
Z t

0

.t � s/q�1

� .q/
f�.s/ds

� tq�1

�2� .q/

nX
iD1

˛i

� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � �/q�1 f�.�/

s
d�ds;

for some f� 2 SF;x�
. Hence N2 has a closed graph (and therefore has closed values).

As a result N2 is upper semicontinuous.
Therefore the operators N1 and N2 satisfy all the conditions of Theorem 1.17

and hence its application yields either condition (i) or condition (ii) holds. We show
that the conclusion (ii) is not possible. If x 2 �N1.x/C �N2.x/ for � 2 .0; 1/; then
there exists f 2 SF;x such that

x.t/ D �

( Z t

0

.t � s/q�1

� .q/
f .s/ds

� tq�1

�2� .q/

nX
iD1

˛i

� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � �/q�1 f�.�/

s
d�ds

C tq�1

�2

g.x/

)
; t 2 Œ0;T�:

Consequently, we have

jx.t/j �  .kxk/kmk
"Z T

0

.T � s/q�1
� .q/

ds

C Tq�1
j�2j� .q/

nX
iD1

j˛ij
� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1
.s � �/q�1 d�

s
ds

#
C Tq�1

j�2j `kxk;

which, on taking supremum over t 2 Œ0;T�; yields
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kxk �  .kxk/
( Z T

0

.T � s/q�1

� .q/
m.s/ds

C Tq�1

j�2j� .q/
nX

iD1

j˛ij
� .pi/

Z �i

0

Z s

0

�
log

�i

s

�pi�1

.s � r/q�1 m.�/

s
d�ds

)
C Tq�1

j�2j `kxk

�  .kxk/kmkp0 C k0`kxk:

If condition (ii) of Theorem 1.17 holds, then there exists � 2 .0; 1/ and x 2 @BM;

with x D �N .x/: Then, x is a solution of (5.36) with kxk D M: Now, the last
inequality implies that

.1 � k0`/M

p0kmk .M/ � 1;

which contradicts (5.42). Hence N has a fixed point in Œ0;T� by Theorem 1.17, and
consequently the problem (5.28)–(5.29) has a solution. This completes the proof. �

Example 5.11 Consider the following fractional boundary value problem

8̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂:

RLD7=4x.t/ 2 F.t; x/; t 2 .0; 1=2/;

x.0/ D 0;
jx.1=6/j

4.1C jx.1=6/j/ D 3

5
HI

p
2x

�
1

3

�
C 2

7
HI

p
3x

�
1

4

�

C HI
p
5x

�
1

5

�
;

(5.45)

where F W Œ0; 1=2� � R
2 ! P.R/ is a multivalued map given by

x ! F.t; x/ D
"

tjxj.1C cos2 2x/

5.1C jxj/ ;
.1C t/.1C jxj/e�2x2

6.1C sin2 4x/

#
:

Here q D 7=2; T D 1=2; n D 3; ˛1 D 3=5; ˛2 D 2=7; ˛3 D 1; �1 Dp
2; �2 D p

3; �3 D p
5; �1 D 1=3; �2 D 1=4; �3 D 1=5; g.x/ D

.1=4/.jxj=.1 C jxj//: Using computer program, we find that �2 	 1:13066832 ¤
0; p0 	 0:20657749; k0 	 0:52588681:

As jg.x/� g.y/j � .1=4/jx � yj; therefore, (5.10.2) is satisfied with ` D .1=4/ <

.1=0:52588681/ D k�1
0 : For f 2 F and x; y 2 R, we have

jf j � max

 
tjxj.1C cos2 2x/

5.1C jxj/ ;
.1C t/.1C jxj/e�2x2

6.1C sin2 4x/

!
� t C 1

6
.1C jxj/; x 2 R:

Thus,

kF.t; x/kP WD supfjyj W y 2 F.t; x/g � m.t/ .kxk/; x 2 R;
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with m.t/ D .t C 1/=6,  .kxk/ D 1 C kxk. By computing directly, we find that
there exists a constant M > 0:06322119 such that (5.12.3) holds. Clearly, all the
conditions of Theorem 5.12 are satisfied. Hence the problem (5.45) has at least one
solution on Œ0; 1=2�:

5.5 Riemann-Liouville Fractional Differential Equations
with Multiple Hadamard Fractional Integral Conditions

In this section, we study the following boundary value problem of Riemann-
Liouville fractional differential equations supplemented with multiple Hadamard
fractional integral conditions:

RLD˛x.t/ D f .t; x.t//; 1 < ˛ � 2; t 2 .0;T/; (5.46)

x.0/ D 0;

mX
iD1


iHIˇi x.�i/ D
nX

jD1
ıjHIj x.�j/C �; (5.47)

where RLD˛ denotes the Riemann-Liouville fractional derivative of order ˛, f W
Œ0;T� � R ! R is a continuous function, �i, �j 2 .0;T/, �, 
i, ıj 2 R, for all
i D 1; 2; : : : ;m, j D 1; 2; : : : ; n, and HI is the Hadamard fractional integral of
order  > 0 . D ˇi; j, i D 1; 2; : : : ;m, j D 1; 2; : : : ; n/.

First of all, we consider the following lemma, which deals with the linear variant
of the problem (5.46)–(5.47) and plays a pivotal role in developing the existence
theory for the problem at hand.

Lemma 5.3 Let 1 < ˛ � 2, ˇi, j > 0, �i, �j 2 .0;T/, �;
i; ıj 2 R for i D
1; 2; : : : ;m, j D 1; 2; : : : ; n and h 2 E0. Then the solution of the following Riemann-
Liouville fractional differential equation

RLD˛x.t/ D h.t/; t 2 .0;T/; (5.48)

subject to the multiple Hadamard fractional integral conditions

x.0/ D 0;

mX
iD1


iHIˇi x.�i/ D
nX

jD1
ıjHIj x.�j/C �; (5.49)

is equivalent to the following integral equation

x.t/ D t˛�1

�3

0
@ nX

jD1
ıjHIj

RLI˛h.�j/ �
mX

iD1

iHIˇi

RLI˛h.�i/C �

1
A

C RLI˛h.t/; (5.50)
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where

�3 D
mX

iD1

i.˛ � 1/�ˇi�˛�1

i �
nX

jD1
ıj.˛ � 1/�j�˛�1

j ¤ 0: (5.51)

Proof Applying the Riemann-Liouville fractional integral of order ˛ to both sides
of (5.48), we get

x.t/ D k1t
˛�1 C k2t

˛�2 C RLI˛h.t/: (5.52)

where k1; k2 2 R.
Using first condition of (5.49) in (5.52), we find that k2 D 0. In conse-

quence, (5.52) reduces to

x.t/ D k1t
˛�1 C RLI˛h.t/: (5.53)

For any p > 0, by Lemma 1.6, it follows that

HIpx.t/ D k1.˛ � 1/�pt˛�1 C HIp
RLI˛h.t/: (5.54)

The second condition of (5.49) together with (5.54) yields

k1 D 1

�3

0
@ nX

jD1
ıjHIj

RLI˛h.�j/ �
mX

iD1

iHIˇi

RLI˛h.�i/C �

1
A ; (5.55)

where �3 is defined by (5.51). Substituting the value of k1 into (5.53),
we obtain (5.50). The converse follows by direct computation. The proof is
completed. �

Throughout this section, for convenience, we use the following notations:

RLI˛f .s; x.s//.z/ D 1

� .˛/

Z z

0

.z � s/˛�1f .s; x.s//ds for z 2 Œ0;T�;

and

HIu
RLI˛f .s; x.s//.v/ D 1

� .u/� .˛/

Z v

0

Z t

0

�
log

v

t

�u�1
.t � s/˛�1 f .s; x.s//

t
dsdt;

for v 2 .0;T�, where z 2 ft;T; �1; �2g, u 2 fˇi; jg and v D f�i; �jg, i D 1; 2; : : : ;m,
j D 1; 2; : : : ; n.

By Lemma 5.3, we define an operator F W E0 ! E0 associated with the
problem (5.46)–(5.47) by
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.F x/.t/ D t˛�1

�3

0
@ nX

jD1
ıjHIj

RLI˛f .s; x.s//.�j/ �
mX

iD1

iHIˇi

RLI˛f .s; x.s//.�i/C �

1
A

C RLI˛f .s; x.s//.t/; (5.56)

with �3 ¤ 0. It should be noticed that problem (5.46)–(5.47) has solutions if and
only if the operator F has fixed points.

For the sake of convenience, we put

˚2 D 1

� .˛ C 1/

0
@T˛ C T˛�1

j�3j
mX

iD1

j
ij˛�ˇi�˛i C T˛�1

j�3j
nX

jD1

jıjj˛�j�˛j

1
A ; (5.57)

˝2 D T˛�1j�j
j�3j : (5.58)

In our first result, we prove the existence and uniqueness of solutions for the
problem (5.46)–(5.47).

Theorem 5.13 Let f W Œ0;T� � R ! R be a continuous function satisfying the
assumption (5.1.1). If

L˚2 < 1; (5.59)

where ˚2 is given by (5.57), then the problem (5.46)–(5.47) has a unique solution
on Œ0;T�:

Proof We transform the problem (5.46)–(5.47) into a fixed point problem, x D F x,
where the operator F is defined by (5.56). By using the Banach’s contraction
mapping principle, we shall show that F has a fixed point, which is the unique
solution of problem (5.46)–(5.47).

Let us define supt2Œ0;T� jf .t; 0/j D M < 1 and choose r � M˚2 C˝2

1 � L˚2
: Then,

we show that FBr � Br; where Br D fx 2 E0 W kxk � rg: For any x 2 Br; and
taking into account Lemma 1.6, we get

kF xk � sup
t2Œ0;T�

(
RLI˛jf .s; x.s//j.t/C t˛�1

j�3j
 

nX
jD1

jıjjHIj
RLI˛jf .s; x.s//j.�j/

C
mX

iD1

j
ijHIˇi
RLI˛jf .s; x.s//j.�i/C j�j

!)

� RLI˛
�jf .s; x.s//� f .s; 0/j C jf .s; 0/j�.T/

C T˛�1

j�3j
mX

iD1

j
ijHIˇi
RLI˛

�jf .s; x.s//� f .s; 0/j C jf .s; 0/j�.�i/
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C T˛�1

j�3j
nX

jD1

jıjjHIj
RLI˛

�jf .s; x.s//� f .s; 0/j C jf .s; 0/j�.�j/C T˛�1j�j
j�3j

� .Lr C M/

(
1

� .˛ C 1/

0
@T˛ C T˛�1

j�3j
mX

iD1

j
ij˛�ˇi�˛i C T˛�1

j�3j
nX

jD1

jıjj˛�j�˛j

1
A
)

C T˛�1j�j
j�3j

D .Lr C M/˚2 C˝2 � r;

which implies that FBr � Br.
For x; y 2 E0 and for each t 2 Œ0;T�, we have

jF x.t/ � F y.t/j
� RLI˛.jf .s; x.s// � f .s; y.s//j/.t/

C t˛�1

j�3j
mX

iD1
j
ijHIˇi

RLI˛.jf .s; x.s// � f .s; y.s//j/.�i/

C t˛�1

j�3j
nX

jD1
jıjjHIj

RLI˛.jf .s; x.s// � f .s; y.s//j/.�j/

� Lkx � yk
(

1

� .˛ C 1/

0
@T˛ C T˛�1

j�3j
mX

iD1
j
ij˛�ˇi�˛i C T˛�1

j�3j
nX

jD1
jıjj˛�j�˛j

1
A
)

D L˚2kx � yk;
which consequently implies that kF x � F yk � L˚2kx � yk. As L˚2 < 1, F is a
contraction. Hence, by the Banach’s contraction mapping principle, we deduce that
the operator F has a fixed point which corresponds to the unique solution of the
problem (5.46)–(5.47). This completes the proof. �

Example 5.12 Consider the following nonlocal boundary value problem of
Riemann-Liouville fractional differential equation with Hadamard fractional
integral boundary conditions

8̂
ˆ̂̂̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂:

RLD4=3x.t/ D cos2.2� t/

.t2 C 3/2
jx.t/j

jx.t/j C 1
C 5

4
; 0 < t < 2;

x.0/ D 0;

2HI1=2x .1/C 3

2
HI5=4x

�
3

4

�
� �HI

5
3 x
�p

2
�

D p
3HI3=2x

��
2

�
� e2HI1=3x

�
3

2

�
C p

�HI7=4x

�
1

3

�
C 5:

(5.60)
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Here ˛ D 4=3, m D 3, n D 3, � D 5, T D 2, 
1 D 2, 
2 D 3=2, 
3 D �� ,
ˇ1 D 1=2, ˇ2 D 5=4, ˇ3 D 5=3, �1 D 1, �2 D 3=4, �3 D p

2, ı1 D p
3,

ı2 D �e2, ı3 D p
� , 1 D 3=2, 2 D 1=3, 3 D 7=4, �1 D �=2, �2 D 3=2,

�3 D 1=3 and f .t; x/ D .cos2.2� t/jxj/=..t2 C 3/2.jxj C 1//C 5=4. Since jf .t; x/ �
f .t; y/j � .1=9/jx � yj; (5.13.1) is satisfied with L D 1=9. Further, we find that
�3 	 �19:82738586; ˚2 	 3:14973662 and L˚2 	 0:3499707356 < 1: Hence,
by Theorem 5.13, the problem (5.60) has a unique solution on Œ0; 2�.

Next, we prove the second existence and uniqueness result by means of nonlinear
contractions.

Theorem 5.14 Let f W Œ0;T� � R ! R be a continuous function satisfying the
assumption:

(5.14.1) jf .t; x/ � f .t; y/j � g.t/
jx � yj

G� C jx � yj , t 2 Œ0;T�, x; y � 0, where g W
Œ0;T� ! R

C is continuous and the constant G� is defined by

G� D RLI˛g.T/C T˛�1

j�3j
mX

iD1
j
ijHIˇi

RLI˛g.�i/

C T˛�1

j�3j
nX

jD1
jıjjHIj

RLI˛g.�j/: (5.61)

Then the problem (5.46)–(5.47) has a unique solution on Œ0;T�:

Proof We consider the operator F W E0 ! E0 given by (5.56) and a continuous

nondecreasing function � W R
C
0 ! R

C defined by �.�/ D G��
G� C �

; 8� � 0:

Note that the function � satisfies �.0/ D 0 and �.�/ < � for all � > 0.
For any x; y 2 E0 and for each t 2 Œ0;T�, we have

jF x.t/ � F y.t/j � RLI˛.jf .s; x.s// � f .s; y.s//j/.t/

C t˛�1

j�3j
mX

iD1
j
ijHIˇi

RLI˛.jf .s; x.s// � f .s; y.s//j/.�i/

C t˛�1

j�3j
nX

jD1
jıjjHIj

RLI˛.jf .s; x.s// � f .s; y.s//j/.�j/

� RLI˛
�

g.s/
jx.s/ � y.s/j

G� C jx.s/ � y.s/j
�
.T/

C T˛�1

j�3j
mX

iD1
j
ijHIˇi

RLI˛
�

g.s/
jx.s/ � y.s/j

G� C jx.s/ � y.s/j
�
.�i/

C T˛�1

j�3j
nX

jD1
jıjjHIj

RLI˛
�

g.s/
jx.s/ � y.s/j

G� C jx.s/ � y.s/j
�
.�j/
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� �.kx � yk/
G�

 
RLI˛g.T/C T˛�1

j�3j
mX

iD1
j
ijHIˇi

RLI˛g.�i/

C T˛�1

j�3j
nX

jD1
jıjjHIj

RLI˛g.�j/

!

D �.kx � yk/:
This implies that kF x�F yk � �.kx�yk/. Therefore, F is a nonlinear contraction.
Hence, by Theorem 1.11, the operator F has a fixed point which is the unique
solution of the problem (5.46)–(5.47). This completes the proof. �

Example 5.13 Consider the following nonlocal boundary value problem for
Riemann-Liouville fractional differential equation with Hadamard fractional
integral boundary conditions
8̂
ˆ̂̂̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂:

RLD3=2x.t/ D t

.t C 4/2
jx.t/j

jx.t/j C 1
C t2

2
C 3

4
; 0 < t < 3;

x.0/ D 0;

1

2
HI1=3x

�
5

2

�
C 3HI7=4x

�
9

4

�
� 3

4
HI1=2x

�
1

3

�
� �2HI4=3x

�p
3
�

D p
5HI11=6x

�p
7
�

� 5

2
HI7=5x

�
1

4

�
C 2HI2=3x .e/ � 4:

(5.62)

Here ˛ D 3=2, m D 4, n D 3, � D �4, T D 2, 
1 D 1=2, 
2 D 3, 
3 D �3=4,

4 D ��2, ˇ1 D 1=3, ˇ2 D 7=4, ˇ3 D 1=2, ˇ4 D 4=3, �1 D 5=2, �2 D 9=4, �3 D
1=3, �4 D p

3, ı1 D p
5, ı2 D �5=2, ı3 D 2, 1 D 11=6, 2 D 7=5, 3 D 2=3,

�1 D p
7, �2 D 1=4, �3 D e and f .t; x/ D .tjxj/=..t C 4/2.jxj C 1//C t2=2C 3=4.

We choose g.t/ D t=16 and find � 	 �32:10761052 and G� 	 0:3314426952:

Clearly,

jf .t; x/ � f .t; y/j D t

.t C 4/2

� jxj � jyj
1C jxj C jyj C jxjjyj

�

� t

16

� jx � yj
0:3314426952C jx � yj

�
:

Hence, by Theorem 5.14, the problem (5.62) has a unique solution on Œ0; 3�.
Next, we present an existence result by means of Krasnoselskii’s fixed point

theorem.

Theorem 5.15 Assume that f W Œ0;T� � R ! R is a continuous function satisfying
the assumptions (5.1.1) and (5.4.1). If

LT˛

� .˛ C 1/
< 1; (5.63)

then the problem (5.46)–(5.47) has at least one solution on Œ0;T�.
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Proof We define supt2Œ0;T� j'.t/j D k'k and choose a suitable constant r such that
r � k'k˚2 C˝2; where ˚2 and ˝2 are defined by (5.57) and (5.58), respectively.
Furthermore, we define the operators P and Q on Br D fx 2 E0 W kxk � rg as

.Px/.t/ D t˛�1

�3

 
nX

jD1
ıjHIj

RLI˛f .s; x.s//.�j/

�
mX

iD1

iHIˇi

RLI˛f .s; x.s//.�i/C �

!
; t 2 Œ0;T�;

.Qx/.t/ D RLI˛f .s; x.s//.t/; t 2 Œ0;T�:

For x; y 2 Br, we have

kPx C Qyk

� k'.t/k
(

1

� .˛ C 1/

0
@T˛ C T˛�1

j�3j
mX

iD1
j
ij˛�ˇi�˛i C T˛�1

j�3j
nX

jD1
jıjj˛�j�˛j

1
A
)

C T˛�1j�j
j�3j

D k'k˚2 C˝2

� r:

This shows that Px C Qy 2 Br. By using the assumption (5.13.1) together
with (5.63), it is easy to show that Q is a contraction. Since the function f is
continuous, we have that the operator P is continuous. Further, we have

kPxk � k'k
(

T˛�1

j�3j� .˛ C 1/

0
@ mX

iD1
j
ij˛�ˇi�˛i C

nX
jD1

jıjj˛�j�˛j

1
A
)

C T˛�1j�j
j�3j :

Therefore, P is uniformly bounded on Br. Next, we prove the compactness of the
operator P . Let us set sup.t;x/2Œ0;T��Br

jf .t; x/j D f < 1. Consequently, we get

j.Px/.t1/ � .Px/.t2/j

D
ˇ̌
ˇ̌
ˇ
t˛�1
1

�3

 
nX

jD1
ıjHIj

RLI˛f .s; x.s//.�j/ �
mX

iD1

iHIˇi

RLI˛f .s; x.s//.�i/C �

!

� t˛�1
2

�3

 
nX

jD1
ıjHIj

RLI˛f .s; x.s//.�j/ �
mX

iD1

iHIˇi

RLI˛f .s; x.s//.�i/C �

!ˇ̌
ˇ̌
ˇ

�
ˇ̌
t˛�1
1 � t˛�1

2

ˇ̌
j�3j

0
@ f

� .˛ C 1/

mX
iD1

j
ij˛�ˇi�˛i C f

� .˛ C 1/

nX
jD1

jıjj˛�j�˛j C j�j
1
A ;
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which is independent of x; and tends to zero as t2 ! t1 .0 < t2 < t1 < T/. Thus,
P is equicontinuous. So P is relatively compact on Br. Hence, by the Arzelá-
Ascoli Theorem, P is compact on Br. Thus all the assumptions of Theorem 1.2 are
satisfied. So the problem (5.46)–(5.47) has at least one solution on Œ0;T�. The proof
is completed. �

Remark 5.1 In the above theorem, we can interchange the roles of the operators P
and Q to obtain a second result replacing (5.63) by the following condition:

LT˛�1

j�3j� .˛ C 1/

0
@ mX

iD1
j
ij˛�ˇi�˛i C

nX
jD1

jıjj˛�j�˛j

1
A < 1:

Our next existence result relies on Leray-Schauder’s nonlinear alternative.

Theorem 5.16 Assume that f W Œ0;T� � R ! R is a continuous function satisfying
the assumption (5.5.1). In addition, we suppose that:

(5.16.1) there exists a constant N > 0 such that

N

kpk .N/˚2 C˝2

> 1;

where ˚2 and ˝2 are defined by (5.57) and (5.58), respectively.

Then the problem (5.46)–(5.47) has at least one solution on Œ0;T�:

Proof Firstly, we shall show that the operator F ; defined by (5.56), maps bounded
sets (balls) into bounded sets in E0. For a positive number R, let BR D fx 2 E0 W
kxk � Rg be a bounded ball in E0. Then, for t 2 Œ0;T�; we have

jF x.t/j
� RLI˛jf .s; x.s//j.T/C T˛�1

j�3j
 

nX
jD1

jıjjHIj
RLI˛jf .s; x.s//j.�j/

C
mX

iD1

j
ijHIˇi
RLI˛jf .s; x.s//j.�i/C j�j

!

� kpk .kxk/
(

1

� .˛ C 1/

0
@T˛ C T˛�1

j�3j
mX

iD1

j
ij˛�ˇi�˛i C T˛�1

j�3j
nX

jD1

jıjj˛�j�˛j

1
A
)

C T˛�1j�j
j�3j

� kpk .R/
(

1

� .˛ C 1/

0
@T˛ C T˛�1

j�3j
mX

iD1

j
ij˛�ˇi�˛i C T˛�1

j�3j
nX

jD1

jıjj˛�j�˛j

1
A
)

C T˛�1j�j
j�3j

WD OK:

Therefore, we conclude that kF xk � OK.
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Secondly, we show that F maps bounded sets into equicontinuous sets of E0. Let
sup.t;x/2Œ0;T��BR

jf .t; x/j D f � < 1, �1; �2 2 Œ0;T� with �1 < �2 and x 2 BR. Then,
we have

j.F x/.�2/� .F x/.�1/j

D
ˇ̌
ˇ̌
ˇRLI˛ f .s; x.s//.�2/� RLI˛ f .s; x.s//.�1/

C �˛�1
2

�3

 
nX

jD1

ıjHIj
RLI˛ f .s; x.s//.�j/�

mX
iD1


iHIˇi
RLI˛ f .s; x.s//.�i/C �

!

� �˛�1
1

�3

 
nX

jD1

ıjHIj
RLI˛ f .s; x.s//.�j/�

mX
iD1


iHIˇi
RLI˛ f .s; x.s//.�i/C �

!ˇ̌
ˇ̌
ˇ

� f �

� .˛ C 1/
Œ2.�2 � �1/

˛ C ˇ̌
�˛2 � �˛1

ˇ̌
�

C
ˇ̌
�˛�1
2 � �˛�1

1

ˇ̌
j�3j

0
@ f �

� .˛ C 1/

mX
iD1

j
ij˛�ˇi�˛i C f �

� .˛ C 1/

nX
jD1

jıjj˛�j�˛j C j�j
1
A :

Obviously the right hand side of the above inequality tends to zero independently
of x 2 BR as �2 ! �1. Therefore it follows by the Arzelá-Ascoli Theorem that
F W E0 ! E0 is completely continuous.

Finally, we show that there exists an open set U � E0 with x ¤ �F x for � 2
.0; 1/ and x 2 @U: Let x be a solution. Then, for t 2 Œ0;T�; and following the similar
computations as in the first step, we obtain

kxk � kpk .kxk/
(

1

� .˛ C 1/

0
@T˛ C T˛�1

j�3j
mX

iD1

j
ij˛�ˇi�˛i C T˛�1

j�3j
nX

jD1

jıjj˛�j�˛j

1
A
)

C T˛�1j�j
j�3j

D kpk .kxk/˚2 C˝2:

Consequently, we have

kxk
kpk .kxk/˚2 C˝2

� 1:

In view of (5.16.2), there exists N such that kxk ¤ N. Let us set

U D fx 2 E0 W kxk < Ng: (5.64)

Note that the operator F W U ! E0 is continuous and completely continuous. From
the choice of U, there is no x 2 @U such that x D �F x for some � 2 .0; 1/.
Consequently, by nonlinear alternative of Leray-Schauder type (Theorem 1.4), we
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deduce that F has a fixed point in U; which is a solution of the problem (5.46)–
(5.47). This completes the proof. �

Example 5.14 Consider the following nonlocal boundary value problem
8̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂:

RLD11=6x.t/ D 6 sin.x=6/

4� C .2x C 1/2
C 3C cos.t/

8� C 1
; 0 < t < �;

x.0/ D 0;

3

2
HI2=3x .e/ � 7HI5=4x .3/ � 2

3
HI9=2x

�
2

�

�

D e2HI9=4x
�p

8
�

C 2HI11=3x .1/

C �HI1=3x

 p
7

2

!
� 7

4
HI9=7x

�
4

e

�
C 5

3
:

(5.65)

Here ˛ D 11=6, m D 3, n D 4, � D 5=3, T D � , 
1 D 3=2, 
2 D �7, 
3 D �2=3,
ˇ1 D 2=3, ˇ2 D 5=4, ˇ3 D 9=2, �1 D e, �2 D 3, �3 D 2=� , ı1 D e2, ı2 D 2,
ı3 D � , ı4 D �7=4, 1 D 9=4, 2 D 11=3, 3 D 1=3, 4 D 9=7, �1 D p

8,
�2 D 1, �3 D p

7=2, �4 D 4=e and f .t; x/ D .6 sin.x=6//=.4� C .2x C 1/2/C .3C
cos.t//=.8� C 1/. Clearly

jf .t; x/j D
ˇ̌
ˇ̌ 6 sin.x=6/

4� C .2x C 1/2
C 3C cos.t/

8� C 1

ˇ̌
ˇ̌ � .3C cos .� t//

� jxj C 1

8�

�
:

Choosing p.t/ D 3 C cos .t/ and  .jxj/ D .jxj C 1/=.8�/, we find that �3 	
�50:6564991; ˚2 	 6:20634772; ˝2 	 0:08540929522; and N > 87:75640147.
Hence, by Theorem 5.16, the problem (5.65) has at least one solution on Œ0; ��.

Now, we apply the Leray-Schauder degree theory to obtain the final existence
result.

Theorem 5.17 Assume that f W Œ0;T� � R ! R is a continuous function.
Suppose that:

(5.17.1) there exist constants 0 � � < ˚�1
2 ; and K > 0 such that

jf .t; x/ � �jxj C K for all .t; x/ 2 Œ0;T� � R;

where ˚2 is defined by (5.57).

Then the problem (5.46)–(5.47) has at least one solution on Œ0;T�:

Proof Consider the fixed point problem

x D F x; (5.66)

where the operator F is given by (5.56). We will show that there exists a fixed point
x 2 E0 satisfying (5.66). It is sufficient to show that F W B� ! E0 satisfies

x ¤ 
F x; 8x 2 @B�; 8
 2 Œ0; 1�; (5.67)
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where B� D fx 2 E0 W kxk < �; � > 0g. Let us define

H.
; x/ D 
F x; x 2 E0; 
 2 Œ0; 1�:

It is easy to see that the operator F is continuous, uniformly bounded and
equicontinuous. Then, by the Arzelá-Ascoli Theorem, a continuous map h
 defined
by h
.x/ D x � H.
; x/ D x � 
F x is completely continuous. If (5.67) is true,
then the following Leray-Schauder degrees are well defined and by the homotopy
invariance of topological degree, we have

deg.h
;B�; 0/ D deg.I � 
F ;B�; 0/ D deg.h1;B�; 0/

D deg.h0;B�; 0/ D deg.I;B�; 0/ D 1 ¤ 0; 0 2 B�;

where I denotes the unit operator. By the nonzero property of Leray-Schauder
degree, h1.x/ D x � F x D 0 for at least one x 2 B�. In order to prove (5.67),
we assume that x D 
F x for some 
 2 Œ0; 1�. Then

jF x.t/j

� sup
t2Œ0;T�

(
RLI˛jf .s; x.s//j.t/C t˛�1

j�3j
 

nX
jD1

jıjjHIj
RLI˛jf .s; x.s//j.�j/

C
mX

iD1

j
ijHIˇi
RLI˛jf .s; x.s//j.�i/C j�j

!)

� .�kxk C K/

(
1

� .˛ C 1/

0
@T˛ C T˛�1

j�3j
mX

iD1

j
ij˛�ˇi�˛i C T˛�1

j�3j
nX

jD1

jıjj˛�j�˛j

1
A
)

C T˛�1j�j
j�3j

D .�kxk C K/˚2 C˝2;

which implies that

kxk � K˚2 C˝2

1 � �˚2 ;

where ˝2 is defined by (5.58). If � D K˚2 C˝2

1 � �˚2 C 1, the inequality (5.67) holds.

This completes the proof. �

Example 5.15 Consider the following nonlocal boundary value problem
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8̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂:

RLD9=5x.t/ D .t C 2e�t/x

3x2 C 10.� t C 5/
C 4

13.e3t C 3/
; 0 < t < 4;

x.0/ D 0;

3HI5=2x

�
1

2

�
C 4HI1=3x .�/C eHI5=4x

�
10

3

�
C 7

3
HI11=5x

�
9

4

�

D �

2
HI9=4x

�
11

6

�
� tan2.4/HI10=3x

�
12

7

�

� 3

e
HI2=5x

�
13

4

�
� p

11HI3=7x

�
9

8

�
C 11

9
:

(5.68)

Here ˛ D 9=5, m D 4, n D 4, � D 11=9, T D 4, 
1 D 3, 
2 D 4, 
3 D e,

4 D 7=3, ˇ1 D 5=2, ˇ2 D 1=3, ˇ3 D 5=4, ˇ4 D 11=5, �1 D 1=2, �2 D � ,
�3 D 10=3, �4 D 9=4, ı1 D �=2, ı2 D � tan2.4/, ı3 D �3=e, ı4 D �p

11,
1 D 9=4, 2 D 10=3, 3 D 2=5, 4 D 3=7, �1 D 11=6, �2 D 12=7, �3 D 13=4,
�4 D 9=8 and f .t; x/ D ..tC2e�t/x/=.3x2C10.� t C5//C.4/=.13.e3t C3//. Clearly
jf .t; x/j � 1

10
jxj C 1

13
; so (5.17.1) is satisfied with � D 1=10 and K D 1=13. Further,

we compute �3 	 37:7176876; ˚2 	 9:743207923 and �˚2 	 0:9743207923 <

1: Hence, by Theorem 5.17, the problem (5.68) has at least one solution on Œ0; 4�.

5.6 Riemann-Liouville Fractional Differential Inclusions
with Multiple Hadamard Fractional Integral Conditions

In this section, we discuss the existence of solutions for Riemann-Liouville
fractional differential inclusions supplemented with multiple Hadamard fractional
integral conditions:

8̂
<̂
ˆ̂:

RLD˛x.t/ 2 F.t; x.t//; 0 < t < T; 1 < ˛ � 2;

x.0/ D 0;

mX
iD1


iHIˇi x.�i/ D
nX

jD1
ıjHIj x.�j/C �;

(5.69)

where F W Œ0;T� � R ! P.R/ is a multivalued map, and P.R/ is the family of all
nonempty subsets of R:

5.6.1 The Carathéodory Case

In this subsection, we consider the case when F has convex values and is of
Carathéodory type. An existence result for the given problem is obtained by
applying the nonlinear alternative of Leray-Schauder type.
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Theorem 5.18 Assume that the assumptions (5.8.1) and (5.8.2) hold. In addition,
we suppose that:

(5.18.1) there exists a constant M > 0 such that

M

 .M/kpk˚2 C T˛�1j�j=j�3j
> 1;

where ˚2 is defined by (5.57).

Then the problem (5.69) has at least one solution on Œ0;T�:

Proof Define an operator F W E0 ! P.E0/ by

F .x/ D

8̂
ˆ̂̂̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂:

h 2 E0 W

h.t/ D

8̂
ˆ̂̂̂
ˆ̂̂<
ˆ̂̂̂
ˆ̂̂̂
:

RLI˛v.t/

C t˛�1

�3

 
nX

jD1
ıjHIj

RLI˛v.�j/

�
mX

iD1

iHIˇi

RLI˛v.�i/C �

!

9>>>>>>>>>>=
>>>>>>>>>>;

(5.70)

for v 2 SF;x: It is obvious that the fixed points of F are solutions of the
problem (5.69).

We will show that F satisfies the assumptions of Leray-Schauder nonlinear
alternative (Theorem 1.15). The proof consists of several steps.

Step 1. F .x/ is convex for each x 2 E0:

This step is obvious since SF;x is convex (F has convex values), and therefore, we
omit the proof.

Step 2. F maps bounded sets (balls) into bounded sets in E0:

For a positive number �, let B� D fx 2 E0 W kxk � �g be a bounded ball in E0. Then,
for each h 2 F .x/; x 2 B�, there exists v 2 SF;x such that

h.t/ D RLI˛v.t/C t˛�1

�3

 
nX

jD1
ıjHIj

RLI˛v.�j/ �
mX

iD1

iHIˇi

RLI˛v.�i/C �

!
:

Then, we have

jh.t/j � RLI˛jv.t/j C t˛�1

�3

 
nX

jD1
ıjHIj

RLI˛jv.�j/j �
mX

iD1

iHIˇi

RLI˛jv.�i/j C j�j
!

� kpk .kxk/
� .˛ C 1/

0
@T˛ C T˛�1

j�3j
mX

iD1
j
ij˛�ˇi�˛i C T˛�1

j�3j
nX

jD1
jıjj˛�j�˛j

1
A

CT˛�1j�j=j�3j
D ˚2kpk .kxk/C T˛�1j�j=j�3j:
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Thus

khk � ˚2kpk .�/C T˛�1j�j=j�3j:
Step 3. F maps bounded sets into equicontinuous sets of E0:

Let �1; �2 2 Œ0;T� with �1 < �2 and x 2 B�: For each h 2 F .x/; we obtain

jh.�2/ � h.�1/j

� 1

� .q/

ˇ̌
ˇ̌
Z �1

0

Œ.�2 � s/˛�1 � .�1 � s/˛�1�v.s/ds C
Z �2

�1

.�2 � s/˛�1v.s/ds

ˇ̌
ˇ̌

C .�˛�1
2 � �˛�1

1 /

j�j

 
nX

jD1
ıjHIj

RLI˛jv.�j/j �
mX

iD1

iHIˇi

RLI˛jv.�i/j
!

� kpk .�/
� .q C 1/

Œ2.�2 � �1/q C j�q
2 � �q

1 j�

C .�
q�1
2 � �˛�1

1 /kpk .�/
j�j� .˛ C 1/

 
mX

iD1
j
ij˛�ˇi�˛i C

nX
jD1

jıjj˛�j�˛j

!
:

Obviously the right hand side of the above inequality tends to zero, independently
of x 2 B� as �2 � �1 ! 0: As F satisfies the above three assumptions, it follows by
the Arzelá-Ascoli Theorem that F W E0 ! P.E0/ is completely continuous.

Since F is completely continuous, in order to prove that it is u.s.c., it is enough
to show that it has a closed graph.

Step 4. F has a closed graph.

Let xn ! x�; hn 2 F .xn/ and hn ! h�: Then, we need to show that h� 2 F .x�/:
Associated with hn 2 F .xn/; there exists vn 2 SF;xn such that for each t 2 Œ0;T�;

hn.t/ D RLI˛vn.t/C t˛�1

�3

 
nX

jD1
ıjHIj

RLI˛vn.�j/ �
mX

iD1

iHIˇi

RLI˛vn.�i/C �

!
:

Thus it suffices to show that there exists v� 2 SF;x�
such that for each t 2 Œ0;T�;

h�.t/ D RLI˛v�.t/C t˛�1

�3

 
nX

jD1
ıjHIj

RLI˛v�.�j/ �
mX

iD1

iHIˇi

RLI˛v�.�i/C �

!
:

Let us consider the linear operator � W L1.Œ0;T�;R/ ! E0 given by

f 7! �.v/.t/ D RLI˛v.t/C t˛�1

�3

 
nX

jD1
ıjHIj

RLI˛v.�j/�
mX

iD1

iHIˇi

RLI˛v.�i/C�

!
:
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Observe that

khn.t/ � h�.t/k D
����� RLI˛.vn.t/ � v�.t//C t˛�1

�3

 
nX

jD1
ıjHIj

RLI˛.vn/�j/ � v�.�j//

�
mX

iD1

iHIˇi

RLI˛.vn.�i/ � v�.�i//

!����� ! 0;

as n ! 1:

Thus, it follows by Lemma 1.2 that � ı SF;x is a closed graph operator. Further,
we have hn.t/ 2 �.SF;xn/: Since xn ! x�; therefore, we have

h�.t/ D RLI˛v�.t/C t˛�1

�3

 
nX

jD1
ıjHIj

RLI˛v�.�j/ �
mX

iD1

iHIˇi

RLI˛v�.�i/C �

!
;

for some v� 2 SF;x�
.

Step 5. We show there exists an open set U � E0 with x … �F .x/ for any � 2 .0; 1/ and
all x 2 @U:

Let � 2 .0; 1/ and x 2 �F .x/: Then there exists v 2 L1.Œ0;T�;R/ with v 2 SF;x

such that, for t 2 Œ0;T�, we have

x.t/ D � RLI˛v.t/C �
t˛�1

�3

 
nX

jD1
ıjHIj

RLI˛v.�j/ �
mX

iD1

iHIˇi

RLI˛v.�i/C �

!
:

As before, we can obtain

kxk �  .kxk/kpk
(

1

� .˛ C 1/

0
@T˛ C T˛�1

j�3j
mX

iD1

j
ij˛�ˇi�˛i C T˛�1

j�3j
nX

jD1

jıjj˛�j�˛j

1
A
)

CT˛�1j�j=j�3j
D  .kxk/kpk˚2 C T˛�1j�j=j�3j;

which implies that

kxk
 .kxk/kpk˚2 C T˛�1j�j=j�3j

� 1:

In view of (5.18.3), there exists M such that kxk ¤ M. Let us set

U D fx 2 E0 W kxk < Mg:

Note that the operator F W U ! P.E0/ is a compact multivalued map, u.s.c. with
convex closed values. From the choice of U, there is no x 2 @U such that x 2 �F .x/
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for some � 2 .0; 1/. Consequently, by the nonlinear alternative of Leray-Schauder
type (Theorem 1.15), we deduce that F has a fixed point x 2 U; which is a solution
of the problem (5.69). This completes the proof. �

5.6.2 The Lower Semicontinuous Case

Here we assume that the multivalued map F is not necessarily convex valued.

Theorem 5.19 Assume that (5.8.2), (5.18.1) and (5.9.1) hold.
Then the boundary value problem (5.69) has at least one solution on Œ0;T�:

Proof It follows from (5.8.2) and (5.9.1) that F is of l.s.c. type. Then from
Lemma 1.3, there exists a continuous function f W E0 ! L1.Œ0;T�;R/ such that
f .x/ 2 F .x/ for all x 2 E0.

Consider the problem

8̂
<̂
ˆ̂:

RLDqx.t/ D f .x.t//; 0 < t < T; 1 < ˛ � 2;

x.0/ D 0;

mX
iD1


iHIˇi x.�i/ D
nX

jD1
ıjHIj x.�j/C �:

(5.71)

Observe that if x 2 C 2.Œ0;T�;R/ is a solution of (5.71), then x is a solution to the
problem (5.69). In order to transform the problem (5.71) into a fixed point problem,
we define the operator F as

F x.t/ D RLI˛ f .x.t//C t˛�1

�3

 
nX

jD1

ıjHIj
RLI˛ f .x.�j//�

mX
iD1


iHIˇi
RLI˛ f .x..�i//C �

!
:

It can easily be shown that F is continuous and completely continuous. We
omit the rest of the proof as it is similar to that of Theorem 5.18. This completes
the proof. �

5.6.3 The Lipschitz Case

In this subsection, we prove the existence of solutions for the problem (5.69) with a
not necessary nonconvex valued right hand side, by applying a fixed point theorem
for multivalued maps due to Covitz and Nadler (Theorem 1.18).

Theorem 5.20 Assume that the assumptions (5.7.1) and (5.7.2) are satisfied. Then
the problem (5.69) has at least one solution on Œ0;T� if kmk˚2 < 1:
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Proof Consider the operator F defined by (5.70). Observe that the set SF;x is
nonempty for each x 2 E0 by the assumption (5.7.1), so F has a measurable
selection (see [57, Theorem III.6]). Now, we show that the operator F satisfies
the assumptions of Theorem 1.18. We show that F .x/ 2 Pcl.E0/ for each x 2 E0:
Let fungn�0 2 F .x/ be such that un ! u .n ! 1/ in E0: Then u 2 E0 and there
exists vn 2 SF;xn such that, for each t 2 Œ0;T�,

un.t/ D RLI˛vn.t/C t˛�1

�3

 
nX

jD1
ıjHIj

RLI˛vn.�j/ �
mX

iD1

iHIˇi

RLI˛vn.�i/C �

!
:

As F has compact values, we pass onto a subsequence (if necessary) to obtain that
vn converges to v in L1.Œ0;T�;R/: Thus, v 2 SF;x and for each t 2 Œ0;T�, we have

un.t/ ! v.t/ D RLI˛v.t/C t˛�1

�3

 
nX

jD1
ıjHIj

RLI˛v.�j/�
mX

iD1

iHIˇi

RLI˛v.�i/C�

!
:

Hence, u 2 F .x/:
Next, we show that there exists Nı < 1 . Nı WD kmk˚2/, such that

Hd.F .x/;F .Nx// � Nıkx � Nxk for each x; Nx 2 E0:

Let x; Nx 2 E0 and h1 2 F .x/. Then there exists v1.t/ 2 F.t; x.t// such that, for each
t 2 Œ0;T�,

h1.t/ D RLI˛v1.t/C t˛�1

�3

 
nX

jD1
ıjHIj

RLI˛v1.�j/ �
mX

iD1

iHIˇi

RLI˛v1.�i/C �

!
:

By (5.7.2), we have

Hd.F.t; x/;F.t; Nx// � m.t/jx.t/ � Nx.t/j:

So, there exists w 2 F.t; Nx.t// such that

jv1.t/ � wj � m.t/jx.t/ � Nx.t/j; t 2 Œ0;T�:

Define U W Œ0;T� ! P.R/ by

U.t/ D fw 2 R W jv1.t/ � wj � m.t/jx.t/ � Nx.t/jg:
Since the multivalued operator U.t/\F.t; Nx.t// is measurable [57, Proposition III.4],
there exists a function v2.t/ which is a measurable selection for U. So v2.t/ 2
F.t; Nx.t// and for each t 2 Œ0;T�, we have jv1.t/ � v2.t/j � m.t/jx.t/ � Nx.t/j.
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For each t 2 Œ0;T�, let us define

h2.t/ D RLI˛v2.t/C t˛�1

�3

 
nX

jD1
ıjHIj

RLI˛v2.�j/ �
mX

iD1

iHIˇi

RLI˛v2.�i/C �

!
:

Thus,

jh1.t/� h2.t/j
� RLI˛jv1.t/� v2.t/j

C t˛�1

j�3j
 

nX
jD1

ıjHIj
RLI˛jv1.�j/� v2.�j/j C

mX
iD1


iHIˇi
RLI˛jv1.�i/� v2.�i/j

!

� kmk
(

1

� .˛ C 1/

0
@T˛ C T˛�1

j�3j
mX

iD1

j
ij˛�ˇi�˛i C T˛�1

j�3j
nX

jD1

jıjj˛�j�˛j

1
A
)

kx � Nxk:

Hence,

kh1 � h2k

� kmk
(

1

� .˛ C 1/

0
@T˛ C T˛�1

j�3j
mX

iD1

j
ij˛�ˇi�˛i C T˛�1

j�3j
nX

jD1

jıjj˛�j�˛j

1
A
)

kx � Nxk:

Analogously, interchanging the roles of x and x, we obtain

Hd.F .x/;F .Nx// � Nıkx � Nxk;
where Nı D kmk˚2k < 1:

So F is a contraction. Therefore, it follows by Theorem 1.18 that F has a fixed
point x which is a solution of (5.69). This completes the proof. �

Example 5.16 Let us consider the following nonlocal boundary value problem

8̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂:

RLD5=3x.t/ 2 F.t; x.t//; t 2
�
0;
3

2

�
;

x.0/ D 0;

4HI2=5x

�
1

3

�
C 3HI1=2x

�
2

3

�
D 2

3
HI1=2x

�
1

4

�
C 3

5
HI1=3x

�
4

3

�
C 1

7
:

(5.72)
Here we have ˛ D 5=3, T D 3=2, m D 2, n D 2, 
1 D 4, 
2 D 3, ˇ1 D 2=5, ˇ2 D
1=2, �1 D 1=3, �2 D 2=3, ı1 D 2=3, ı2 D 3=5, 1 D 1=2, 2 D 1=3, �1 D 1=4,
�2 D 4=3, � D 1=7: By using computer program, we find �3 	 6:221625494 ¤ 0:

(a) Let F W Œ0; 3=2� � R ! P.R/ be a multivalued map defined by

x ! F.t; x/ D
�
1C cos2 x

2C sin2 x
;

ex

2ex C 3
C 2t3

9
C 1

�
: (5.73)
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For f 2 F; we have

jf j � max

�
1C cos2 x

2C sin2 x
;

ex

2ex C 3
C 2t3

9
C 1

�
� 9

4
; x 2 R:

Thus,

kF.t; x/kP WD supfjyj W y 2 F.t; x/g � 9

4
D p.t/ .kxk/; x 2 R;

with p.t/ D 9;  .kxk/ D 1=4: Further, using the condition (5.18.3), we find that
M > 3:779988106: Therefore, all the conditions of Theorem 5.18 are satisfied.
So, the problem (5.72) with F.t; x/ given by (5.73) has at least one solution on
Œ0; 3=2�:

(b) Let F W Œ0; 3=2� � R ! P.R/ be a multivalued map defined by

x ! F.t; x/ D
"
0;

3 sin2 x

.
p
8C 2t/2

C 3

128

#
: (5.74)

Then, we have

supfjxj W x 2 F.t; x/g � 3

.
p
8C 2t/2

C 3

128
;

and

Hd.F.t; x/;F.t; Nx// � 3

.
p
8C 2t/2

jx � Nxj:

Let m.t/ D 3=.
p
8 C 2t/2: Then Hd.F.t; x/;F.t; Nx// � m.t/jx � Nxj with

d.0;F.t; 0/ � m.t/ and kmk D 3=8. Further kmk˚2 	 0:624983363 < 1: Thus
all the conditions of Theorem 5.20 are satisfied. Therefore, by the conclusion of
Theorem 5.20, the problem (5.72) with F.t; x/ given by (5.74) has at least one
solution on Œ0; 3=2�:

5.7 Hadamard-Type Fractional Differential Equations
with Multiple Nonlocal Fractional Integral Boundary
Conditions

In this section, we investigate the following boundary value problem of Hadamard
fractional differential equations equipped with multiple nonlocal fractional integral
boundary conditions
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Dqx.t/ D f .t; x.t//; 1 < q � 2; t 2 .1; e/; (5.75)

x.1/ D 0;

mX
iD1

�iJ
˛i x.�i/ D

nX
jD1


j
�
Jˇj x.e/ � Jˇj x.�j/

�
; (5.76)

where Dq denotes the Hadamard fractional derivative of order q, f W Œ1; e� � R ! R

is a continuous function, �i, �j 2 .1; e/, �i, 
j 2 R, for all i D 1; 2; : : : ;m, j D
1; 2; : : : ; n, �1 < �2 < � � � < �m; �1 < �2 < � � � < �n; and J	 is the Hadamard
fractional integral of order 	 > 0 .	 D ˛i; ˇj, i D 1; 2; : : : ;m, j D 1; 2; : : : ; n/.

We emphasize that integral boundary conditions in (5.76) are encountered in
various applications such as population dynamics, blood flow models, chemical
engineering, cellular systems, heat transmission, plasma physics, thermoelastic-
ity, etc.

Moreover, the condition (5.76) is a general form of the integral boundary
conditions and covers many special cases. For example, if ˛i D ˇj D 1, for all
i D 1; 2; : : : ;m, j D 1; 2; : : : ; n, then the condition (5.76) reduces to

x.1/ D 0;

�1

Z �1

1

x.s/
ds

s
C � � � C �m

Z �m

1

x.s/
ds

s
D 
1

Z e

�1

x.s/
ds

s
C � � � C 
n

Z e

�n

x.s/
ds

s
:

For the sake of computational convenience, we set

�4 D
mX

iD1

�i
� .q/

� .q C ˛i/
.log �i/

qC˛i�1 �
nX

jD1


j
� .q/

� .q C ˇj/

�
1� �

log �j

�qCˇj�1
�
: (5.77)

Lemma 5.4 Let �4 ¤ 0, 1 < q � 2, ˛i, ˇj > 0, �i, �j 2 .1; e/ for i D 1; 2; : : : ;m,
j D 1; 2; : : : ; n and h 2 C.Œ1; e�;R/. Then x is a solution of the following fractional
differential equation

Dqx.t/ D h.t/; t 2 .1; e/; (5.78)

subject to the boundary conditions

x.1/ D 0;

mX
iD1

�iJ
˛i x.�i/ D

nX
jD1


j
�
Jˇj x.e/ � Jˇj x.�j/

�
; (5.79)

if and only if it is a solution of the following integral equation

x.t/ D .log t/q�1

�4

nX
jD1


j
�
JqCˇj h.e/ � JqCˇj h.�j/

�

� .log t/q�1

�4

mX
iD1

�iJ
qC˛i h.�i/C Jqh.t/: (5.80)
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Proof Applying the Hadamard fractional integral of order q to both sides of (5.78),
we have

x.t/ D z1 .log t/q�1 C z2 .log t/q�2 C Jqh.t/; (5.81)

where z1; z2 2 R.
Using the condition x.1/ D 0 in (5.81) implies that z2 D 0. Therefore (5.81)

becomes

x.t/ D z1 .log t/q�1 C Jqh.t/: (5.82)

For any p > 0, it follows that

Jpx.t/ D z1
� .q/

� .q C p/
.log t/qCp�1 C JqCph.t/: (5.83)

Using the second condition of (5.79) with (5.83) in (5.82) leads to

z1 D 1

�4

nX
jD1


j
�
JqCˇj h.e/ � JqCˇj h.�j/

� � 1

�4

mX
iD1

�iJ
qC˛i h.�i/: (5.84)

Substituting the value of z1 into (5.82), we obtain (5.80) as required. The converse
follows by direct computation. The proof is completed. �

By Lemma 5.4, we define an operator F W C.Œ1; e�;R/ ! C.Œ1; e�;R/ associated
with the problem (5.75)–(5.76) by

.F x/.t/ D Jqf .s; x.s//.t/ � .log t/q�1

�4

mX
iD1

�iJ
˛iCqf .s; x.s//.�i/

C .log t/q�1

�4

nX
jD1


j
�
JˇjCqf .s; x.s//.e/ � JˇjCqf .s; x.s//.�j/

�
; (5.85)

with �4 ¤ 0. It should be noticed that problem (5.75)–(5.76) has solutions if and
only if the operator F has fixed points.
In the sequel, we set E1 D C.Œ1; e�;R/ and

˚3 D 1

� .q C 1/
C 1

j�4j
mX

iD1

j�ij .log �i/
˛iCq

� .˛i C q C 1/
C 1

j�4j
nX

jD1

j
jj1C .log �j/
ˇjCq

� .ˇj C q C 1/
:

(5.86)

The first existence and uniqueness result is based on the Banach contraction
mapping principle.
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Theorem 5.21 Let f W Œ1; e� � R ! R be a continuous function satisfying the
assumption (5.1.1). Then the problem (5.75)–(5.76) has a unique solution on Œ1; e� if

L˚3 < 1; (5.87)

where ˚3 is given by (5.86).

Proof We transform the problem (5.75)–(5.76) into a fixed point problem, x D F x,
where the operator F is defined by (5.85).

We set supt2Œ1;e� jf .t; 0/j D M < 1 and choose r � M˚3
1 � L˚3

to show that

FBr � Br; where Br D fx 2 E1 W kxk � rg: For any x 2 Br; we have

kF xk � sup
t2Œ1;e�

(
Jqjf .s; x.s//j.t/C .log t/q�1

j�4j
mX

iD1

j�ijJ˛iCqjf .s; x.s//j.�i/

C .log t/q�1

j�4j
nX

jD1

j
jj �JˇjCqjf .s; x.s//j.e/C JˇjCqjf .s; x.s//j.�j/
� )

� Jq
�jf .s; x.s//� f .s; 0/j C jf .s; 0/j�.e/

C 1

j�4j
mX

iD1

j�ijJ˛iCq
�jf .s; x.s//� f .s; 0/j C jf .s; 0/j�.�i/

C 1

j�4j
nX

jD1

j
jj
�

JˇjCq
�jf .s; x.s//� f .s; 0/j C jf .s; 0/j�.e/

C JˇjCq
�jf .s; x.s//� f .s; 0/j C jf .s; 0/j�.�j/

�

� .Lr C M/

(
1

� .q C 1/
C 1

j�4j
mX

iD1

j�ij .log �i/
˛iCq

� .˛i C q C 1/

C 1

j�4j
nX

jD1

j
jj1C .log �j/
ˇjCq

� .ˇj C q C 1/

)

D .Lr C M/˚3 � r:

It follows that FBr � Br.
For x; y 2 E1 and for each t 2 Œ1; e�, we have

jF x.t/� F y.t/j
� Jq.jf .s; x.s//� f .s; y.s//j/.t/

C .log t/q�1

j�4j
mX

iD1

j�ijJ˛iCq.jf .s; x.s//� f .s; y.s//j/.�i/

C .log t/q�1

j�4j
nX

jD1

j
jj
�

JˇjCq.jf .s; x.s//� f .s; y.s//j/.e/

C JˇjCq.jf .s; x.s//� f .s; y.s//j/.�j/

�
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� Lkx � yk
(

1

� .q C 1/
C 1

j�4j
mX

iD1

j�ij .log �i/
˛iCq

� .˛i C q C 1/

1

j�4j
nX

jD1

j
jj1C .log �j/
ˇjCq

� .ˇj C q C 1/

)

D L˚3kx � yk:

The above inequality implies that kF x � F yk � L˚3kx � yk. As L˚3 < 1, F is
a contraction. Hence, by the Banach contraction mapping principle, we deduce that
F has a fixed point which is the unique solution of the problem (5.75)–(5.76). This
completes the proof. �

Example 5.17 Consider the following boundary value problem of Hadamard frac-
tional differential equation with fractional integral boundary conditions

8̂
ˆ̂̂̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂:

D3=2x.t/ D log t5

et.t C 2/2
jx.t/j

.3C jx.t/j/ C 1

10
; t 2 J D Œ1; e�;

x.1/ D 0;

2J1=4x

�
5

4

�
C 1

5
J3=2x

�
9

5

�
C 3J2x

�
15

7

�
D J2=3x .e/ � J2=3x

�
10

7

�

C 5
�
J9=7x .e/ � J9=7x .2/

� � 2
�

J11=4x .e/ � J11=4x

�
9

4

��
:

(5.88)

Here q D 3=2, �1 D 2, �2 D 1=5, �4 D 3, ˛1 D 1=4, ˛2 D 3=2, ˛3 D 2,
�1 D 5=4, �2 D 9=5, �3 D 15=7, 
1 D 1, 
2 D 5, 
3 D �2, ˇ1 D 2=3,
ˇ2 D 9=7, ˇ3 D 11=4, �1 D 10=7, �2 D 2, �3 D 9=4 and f .t; x/ D .log t5jxj/=.et.tC
2/2.3C jxj//1=10. Since jf .t; x/� f .t; y/j � .5=27e/jx � yj; (5.21.1) is satisfied with
L D 5=27e. With the given values, it is found that �4 	 �0:6895040549; ˚3 	
3:975680952 and L˚3 	 0:2708465347 < 1: Hence, by Theorem 5.21, the
boundary value problem (5.88) has a unique solution on Œ1; e�.

Next, we establish the second existence and uniqueness result by means of
nonlinear contractions.

Theorem 5.22 Let f W Œ1; e� � R ! R be a continuous function satisfying the
assumption:

(5.22.1) jf .t; x/ � f .t; y/j � h.t/
jx � yj

H� C jx � yj , t 2 Œ1; e�, x; y � 0, where h W
Œ1; e� ! R

C is continuous and a constant H� is defined by

H� D Jqh.e/C 1

j�4j
mX

iD1
j�ijJ˛iCqh.�i/

C 1

j�4j
nX

jD1
j
jj

�
JˇjCqh.e/C JˇjCqh.�j/

�
: (5.89)

Then the problem (5.75)–(5.76) has a unique solution on Œ1; e�:
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Proof We consider the operator F W E1 ! E1 given by (5.85) and a continuous

nondecreasing function � W R
C
0 ! R

C defined by �.�/ D H��
H� C �

; 8� � 0;

such that �.0/ D 0 and �.�/ < � for all � > 0.
For any x; y 2 E1 and for each t 2 Œ1; e�, we have

jF x.t/ � F y.t/j � Jq.jf .s; x.s// � f .s; y.s//j/.t/

C .log t/q�1

j�4j
mX

iD1
j�ijJ˛iCq.jf .s; x.s// � f .s; y.s//j/.�i/

C .log t/q�1

j�4j
nX

jD1
j
jj

�
JˇjCq.jf .s; x.s// � f .s; y.s//j/.e/

C JˇjCq.jf .s; x.s// � f .s; y.s//j/.�j/

�

� Jq

�
h.s/

jx.s/ � y.s/j
H� C jx.s/ � y.s/j

�
.e/

C 1

j�4j
mX

iD1
j�ijJ˛iCq

�
h.s/

jx.s/ � y.s/j
H� C jx.s/ � y.s/j

�
.�i/

C 1

j�4j
nX

jD1
j
jj


JˇjCq

�
h.s/

jx.s/ � y.s/j
H� C jx.s/ � y.s/j

�
.e/

C JˇjCq

�
h.s/

jx.s/ � y.s/j
H� C jx.s/ � y.s/j

�
.�j/

�

� �.kx � yk/
H�

 
Jqh.e/C 1

j�4j
mX

iD1
j�ijJ˛iCqh.�i/

C 1

j�4j
nX

jD1
j
jj

�
JˇjCqh.e/C JˇjCqh.�j/

� !

D �.kx � yk/;

which implies that kF x � F yk � �.kx � yk/. Therefore F is a nonlinear
contraction. Hence, by Theorem 1.11, the operator F has a fixed point which is
the unique solution of the problem (5.75)–(5.76). �

Example 5.18 Consider the following boundary value problem for Hadamard
fractional differential equation with integral boundary conditions
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8̂
ˆ̂̂̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂:

D7=4x.t/ D et

.t C 1/2
jx.t/j

.2C jx.t/j/ C 1

7
; t 2 J D Œ1; e�;

x.1/ D 0;

1

4
J6=7x

�
7

3

�
� 2

3
J3x

�
7

5

�
� 2J5=2x .2/ D 4

�
J5x .e/ � J5x

�
11

5

��

C 11

4

�
J3=4x .e/ � J3=4x

�
16

13

��
:

(5.90)

Here q D 7=4, �1 D 1=4, �2 D �2=3, �4 D �2, ˛1 D 6=7, ˛2 D 3, ˛3 D 5=2,
�1 D 7=3, �2 D 7=5, �3 D 2, 
1 D 4, 
2 D 11=4, ˇ1 D 5, ˇ2 D 3=4, �1 D 11=5,
�2 D 16=13, and f .t; x/ D .etjxj/=..t C 1/2.2C jxj//C 1=7. We choose h.t/ D et=4
and find that �4 	 �1:672972140 and H� 	 1:295076743: Clearly,

jf .t; x/� f .t; y/j D et

.1C t/2

�
2jxj � 2jyj

4C 2jxj C 2jyj C jxjjyj
�

� et

4

� jx � yj
1:295076743C jx � yj

�
:

Hence, by Theorem 5.22, the problem (5.90) has a unique solution on Œ1; e�.
The following existence result is based on Krasnoselskii’s fixed point theorem

(Theorem 1.2).

Theorem 5.23 Assume that f W Œ1; e� � R ! R is a continuous function satisfying
the assumptions (5.1.1) and (5.15.1). If

L

� .q C 1/
< 1; (5.91)

then the problem (5.75)–(5.76) has at least one solution on Œ1; e�.

Proof We define supt2Œ1;e� j	.t/j D k	k and choose a suitable constant r as r �
k	k˚3; where ˚3 is defined by (5.86). Next, we define the operators P and Q on
Br D fx 2 E1 W kxk � rg as

.Px/.t/ D .log t/q�1

�4

nX
jD1


j
�
JˇjCqf .s; x.s//.e/ � JˇjCqf .s; x.s//.�j/

�

� .log t/q�1

�4

mX
iD1

�iJ
˛iCqf .s; x.s//.�i/; t 2 Œ1; e�;

.Qx/.t/ D Jqf .s; x.s//.t/; t 2 Œ1; e�:

For x; y 2 Br, we have

kPx C Qyk � k	k
 

1

� .q C 1/
C 1

j�4j
mX

iD1
j�ij .log �i/

˛iCq

� .˛i C q C 1/

C 1

j�4j
nX

jD1
j
jj1C .log �j/

ˇjCq

� .ˇj C q C 1/

!
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D k	k˚3
� r:

This shows that PxCQy 2 Br. Using the assumption (5.21.1) together with (5.91),
it can easily be shown that Q is a contraction mapping. Since the function f is
continuous, we have that the operator P is continuous and

kPxk � k	k
0
@ 1

j�4j
mX

iD1
j�ij .log �i/

˛iCq

� .˛i C q C 1/
C 1

j�4j
nX

jD1
j
jj1C .log �j/

ˇjCq

� .ˇj C q C 1/

1
A :

Therefore, P is uniformly bounded on Br.
Now, we prove the compactness of the operator P . Let us set

sup.t;x/2Œ1;e��Br
jf .t; x/j D f < 1. Consequently, we get

j.Px/.t1/ � .Px/.t2/j

D
ˇ̌
ˇ̌
ˇ
.log t1/q�1

�4

nX
jD1


j

�
JˇjCqf .s; x.s//.e/ � JˇjCqf .s; x.s//.�j/

�

� .log t1/q�1
�4

mX
iD1

�iJ
˛iCqf .s; x.s//.�i/

� .log t2/q�1
�4

nX
jD1


j

�
JˇjCqf .s; x.s//.e/ � JˇjCqf .s; x.s//.�j/

�

C .log t2/q�1
�4

mX
iD1

�iJ
˛iCqf .s; x.s//.�i/

ˇ̌
ˇ̌
ˇ

� f

ˇ̌
.log t2/q�1 � .log t1/q�1 ˇ̌

j�4j

"
mX

iD1
j�ij .log �i/

˛iCq

� .˛i C q C 1/
C

nX
jD1

j
jj1 � .log �j/
ˇjCq

� .ˇj C q C 1/

#
;

which is independent of x and tends to zero as t2 ! t1. Thus, P is equicontinuous.
So P is relatively compact on Br. Hence, by the Arzelá-Ascoli Theorem, P is
compact on Br. Thus all the assumptions of Theorem 1.2 are satisfied. So the prob-
lem (5.75)–(5.76) has at least one solution on Œ1; e�. The proof is completed. �

Remark 5.2 In the above theorem, we can interchange the roles of the operators P
and Q to obtain a second result by replacing (5.91) with the following condition:

L

j�4j
mX

iD1
j�ij .log �i/

˛iCq

� .˛i C q C 1/
C L

j�4j
nX

jD1
j
jj1C .log �j/

ˇjCq

� .ˇj C q C 1/
< 1:

Our last existence result is based on Leray-Schauder’s nonlinear alternative.
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Theorem 5.24 Assume that f W Œ1; e� � R ! R is a continuous function satisfying
the assumption (5.5.1). In addition, we suppose that:

(5.24.1) there exists a constant N > 0 such that

N

kpk .N/˚3 > 1;

where ˚3 is defined by (5.86).

Then the problem (5.75)–(5.76) has at least one solution on Œ1; e�:

Proof In the first step, we show that the operator F ; defined by (5.85), maps
bounded sets (balls) into bounded sets in E1. For a positive number R, let BR D
fx 2 E1 W kxk � Rg be a bounded ball in E1. Then, for t 2 Œ1; e�; we have

jF x.t/j � Jqjf .s; x.s//j.e/C 1

j�4j
mX

iD1
j�ijJ˛iCqjf .s; x.s//j.�i/

C 1

j�4j
nX

jD1
j
jj

�
JˇjCqjf .s; x.s//j.e/C JˇjCqjf .s; x.s//j.�j/

�

� kpk .kxk/ 1

� .q C 1/
C kpk .kxk/ 1

j�4j
mX

iD1
j�ij .log �i/

˛iCq

� .˛i C q C 1/

C kpk .kxk/ 1

j�4j
nX

jD1
j
jj1C .log �j/

ˇjCq

� .ˇj C q C 1/

� kpk .R/ 1

� .q C 1/
C kpk .R/ 1

j�4j
mX

iD1
j�ij .log �i/

˛iCq

� .˛i C q C 1/

C kpk .R/ 1

j�4j
nX

jD1
j
jj1C .log �j/

ˇjCq

� .ˇj C q C 1/

WD K0:

Therefore, we conclude that kF xk � K0.
Secondly, we show that F maps bounded sets into equicontinuous sets of E1. Let

sup.t;x/2Œ1;e��BR
jf .t; x/j D f � < 1, �1; �2 2 Œ1; e� with �1 < �2 and x 2 BR. Then,

we have

j.F x/.�2/ � .F x/.�1/j

D
ˇ̌
ˇ̌
ˇJqf .s; x.s//.�2/ � .log �2/q�1

�4

mX
iD1

�iJ
˛iCqf .s; x.s//.�i/

C .log �2/q�1

�4

nX
jD1


j
�
JˇjCqf .s; x.s//.e/ � JˇjCqf .s; x.s//.�j/

�
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� Jqf .s; x.s//.�1/C .log �1/q�1

�4

mX
iD1

�iJ
˛iCqf .s; x.s//.�i/

� .log �1/q�1

�4

nX
jD1


j
�
JˇjCqf .s; x.s//.e/ � JˇjCqf .s; x.s//.�j/

� ˇ̌ˇ̌
ˇ

� f � 2.log �2 � log �1/q C j.log �2/q � .log �1/qj
� .q C 1/

C f �
ˇ̌
.log �2/q�1 � .log �1/q�1 ˇ̌

j�4j

"
mX

iD1
j�ij .log �i/

˛iCq

� .˛i C q C 1/

C
nX

jD1
j
jj1 � .log �j/

ˇjCq

� .ˇj C q C 1/

#
:

Obviously the right hand side of the above inequality tends to zero independently
of x 2 BR as �2 ! �1. Therefore it follows by the Arzelá-Ascoli Theorem that
F W E1 ! E1 is completely continuous.

Finally, we show that there exists an open set U � E1 with x ¤ �F x for � 2
.0; 1/ and x 2 @U: Let x be a solution. Then, for t 2 Œ1; e�; we have

kxk � kpk .kxk/ 1

� .q C 1/
C kpk .kxk/ 1

j�4j
mX

iD1
j�ij .log �i/

˛iCq

� .˛i C q C 1/

C kpk .kxk/ 1

j�4j
nX

jD1
j
jj1C .log �j/

ˇjCq

� .ˇj C q C 1/

D kpk .kxk/˚3:

Consequently, we have

kxk
kpk .kxk/˚3 � 1:

In view of (5.24.2), there exists N such that kxk ¤ N. Let us set

U D fx 2 E1 W kxk < Ng: (5.92)

Note that the operator F W U ! E1 is continuous and completely continuous. From
the choice of U, there is no x 2 @U such that x D �F x for some � 2 .0; 1/.
Hence, by nonlinear alternative of Leray-Schauder type (Theorem 1.4), we deduce
that F has a fixed point in U; which is a solution of the problem (5.75)–(5.76). This
completes the proof. �
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Example 5.19 Consider the following Hadamard type boundary value problem

8̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂:

D6=5x.t/ D 2 sin.x=4/

5� C .ex C 1/2
C 2C cos.� t/

10� C 3
; t 2 J D Œ1; e�;

x.1/ D 0;

J4x

�
3

2

�
� 3J9=4x .2/ � 10J1=5x

�
7

4

�
C 6J7=2x

�
5

2

�
C 14

3
J5x

�
11

9

�

D 3

�
J3=2x .e/ � J3=2x

�
11

7

��
� 7

�
J3x .e/ � J3x

�
17

13

��

C4

3

�
J5=3x .e/ � J5=3x .2/

�
:

(5.93)

Here q D 6=5, �1 D 1, �2 D �3, �4 D �10, �4 D 6, �5 D 14=3, ˛1 D 4,
˛2 D 9=4, ˛3 D 1=5, ˛4 D 7=2, ˛5 D 5, �1 D 3=2, �2 D 2, �3 D 7=4, �4 D 5=2,
�5 D 11=9, 
1 D 3, 
2 D �7, 
3 D 4=3, ˇ1 D 3=2, ˇ2 D 3, ˇ3 D 5=3,
�1 D 11=7, �2 D 17=13, �3 D 2 and f .t; x/ D .2 sin.x=4//=.5� C .ex C 1/2/C .2C
cos.� t//=.10� C 3/. Clearly,

jf .t; x/j D
ˇ̌
ˇ̌ 2 sin. x

4
/

5� C .ex C 1/2
C 2C cos.� t/

10� C 3

ˇ̌
ˇ̌ � .2C cos .� t//

� jxj C 1

10�

�
:

Choosing p.t/ D 2 C cos .� t/ and  .jxj/ D .jxj C 1/=.10�/, we find that
�4 	 �9:148087406; ˚3 	 1:462649525 and N > 0:1623483851. Hence, by
Theorem 5.24, the problem (5.93) has at least one solution on Œ1; e�.

5.8 Notes and Remarks

The contents of Sects. 5.2–5.7 are respectively adapted from the papers [125–127,
154, 157, 162].



Chapter 6
Coupled Systems of Hadamard and
Riemann-Liouville Fractional Differential
Equations with Hadamard Type Integral
Boundary Conditions

6.1 Introduction

In this chapter, we focus on the study of coupled systems of Hadamard and
Riemann-Liouville fractional differential equations with coupled and uncoupled
Hadamard type integral boundary conditions. Coupled systems of fractional order
differential equations are of significant importance as such systems appear in a
variety of problems of interdisciplinary fields such as synchronization phenomena
[81, 84, 179], nonlocal thermoelasticity [130], bioengineering [119], etc. For details
and examples, the reader is referred to the papers [11, 28, 29, 123, 151, 152, 169]
and the references cited therein.

6.2 A Coupled System of Hadamard Type Fractional
Differential Equations with Uncoupled Hadamard
Integral Boundary Conditions

In this section, we discuss the existence of solutions for a coupled system of
Hadamard type fractional differential equations equipped with uncoupled Hadamard
integral boundary conditions

8̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂:

D˛u.t/ D f .t; u.t/; v.t//; 1 < t < e; 1 < ˛ � 2;

Dˇv.t/ D g.t; u.t/; v.t//; 1 < t < e; 1 < ˇ � 2;

u.1/ D 0; u.e/ D Iu.�1/ D 1

� ./

Z �1

1

�
log

�1

s

��1 u.s/

s
ds;  > 0; 1 < �1 < e;

v.1/ D 0; v.e/ D Iv.�2/ D 1

� ./

Z �2

1

�
log

�2

s

��1 v.s/

s
ds; 1 < �2 < e;

(6.1)
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where Dı; ı D ˛; ˇ; is the Hadamard fractional derivative of fractional order ı, I

is the Hadamard fractional integral of order  and f ; g W Œ1; e� � R � R ! R are
continuous functions.

Lemma 6.1 (Auxiliary Lemma) For 1 < q � 2 and z 2 C.Œ1; e�;R/; the solution
of the linear problem


Dqx.t/ D z.t/; 1 < t < e;
x.1/ D 0; x.e/ D Ix.�/;

(6.2)

is equivalent to the integral equation

x.t/ D Iqz.t/C .log t/q�1

Q

	
ICqz.�/ � Iqz.e/



; (6.3)

where

Q D 1

1 � � .q/

� . C q/
.log �/Cq�1

(6.4)

and
� .q/

� . C q/
.log �/Cq�1 ¤ 1:

Proof As before, the solution of Hadamard differential equation in (6.2) can be
written as

x.t/ D Iqz.t/C c1.log t/q�1 C c2.log t/q�2; (6.5)

where c1 and c2 are unknown arbitrary constants. Using the boundary conditions
given by (6.2), we find that c2 D 0; and

c1 D 1

1 � 1

� ./

Z �

1

�
log

�

s

��1
.log s/q�1

s
ds

	
ICqz.�/ � Iqz.e/



: (6.6)

Substituting the values of c1 and c2 in (6.5), we obtain (6.3). The converse follows
by direct computation. This completes the proof. �

Let us introduce the space X D fu.t/ju.t/ 2 C.Œ1; e�;R/g endowed with the
norm kuk D maxfju.t/j; t 2 Œ1; e�g: Obviously .X; k � k/ is a Banach space. Also
Y D fv.t/jv.t/ 2 C.Œ1; e�;R/g endowed with the norm kvk D maxfjv.t/j; t 2 Œ1; e�g
is a Banach space. Then the product space .X � Y; k.u; v/k/ is also a Banach space
equipped with norm k.u; v/k D kuk C kvk:
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In view of Lemma 6.1, for q D ˛; � D �1 and q D ˇ; � D �2 respectively, we
define an operator T W X � Y ! X � Y by

T.u; v/.t/ D
�

T1.u; v/.t/
T2.u; v/.t/

�
; (6.7)

where

T1.u; v/.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 f .s; u.s/; v.s//

s
ds

C .log t/˛�1

A

"
1

� . C ˛/

Z �1

1

�
log

�1

s

�C˛�1 f .s; u.s/; v.s//

s
ds

� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 f .s; u.s/; v.s//

s
ds

#
;

and

T2.u; v/.t/ D 1

� .ˇ/

Z t

1

�
log

t

s

�ˇ�1 g.s; u.s/; v.s//

s
ds

C .log t/ˇ�1

B

"
1

� . C ˇ/

Z �2

1

�
log

�2

s

�Cˇ�1 g.s; u.s/; v.s//

s
ds

� 1

� .ˇ/

Z e

1

�
log

e

s

�ˇ�1 g.s; u.s/; v.s//

s
ds

#
;

with

A D 1

1 � � .˛/

� . C ˛/
.log �1/

C˛�1
; B D 1

1 � � .ˇ/

� . C ˇ/
.log �2/

Cˇ�1
;

and
� .˛/

� . C ˛/
.log �1/

C˛�1 ¤ 1;
� .ˇ/

� . C ˇ/
.log �2/

Cˇ�1 ¤ 1:

For computational convenience, we set

M1 D 1

� .˛ C 1/
C 1

jAj

 
.log �1/C˛

� . C ˛ C 1/
C 1

� .˛ C 1/

!
; (6.8)

M2 D 1

� .ˇ C 1/
C 1

jBj

 
.log �2/Cˇ

� . C ˇ C 1/
C 1

� .ˇ C 1/

!
: (6.9)
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Theorem 6.1 Assume that:

(6.1.1) there exist real constants ki; �i � 0 .i D 1; 2/ and k0 > 0; �0 > 0 such that
8xi 2 R; i D 1; 2; we have

jf .t; x1; x2/j � k0 C k1jx1j C k2jx2j;
jg.t; x1; x2/j � �0 C �1jx1j C �2jx2j:

In addition, it is assumed that

M1k1 C M2�1 < 1 and M1k2 C M2�2 < 1;

where M1 and M2 are given by (6.8) and (6.9) respectively. Then the system (6.1)
has at least one solution on Œ1; e�:

Proof First, we show that the operator T W X �Y ! X �Y is completely continuous.
By continuity of functions f and g; the operator T is obviously continuous.

Let ˝ � X � Y be bounded. Then there exist positive constants L1 and L2 such
that

jf .t; u.t/; v.t//j � L1; jg.t; u.t/; v.t//j � L2; 8.u; v/ 2 ˝:

Then, for any .u; v/ 2 ˝; we have

jT1.u; v/.t/j � 1

� .˛/

Z t

1

�
log

t

s

�˛�1 jf .s; u.s/; v.s//j
s

ds

C 1

jAj

"
1

� . C ˛/

Z �1

1

�
log

�1

s

�C˛�1 jf .s; u.s/; v.s//j
s

ds

C 1

� .˛/

Z e

1

�
log

e

s

�˛�1 jf .s; u.s/; v.s//j
s

ds

#

� L1
� .˛/

Z t

1

�
log

t

s

�˛�1 1

s
ds C L1

jAj

"
1

� . C ˛/

Z �1

1

�
log

�1

s

�C˛�1 1

s
ds

C 1

� .˛/

Z e

1

�
log

e

s

�˛�1 1

s
ds

#
;

which implies that

kT1.u; v/k � L1

(
1

� .˛ C 1/
C 1

jAj

 
.log �1/C˛

� . C ˛ C 1/
C 1

� .˛ C 1/

!)
D L1M1:
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Similarly, we get

kT2.u; v/k � L2

(
1

� .ˇ C 1/
C 1

jBj

 
.log �2/Cˇ

� . C ˇ C 1/
C 1

� .ˇ C 1/

!)
D L2M2:

Thus, it follows from the above inequalities, that the operator T is uniformly
bounded.

Next, we show that T is equicontinuous. Let �1; �2 2 Œ1; e� with �1 < �2: Then,
we have

jT1.u.�2/; v.�2// � T1.u.�1/; v.�1//j

� 1

� .˛/

ˇ̌
ˇ̌
ˇ
Z �2

1

�
log

�2

s

�˛�1 f .s; u.s/; v.s//

s
ds �

Z �1

1

�
log

�1

s

�˛�1 f .s; u.s/; v.s//

s
ds

ˇ̌
ˇ̌
ˇ

C
ˇ̌
ˇ̌
ˇ
.log �2/˛�1 � .log �1/˛�1

A

"
1

� .ˇ C ˛/

Z �1

1

�
log

�1

s

�ˇC˛�1 f .s; u.s/; v.s//

s
ds

� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 f .s; u.s/; v.s//

s
ds

#ˇ̌
ˇ̌
ˇ

� L1
� .˛ C 1/

Œj.log �2/
˛ � .log �1/

˛ j C 2.log.�2=�1//
˛�

CL1

ˇ̌
ˇ̌
ˇ
.log �2/˛�1 � .log �1/˛�1

A

"
1

� . C ˛ C 1/
.log �1/

C˛ C 1

� .˛ C 1/

#ˇ̌
ˇ̌
ˇ:

Analogously, we can obtain

jT2.u.�2/; v.�2// � T2.u.�1/; v.�1//j

� L2
� .ˇ C 1/

Œj.log �2/
ˇ � .log �1/

ˇj C 2.log.�2=�1//
ˇ�

CL2

ˇ̌
ˇ̌
ˇ
.log �2/ˇ�1 � .log �1/ˇ�1

B

"
1

� . C ˇ C 1/
.log �2/

Cˇ C 1

� .ˇ C 1/

#ˇ̌
ˇ̌
ˇ:

Therefore, the operator T.u; v/ is equicontinuous, and thus the operator T.u; v/ is
completely continuous.

Finally, it will be shown that the set NE D f.u; v/ 2 X � Yj.u; v/ D �T.u; v/,
0 � � � 1g is bounded. Let .u; v/ 2 NE ; then .u; v/ D �T.u; v/: For any t 2 Œ1; e�;
we have

u.t/ D �T1.u; v/.t/; v.t/ D �T2.u; v/.t/:
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Then

ju.t/j �
(

1

� .˛ C 1/
C 1

jAj

 
.log �1/C˛

� . C ˛ C 1/
C 1

� .˛ C 1/

!)
.k0 C k1kuk C k2kvk/

and

jv.t/j �
(

1

� .ˇ C 1/
C 1

jBj

 
.log �2/Cˇ

� . C ˇ C 1/
C 1

� .ˇ C 1/

!)
.�0 C �1kuk C �2kvk/:

Hence, we have

kuk � M1.k0 C k1kuk C k2kvk/

and

kvk � M2.�0 C �1kuk C �2kvk/;

which imply that

kuk C kvk � .M1k0 C M2�0/C .M1k1 C M2�1/kuk C .M1k2 C M2�2/kvk:

Consequently,

k.u; v/k � M1k0 C M2�0

M0

;

for any t 2 Œ1; e�; where M0 is defined by

M0 D minf1 � .M1k1 C M2�1/; 1 � .M1k2 C M2�2/g; ki; �i � 0 .i D 1; 2/:

This proves that NE is bounded. Thus, by Theorem 1.3, the operator T has at least
one fixed point. Hence the system (6.1) has at least one solution on Œ1; e�. The proof
is complete. �

In the second result, we prove the uniqueness of solutions for the system (6.1)
via Banach’s contraction mapping principle.

Theorem 6.2 Assume that:

(6.2.1) f ; g W Œ1; e� � R
2 ! R are continuous functions, and there exist positive

constants mi; ni; i D 1; 2 such that for all t 2 Œ1; e� and ui; vi 2 R; i D 1; 2;

jf .t; u1; u2/ � f .t; v1; v2/j � m1ju1 � v1j C m2ju2 � v2j
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and

jg.t; u1; u2/ � g.t; v1; v2/j � n1ju1 � v1j C n2ju2 � v2j:

Then the system (6.1) has a unique solution on Œ1; e� if

M1.m1 C m2/C M2.n1 C n2/ < 1;

where M1 and M2 are given by (6.8) and (6.9) respectively.

Proof Define supt2Œ1;e� f .t; 0; 0/ D N1 < 1 and supt2Œ1;e� g.t; 0; 0/ D N2 < 1; and
choose

r � N1M1 C N2M2

1 � M1.m1 C m2/ � M2.n1 C n2/
:

We show that TBr � Br; where Br D f.u; v/ 2 X � Y W k.u; v/k � rg and the
operator T is given by (6.7).

For .u; v/ 2 Br; we have

jT1.u; v/.t/j

� max
t2Œ1;e�

(
1

� .˛/

Z t

1

�
log

t

s

�˛�1 jf .s; u.s/; v.s//j
s

ds

C 1

jAj

"
1

� . C ˛/

Z �1

1

�
log

�1

s

�C˛�1 jf .s; u.s/; v.s//j
s

ds

C 1

� .˛/

Z e

1

�
log

e

s

�˛�1 jf .s; u.s/; v.s//j
s

ds

#)

� max
t2Œ1;e�

(
1

� .˛/

Z t

1

�
log

t

s

�˛�1
�jf .s; u.s/; v.s// � f .s; 0; 0/

ˇ̌C ˇ̌
f .s; 0; 0/j�

s
ds

C 1

jAj

"
1

� . C ˛/

Z �1

1

�
log

�1

s

�C˛�1
�jf .s; u.s/; v.s// � f .s; 0; 0/

ˇ̌C ˇ̌
f .s; 0; 0/j�

s
ds

C 1

� .˛/

Z e

1

�
log

e

s

�˛�1
�jf .s; u.s/; v.s// � f .s; 0; 0/

ˇ̌C ˇ̌
f .s; 0; 0/j�

s
ds

#)

�
(

1

� .˛ C 1/
C 1

jAj

 
.log �1/C˛

� . C ˛ C 1/
C 1

� .˛ C 1/

!)
.m1kuk C m2kvk C N1/

� M1Œ.m1 C m2/r C N1�:
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Hence

kT1.u; v/k � M1Œ.m1 C m2/r C N1�:

In the same way, we can obtain

kT2.u; v/k � M2Œ.n1 C n2/r C N2�:

In consequence, we have kT.u; v/k � r:
Now for .u2; v2/; .u1; v1/ 2 X � Y; and for any t 2 Œ1; e�; we get

jT1.u2; v2/.t/ � T1.u1; v1/.t/j

� 1

� .˛/

Z t

1

�
log

t

s

�˛�1 jf .s; u2.s/; v2.s// � f .s; u1.s/; v1.s//j
s

ds

C 1

jAj

"
1

� . C ˛/

Z �1

1

�
log

�1

s

�C˛�1 jf .s; u2.s/; v2.s// � f .s; u1.s/; v1.s//j
s

ds

C 1

� .˛/

Z e

1

�
log

e

s

�˛�1 jf .s; u2.s/; v2.s// � f .s; u1.s/; v1.s//j
s

ds

#

�
(

1

� .˛ C 1/
C 1

jAj

 
.log �1/C˛

� . C ˛ C 1/
C 1

� .˛ C 1/

!)
.m1ju2 � u1j C m2jv2 � v1j/

� M1.m1ku2 � u1k C m2kv2 � v1k/
� M1.m1 C m2/.ku2 � u1k C kv2 � v1k/;

and consequently, we obtain

kT1.u2; v2/ � T1.u1; v1/k � M1.m1 C m2/.ku2 � u1k C kv2 � v1k/: (6.10)

Similarly, one can find that

kT2.u2; v2/ � T2.u1; v1/k � M2.n1 C n2/.ku2 � u1k C kv2 � v1k/: (6.11)

Thus it follows from (6.10) and (6.11) that

kT.u2; v2/� T.u1; v1/k � ŒM1.m1 C m2/C M2.n1 C n2/�.ku2 � u1k C kv2 � v1k/:

Since M1.m1 C m2/C M2.n1 C n2/ < 1; T is a contraction. So, by Banach’s fixed
point theorem, the operator T has a unique fixed point, which is the unique solution
of problem (6.1). This completes the proof. �
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Example 6.1 Consider the following system of Hadamard differential equations and
integral boundary conditions

8̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂:

D3=2x.t/ D 1

4.t C 2/2
ju.t/j

1C ju.t/j C 1C 1

32
sin2 v.t/; t 2 Œ1; e�;

D3=2x.t/ D 1

32�
sin.2�u.t//C jv.t/j

16.1C jv.t/j/ C 1

2
; t 2 Œ1; e�;

u.1/ D 0; u.e/ D I3=2u.2/;
v.1/ D 0; v.e/ D I3=2v.5=2/:

(6.12)

Here ˛ D 3=2; ˇ D 3=2;  D 3=2; �1 D 2; �2 D 5=2; f .t; u; v/ D
1

4.t C 2/2
juj

1C juj C1C 1

32
sin2 v and g.t; u; v/ D 1

32�
sin.2�u/C jvj

16.1C jvj/C 1

2
:

With the given data, we find that A 	 1:27;B 	 1:59;

jf .t; u1; u2/ � f .t; v1; v2/j � 1

16
ju1 � u2j C 1

16
jv1 � v2j;

jg.t; u1; u2/ � g.t; v1; v2/j � 1

16
ju1 � u2j C 1

16
jv1 � v2j;

and

M1.m1 C m2/C M2.n1 C n2/ 	 0:43 < 1:

Thus all the conditions of Theorem 6.2 are satisfied and consequently, its conclusion
applies to the problem (6.12).

6.3 A Coupled System of Riemann-Liouville Fractional
Differential Equations with Coupled and Uncoupled
Hadamard Fractional Integral Boundary Conditions

In this section, we investigate the existence of solutions for a coupled system of
Riemann-Liouville fractional differential equations supplemented with coupled and
uncoupled Hadamard fractional integral boundary conditions.

6.3.1 Coupled Integral Boundary Conditions Case

Consider a boundary value problem of coupled nonlinear Riemann-Liouville frac-
tional differential equations and nonlocal coupled Hadamard fractional integral
boundary conditions of the form
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8̂
ˆ̂̂̂
ˆ̂̂<
ˆ̂̂̂
ˆ̂̂̂
:

RLDqx.t/ D f .t; x.t/; y.t//; t 2 Œ0;T�; 1 < q � 2;

RLDpy.t/ D g.t; x.t/; y.t//; t 2 Œ0;T�; 1 < p � 2;

x.0/ D 0; x.T/ D
nX

iD1
˛iHI�i y.�i/;

y.0/ D 0; y.T/ D
mX

jD1
ˇjHIj x.�j/;

(6.13)

where RLDq; RLDp are the standard Riemann-Liouville fractional derivatives of
orders q; p, HI�i ; HIj are the Hadamard fractional integrals of orders �i; j > 0,
�i; �j 2 .0;T/, f ; g W Œ0;T� � R

2 ! R and ˛i; ˇj 2 R, i D 1; 2; : : : ; n; j D
1; 2; : : : ;m, are real constants such that

nX
iD1

˛i�
p�1
i

.p � 1/�i

mX
jD1

ˇj�
q�1
j

.q � 1/j
¤ TqCp�2:

Lemma 6.2 Given 	; 2 C.Œ0;T�;R/; the solution of the problem

8̂
ˆ̂̂̂
ˆ̂̂<
ˆ̂̂̂
ˆ̂̂̂
:

RLDqx.t/ D 	.t/; t 2 Œ0;T�; 1 < q � 2;

RLDpy.t/ D  .t/; t 2 Œ0;T�; 1 < p � 2;

x.0/ D 0; x.T/ D
nX

iD1
˛iHI�i y.�i/;

y.0/ D 0; y.T/ D
mX

jD1
ˇjHIj x.�j/;

(6.14)

is equivalent to the integral equations

x.t/ D RLIq	.t/ � tq�1

˝

"
nX

iD1

˛i�
p�1
i

.p � 1/�i

 
mX

jD1
ˇjHIj

RLIq	.�j/ � RLIp .T/

!

CTp�1
 

nX
iD1

˛iHI�i
RLIp .�i/ � RLIq	.T/

!#
;

(6.15)
and

y.t/ D RLIp .t/ � tp�1

˝

"
mX

jD1

ˇj�
q�1
j

.q � 1/j

 
nX

iD1
˛iHI�i

RLIp .�i/ � RLIq	.T/

!

CTq�1
 

mX
jD1

ˇjHIj
RLIq	.�j/ � RLIp .T/

!#
;

(6.16)
where

˝ WD
nX

iD1

˛i�
p�1
i

.p � 1/�i

mX
jD1

ˇj�
q�1
j

.q � 1/j
� TqCp�2 ¤ 0: (6.17)
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Proof Using Lemmas 1.4 and 1.5, the equations in (6.14) can be expressed into
equivalent integral equations:

x.t/ D RLIq	.t/ � c1t
q�1 � c2t

q�2; (6.18)

y.t/ D RLIp .t/ � d1t
p�1 � d2t

p�2; (6.19)

for c1; c2; d1; d2 2 R. The conditions x.0/ D 0; y.0/ D 0 imply that c2 D 0; d2 D 0:

Taking the Hadamard fractional integral of order �i > 0 of (6.18) and j > 0

of (6.19) and using the property of the Hadamard fractional integral given in
Lemma 1.6, we get the system

RLIq	.T/ � c1T
q�1 D

nX
iD1

˛iHI�i
RLIp .�i/ � d1

nX
iD1

˛i�
p�1
i

.p � 1/�i
;

RLIp .T/ � d1T
p�1 D

mX
jD1

ˇjHIj
RLIq	.�j/ � c1

mX
jD1

ˇj�
q�1
j

.q � 1/j
;

which, on solving for c1 and d1, yields

c1 D 1

˝

"
nX

iD1

˛i�
p�1
i

.p � 1/�i

 
mX

jD1
ˇjHIj

RLIq	.�j/ � RLIp .T/

!

CTp�1
 

nX
iD1

˛iHI�i
RLIp .�i/ � RLIq	.T/

!#

and

d1 D 1

˝

"
mX

jD1

ˇj�
q�1
j

.q � 1/j

 
nX

iD1
˛iHI�i

RLIp .�i/ � RLIq	.T/

!

CTq�1
 

mX
jD1

ˇjHIj
RLIq	.�j/ � RLIp .T/

!#
:

Substituting the values of c1; c2; d1 and d2 in (6.18) and (6.19), we obtain (6.15)
and (6.16). The converse follows by direct computation. This completes the proof.

�

Throughout this subsection, we use the notations:

RLIwh.s; x.s/; y.s//.v/ D 1

� .w/

Z v

0

.v � s/w�1h.s; x.s/; y.s//ds;
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and

HIu
RLIwh.s; x.s/; y.s//.v/

D 1

� .u/� .w/

Z v

0

Z t

0

�
log

v

t

�u�1
.t � s/w�1h.s; x.s/; y.s//ds

dt

t
;

where u 2 f�i; jg, v 2 ft;T; �i; �jg, w D fp; qg and h D ff ; gg, i D 1; 2; : : : ; n,
j D 1; 2; : : : ;m.

Denote by X D fu.t/ju.t/ 2 C.Œ0;T�;R/g the Banach space endowed with the
norm kuk D maxfju.t/j; t 2 Œ0;T�g and similarly we can define a Banach space Y:
In view of Lemma 6.2, we define an operator T W X � Y ! X � Y by

T .x; y/.t/ D
�
T1.x; y/.t/
T2.x; y/.t/

�
; (6.20)

where

T1.x; y/.t/

D RLIqf .s; x.s/; y.s//.t/

� tq�1

˝

"
nX

iD1

˛i�
p�1
i

.p � 1/�i

 
mX

jD1

ˇjHIj
RLIqf .s; x.s/; y.s//.�j/ � RLIpg.s; x.s/; y.s//.T/

!

CTp�1

 
nX

iD1

˛iHI�i
RLIpg.s; x.s/; y.s//.�i/ � RLIqf .s; x.s/; y.s//.T/

!#
;

and

T2.x; y/.t/

D RLIpg.s; x.s/; y.s//.t/

� tp�1

˝

"
mX

jD1

ˇj�
q�1
j

.q � 1/j

 
nX

iD1

˛iHI�i
RLIpg.s; x.s/; y.s//.�i/ � RLIqf .s; x.s/; y.s//.T/

!

CTq�1

 
mX

jD1

ˇjHIj
RLIqf .s; x.s/; y.s//.�j/ � RLIpg.s; x.s/; y.s//.T/

!#
:

For computational convenience, we set

OM1 D Tq

� .q C 1/
C Tq�1

j˝j� .q C 1/

nX
iD1

j˛ij�p�1
i

.p � 1/�i

mX
jD1

jˇjj�q
j

qj
C T2qCp�2

j˝j� .q C 1/
;

(6.21)
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OM2 D TqCp�1

j˝j� .p C 1/

nX
iD1

j˛ij�p�1
i

.p � 1/�i
C TqCp�2

j˝j� .p C 1/

nX
iD1

j˛ij�p
i

p�i
; (6.22)

OM3 D TqCp�1

j˝j� .q C 1/

mX
jD1

jˇjj�q�1
j

.q � 1/j
C TqCp�2

j˝j� .q C 1/

mX
jD1

jˇjj�q
j

qj
; (6.23)

OM4 D Tp

� .p C 1/
C Tp�1

j˝j� .p C 1/

nX
iD1

j˛ij�p
i

p�i

mX
jD1

jˇjj�q�1
j

.q � 1/j
C TqC2p�2

j˝j� .p C 1/
:

(6.24)

The first result is concerned with the existence and uniqueness of solutions for
the problem (6.13) and is based on Banach’s contraction mapping principle.

Theorem 6.3 Assume that (6.2.1) holds. In addition, assume that

. OM1 C OM3/.m1 C m2/C . OM2 C OM4/.n1 C n2/ < 1;

where OMi; i D 1; 2; 3; 4 are given by (6.21)–(6.24). Then the system (6.13) has a
unique solution on Œ0;T�:

Proof Define supt2Œ0;T� f .t; 0; 0/ D N1 < 1 and supt2Œ0;T� g.t; 0; 0/ D N2 < 1 and
choose a positive number r such that

r � . OM1 C OM3/N1 C . OM2 C OM4/N2

1 � . OM1 C OM3/.m1 C m2/ � . OM2 C OM4/.n1 C n2/
: (6.25)

Now we show that T Br � Br; where Br D f.x; y/ 2 X � Y W k.x; y/k � rg and the
operator T is defined by (6.20).

For .x; y/ 2 Br; we have

jT1.x; y/.t/j

D sup
t2Œ0;T�

(
RLIqf .s; x.s/; y.s//.t/ � tq�1

˝

"
nX

iD1

˛i�
p�1
i

.p � 1/�i

�
 

mX
jD1

ˇjHIj
RLIqf .s; x.s/; y.s//.�j/ � RLIpg.s; x.s/; y.s//.T/

!

CTp�1

 
nX

iD1

˛iHI�i
RLIpg.s; x.s/; y.s//.�i/ � RLIqf .s; x.s/; y.s//.T/

!#)

� RLIq.jf .s; x.s/; y.s// � f .s; 0; 0/j C jf .s; 0; 0/j/.T/

CTq�1

j˝j

"
nX

iD1

j˛ij�p�1
i

.p � 1/�i

 
mX

jD1

jˇjjHIj
RLIq.jf .s; x.s/; y.s// � f .s; 0; 0/j
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Cjf .s; 0; 0/j/.�j/C RLIp.jg.s; x.s/; y.s// � g.s; 0; 0/j C jg.s; 0; 0/j/.T/
!

CTp�1

 
nX

iD1

j˛ijHI�i
RLIp.jg.s; x.s/; y.s// � g.s; 0; 0/j C jg.s; 0; 0/j/.�i/

CRLIq.jf .s; x.s/; y.s// � f .s; 0; 0/j C jf .s; 0; 0/j/.T/
!#

� RLIq.m1kxk C m2kyk C N1/.T/C Tq�1

j˝j

"
nX

iD1

j˛ij�p�1
i

.p � 1/�i

�
 

mX
jD1

jˇjjHIj
RLIq.m1kxk C m2kyk C N1/.�j/C RLIp.n1kxk C n2kyk C N2/.T/

!

CTp�1

 
nX

iD1

j˛ijHI�i
RLIp.n1kxk C n2kyk C N2/.�i/

CRLIq.m1kxk C m2kyk C N1/.T/

!#

D .m1kxk C m2kyk C N1/

"
RLIq.1/.T/C Tq�1

j˝j
nX

iD1

j˛ij�p�1
i

.p � 1/�i

mX
jD1

jˇjjHIj
RLIq.1/.�j/

CTqCp�2

j˝j RLIq.1/.T/

#
C .n1kxk C n2kyk C N2/

"
Tq�1

j˝j
nX

iD1

j˛ij�p�1
i

.p � 1/�i
RLIp.1/.T/

CTqCp�2

j˝j
nX

iD1

j˛ijHI�i
RLIp.1/.�i/

#

D .m1kxk C m2kyk C N1/

"
Tq

� .q C 1/
C Tq�1

j˝j� .q C 1/

nX
iD1

j˛ij�p�1
i

.p � 1/�i

mX
jD1

jˇjj�q
j

qj

C T2qCp�2

j˝j� .q C 1/

#
C .n1kxk C n2kyk C N2/

"
TqCp�1

j˝j� .p C 1/

nX
iD1

j˛ij�p�1
i

.p � 1/�i

C TqCp�2

j˝j� .p C 1/

nX
iD1

j˛ij�p
i

p�i

#

D OM1.m1kxk C m2kyk C N1/C OM2.n1kxk C n2kyk C N2/

D . OM1m1 C OM2n1/kxk C . OM1m2 C OM2n2/kyk C OM1N1 C OM2N2

� . OM1m1 C OM2n1 C OM1m2 C OM2n2/r C OM1N1 C OM2N2:
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Hence

kT1.x; y/k � Œ OM1.m1 C m2/C OM2.n1 C n2/�r C OM1N1 C OM2N2:

In a similar manner, we can obtain

kT2.x; y/k � Œ OM3.m1 C m2/C OM4.n1 C n2/�r C OM3N1 C OM4N2:

Consequently, kT .x; y/k � r by (6.25).
Now for .x2; y2/; .x1; y1/ 2 X � Y; and for any t 2 Œ0;T�; we get

jT1.x2; y2/.t/ � T1.x1; y1/.t/j
� RLIqjf .s; x2.s/; y2.s// � f .s; x1.s/; y1.s//j.T/

CTq�1

˝

"
nX

iD1

˛i�
p�1
i

.p � 1/�i

 
mX

jD1

ˇjHIj
RLIqjf .s; x2.s/; y2.s// � f .s; x1.s/; y1.s//j.�j/

CRLIpjg.s; x2.s/; y2.s// � g.s; x1.s/; y1.s//j.T/
!

CTp�1

 
nX

iD1

˛i HI�i
RLIpjg.s; x2.s/; y2.s// � g.s; x1.s/; y1.s//j.�i/

CRLIqjf .s; x2.s/; y2.s// � f .s; x1.s/; y1.s//j.T/
!#

� .m1kx2 � x1k C m2ky2 � y1k/
"

Tq

� .q C 1/
C Tq�1

j˝j� .q C 1/

nX
iD1

j˛ij�p�1
i

.p � 1/�i

mX
jD1

jˇjj�q
j

qj

C T2qCp�2

j˝j� .q C 1/

#
C .n1kx2 � x1k C n2ky2 � y1k/

"
TqCp�1

j˝j� .p C 1/

nX
iD1

j˛ij�p�1
i

.p � 1/�i

C TqCp�2

j˝j� .p C 1/

nX
iD1

j˛ij�p
i

p�i

#

D OM1.m1kx2 � x1k C m2ky2 � y1k/C OM2.n1kx2 � x1k C n2ky2 � y1k/
D . OM1m1 C OM2n1/kx2 � x1k C . OM1m2 C OM2n2/ky2 � y1k:

Thus we have

kT1.x2; y2/�T1.x1; y1/k � . OM1m1C OM2n1C OM1m2C OM2n2/Œkx2�x1kCky2�y1k�:
(6.26)
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Similarly, we can find that

kT2.x2; y2/�T2.x1; y1/k � . OM3m1C OM4n1CM3m2C OM4n2/Œkx2�x1kCky2�y1k�:
(6.27)

Hence it follows from (6.26) and (6.27) that

kT .x2; y2/�T .x1; y1/k � Œ. OM1C OM3/.m1Cm2/C. OM2C OM4/.n1Cn2/�.kx2�x1kCky2�y1k/:

Since . OM1 C OM3/.m1 C m2/ C . OM2 C OM4/.n1 C n2/ < 1; the operator T is a
contraction. So, by Banach’s fixed point theorem, the operator T has a unique fixed
point, which corresponds to the unique solution of problem (6.13). This completes
the proof. �

Example 6.2 Consider the following system of coupled Riemann-Liouville frac-
tional differential equations with Hadamard type fractional integral boundary
conditions
8̂
ˆ̂̂̂
ˆ̂̂̂
<
ˆ̂̂̂
ˆ̂̂̂
:̂

RLD3=2x.t/ D et2

.t C 7/2
jx.t/j

.1C jx.t/j/ C sin2.2� t/

.3et C 1/2
jy.t/j

.1C jy.t/j/ C 1

3
; t 2 Œ0; 2�;

RLD5=4y.t/ D 1

25
cos x.t/C 1

.t C 6/2
sin y.t/C 1; t 2 Œ0; 2�;

x.0/ D 0; x.2/ D 3

2
HI1=3y.2=3/C p

2HI3=7y.4=3/;

y.0/ D 0; y.2/ D p
3HI1=4x.1=2/C 1

2
HI4=7x.1/C 2HI7=10x.3=2/:

(6.28)

Here q D 3=2; p D 5=4; n D 2;m D 3;T D 2; ˛1 D 3=2; ˛2 D p
2, ˇ1 D p

3,
ˇ2 D 1=2; ˇ3 D 2; �1 D 1=3; �2 D 3=7; 1 D 1=4; 2 D 4=7; 3 D 7=10; �1 D
2=3; �2 D 4=3; �1 D 1=2; �2 D 1; �3 D 3=2;

f .t; x; y/ D .et2 jxj/=...t C7/2/.1Cjxj//C .sin2.2� t/jyj/=...3et C1/2/.1Cjyj//C .1=3/

and

g.t; x; y/ D .cos x=25/C .sin y/=..t C 6/2/C 1:

Obviously

jf .t; x1; x2/ � f .t; x2; y2/j � ..1=49/jx1 � y1j C .1=16/jx2 � y2j/

and

jg.t; x1; y1/ � g.t; x2; y2/j � ..1=25/jx1 � y1j C .1=36/jx2 � y2j/:
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Using the given data, we find that ˝ 	 28:62075873 ¤ 0; m1 D 1=49; m2 D
1=16; n1 D 1=25; n2 D 1=36; OM1 ' 2:930183476; OM2 ' 0:64772127; OM3 '
0:7389741995; OM4 ' 2:829885649; and

. OM1 C OM3/.m1 C m2/C . OM2 C OM4/.n1 C n2/ ' 0:5399075928 < 1:

Thus all the conditions of Theorem 6.3 are satisfied. Therefore, by the conclusion
of Theorem 6.3, the problem (6.28) has a unique solution on Œ0; 2�:

In the next result, we prove the existence of solutions for the problem (6.13) by
applying Leray-Schauder alternative.

Theorem 6.4 Suppose that (6.1.1) holds. In addition it is assumed that

. OM1 C OM3/k1 C . OM2 C OM4/�1 < 1 and . OM1 C OM3/k2 C . OM2 C OM4/�2 < 1;

where OMi; i D 1; 2; 3; 4 are given by (6.21)–(6.24). Then there exists at least one
solution for the system (6.13) on Œ0;T�:

Proof First, we show that the operator T W X � Y ! X � Y defined by (6.20)
is completely continuous. By continuity of functions f and g; the operator T is
continuous.

Let � � X � Y be bounded. Then there exist positive constants P1 and P2 such
that

jf .t; x.t/; y.t//j � P1; jg.t; x.t/; y.t//j � P2; 8.x; y/ 2 �:

Then, for any .x; y/ 2 �; we have

kT1.x; y/.t/k

� RLIqjf .s; x.s/; y.s//j.T/C Tq�1

j˝j

"
nX

iD1

j˛ij�p�1
i

.p � 1/�i

�
 

mX
jD1

jˇjjHIj
RLIqjf .s; x.s/; y.s//j.�j/C RLIpjg.s; x.s/; y.s//j.T/

!

CTp�1
 

nX
iD1

j˛ijHI�i
RLIpjg.s; x.s/; y.s//j.�i/C RLIqjf .s; x.s/; y.s//j.T/

!#

�
 

TqCp�1

j˝j� .p C 1/

nX
iD1

j˛ij�p�1
i

.p � 1/�i
C TqCp�2

j˝j� .p C 1/

nX
iD1

j˛ij�p
i

p�i

!
P2

C
 

Tq

� .q C 1/
C Tq�1

j˝j� .q C 1/

nX
iD1

j˛ij�p�1
i

.p � 1/�i

mX
jD1

jˇjj�q
j

qj
C T2qCp�2

j˝j� .q C 1/

!
P1;
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which implies that

kT1.x; y/k

�
 

TqCp�1

j˝j� .p C 1/

nX
iD1

j˛ij�p�1
i

.p � 1/�i
C TqCp�2

j˝j� .p C 1/

nX
iD1

j˛ij�p
i

p�i

!
P2

C
 

Tq

� .q C 1/
C Tq�1

j˝j� .q C 1/

nX
iD1

j˛ij�p�1
i

.p � 1/�i

mX
jD1

jˇjj�q
j

qj
C T2qCp�2

j˝j� .q C 1/

!
P1

D OM2P2 C OM1P1:

Similarly, we get

kT2.x; y/k

�
 

Tp

� .p C 1/
C Tp�1

j˝j� .p C 1/

nX
iD1

j˛ij�p
i

p�i

mX
jD1

jˇjj�q�1
j

.q � 1/j
C TqC2p�2

j˝j� .p C 1/

!
L2

C
 

TqCp�1

j˝j� .q C 1/

mX
jD1

jˇjj�q�1
j

.q � 1/j
C TqCp�2

j˝j� .p C 1/

mX
jD1

jˇjj�q
j

qj

!
L1

D OM4P2 C OM3P1:

Thus, it follows from the above inequalities that the operator T is uniformly
bounded.

Next, we show that the operator T is equicontinuous. Let t1; t2 2 Œ0;T� with
t1 < t2: Then, we have

jT1.x.t2/; y.t2// � T1.x.t1/; y.t1//j

� 1

� .q/

Z t1

0

j.t2 � s/q�1 � .t1 � s/q�1jjf .s; x.s/; y.s//jds

C 1

� .q/

Z t2

t1

.t2 � s/q�1jf .s; x.s/; y.s//jds C tq�1
2 � tq�1

1

j˝j

"
nX

iD1

j˛ij�p�1
i

.p � 1/�i

�
 

mX
jD1

jˇjjHIj
RLIqjf .s; x.s/; y.s//j.�j/C RLIpjg.s; x.s/; y.s//j.T/

!

CTp�1
 

nX
iD1

j˛ijHI�i
RLIpjg.s; x.s/; y.s//j.�i/C RLIqjf .s; x.s/; y.s//j.T/

!#

� P1
� .q C 1/

Œ2.t2 � t1/
q C jtq

2 � tq
1j�
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C tq�1
2 � tq�1

1

j˝j

"
nX

iD1

j˛ij�p�1
i

.p � 1/�i

 
P1

� .q C 1/

mX
jD1

jˇjj�q
j

qj
C Tp

� .p C 1/
P2

!

CTp�1
 

P2
� .p C 1/

nX
iD1

j˛ij�p
i

p�i
C Tq

� .q C 1/
P1

!#
:

Analogously, we can obtain

jT2.x.t2/; y.t2// � T2.x.t1/; y.t1//j

� P2
� .p C 1/

Œ2.t2 � t1/
p C jtp

2 � tp
1j�

C tq�1
2 � tq�1

1

j˝j

"
mX

jD1

jˇjj�q�1
j

.q � 1/j

 
P2

� .p C 1/

nX
iD1

j˛ij�p
i

p�i
C Tq

� .q C 1/
P1

!

CTq�1
 

P1
� .q C 1/

mX
jD1

jˇjj�q
j

qj
C Tp

� .p C 1/
P2

!#
:

Therefore, the operator T .x; y/ is equicontinuous, and hence it is completely
continuous.

Finally, it will be verified that the set NE D f.x; y/ 2 X � Yj.x; y/ D �T .x; y/,
0 � � � 1g is bounded. Let .x; y/ 2 NE ; then .x; y/ D �T .x; y/: For any t 2 Œ0;T�;
we have

x.t/ D �T1.x; y/.t/; y.t/ D �T2.x; y/.t/:

Then

jx.t/j � .k0 C k1kxk C k2kyk/
 

Tq

� .q C 1/
C Tq�1

j˝j� .q C 1/

nX
iD1

j˛ij�p�1
i

.p � 1/�i

mX
jD1

jˇjj�q
j

qj

C T2qCp�2

j˝j� .q C 1/

!
C .�0 C �1kxk C �2kyk/

 
TqCp�1

j˝j� .p C 1/

nX
iD1

j˛ij�p�1
i

.p � 1/�i

C TqCp�2

j˝j� .p C 1/

nX
iD1

j˛ij�p
i

p�i

!

and

jy.t/j � .�0 C �1kxk C �2kyk/
 

Tp

� .p C 1/
C Tp�1

j˝j� .p C 1/

nX
iD1

j˛ij�p
i

p�i

mX
jD1

jˇjj�q�1
j

.q � 1/j
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C TqC2p�2

j˝j� .p C 1/

!
C .k0 C k1kxk C k2kyk/

 
TqCp�1

j˝j� .q C 1/

mX
jD1

jˇjj�q�1
j

.q � 1/j

C TqCp�2

j˝j� .q C 1/

mX
jD1

jˇjj�q
j

qj

!
:

In consequence, we get

kxk � .k0 C k1kxk C k2kyk/ OM1 C .�0 C �1kxk C �2kyk/ OM2

and

kyk � .k0 C k1kxk C k2kyk/ OM3 C .�0 C �1kxk C �2kyk/ OM4;

which imply that

kxk C kyk � . OM1 C OM3/k0 C . OM2 C OM4/�0 C Œ. OM1 C OM3/k1 C . OM2 C OM4/�1�kxk
CŒ. OM1 C OM3/k2 C . OM2 C OM4/�2�kyk:

Consequently,

k.x; y/k � . OM1 C OM3/k0 C . OM2 C OM4/�0

OM0

;

where

OM0 D minf1 � . OM1 C OM3/k1 � . OM2 C OM4/�1; 1 � . OM1 C OM3/k2 � . OM2 C OM4/�2g;
ki; �i � 0 .i D 1; 2/; which shows that NE is bounded. Thus, by Theorem 1.3, the
operator T has at least one fixed point. Hence the system (6.13) has at least one
solution on Œ0;T�: The proof is complete. �

Example 6.3 Consider the following system of coupled Riemann-Liouville frac-
tional differential equations supplemented with Hadamard type fractional integral
boundary conditions

8̂
ˆ̂̂̂
ˆ̂̂̂
<
ˆ̂̂̂
ˆ̂̂̂
:̂

RLD
p
2x.t/ D 1C

p
2

81
x.t/ cos y.t/C

p
3

36�
y.t/; t 2 Œ0; ��;

RLD
p
3y.t/ D 3

2
C

p
3

64�
sin x.t/C 1

63�
y.t/; t 2 Œ0; ��;

x.0/ D 0; x.�/ D
p
3

2
HI1=2y.�=4/C 2

17
HI2=3y.�=3/C 4

9
HI3=4y.�=2/;

y.0/ D 0; y.�/ D 1

2
HI3=5x.�=6/C

p
5

14
HI5=6x.�=3/:

(6.29)
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Here q D p
2; p D p

3; n D 3;m D 2;T D �; ˛1 D p
3=2; ˛2 D 2=17,

˛3 D 4=9, ˇ1 D 1=2; ˇ2 D p
5=14; �1 D 1=2; �2 D 2=3; �3 D 3=4, 1 D 3=5,

2 D 5=6; �1 D �=4; �2 D �=3; �3 D �=2; �1 D �=6; �2 D �=3; f .t; x; y/ D
1C .

p
2x cos y/=.81/C .

p
3y/=.36�/ and g.t; x; y/ D .3=2/C .

p
3 sin x/=.64�/C

.y/=.63/: By using computer program, we get ˝ 	 �1:955428761 ¤ 0: Since
jf .t; x; y/j � k0 C k1jxj C k2jyj; jg.t; x; y/j � �0 C �1jxj C �2jyj; where k0 D
1; k1 D p

2=81; k2 D p
3=36�; �0 D 3=2; �1 D p

3=64�; �2 D 1=63� , it is
found that OM1 ' 12:01088124; OM2 ' 8:095664081; OM3 ' 5:051706267; OM4 '
14:14407333: Furthermore, . OM1 C OM3/k1 C . OM2 C OM4/�1 	 0:6297371340 < 1;

and . OM1 C OM3/k2 C . OM2 C OM4/�2 	 0:3736753802 < 1: Thus all the conditions of
Theorem 6.4 hold true and consequently the conclusion of Theorem 6.4, applies to
the problem (6.29) on Œ0; ��:

6.3.2 Uncoupled Integral Boundary Conditions Case

In this subsection, we consider the following coupled system of Riemann-Liouville
fractional differential equations equipped with uncoupled Hadamard type fractional
integral boundary conditions

8̂
ˆ̂̂̂
ˆ̂̂<
ˆ̂̂̂
ˆ̂̂̂
:

RLDqx.t/ D f .t; x.t/; y.t//; t 2 Œ0;T�; 1 < q � 2;

RLDpy.t/ D g.t; x.t/; y.t//; t 2 Œ0;T�; 1 < p � 2;

x.0/ D 0; x.T/ D
nX

iD1
˛iHI�i x.�i/;

y.0/ D 0; y.T/ D
mX

jD1
ˇjHIj y.�j/:

(6.30)

Lemma 6.3 (Auxiliary Lemma) For h 2 C.Œ0;T�;R/; the solution of the problem

8̂
<
:̂

RLDqx.t/ D h.t/; 1 < q � 2; t 2 Œ0;T�;
x.0/ D 0; x.T/ D

nX
iD1

˛iHI�i x.�i/;
(6.31)

is equivalent to the following integral equation

x.t/ D RLIqh.t/ � tq�1

�

 
RLIqh.T/ �

nX
iD1

˛i.HI�i
RLIqh/.�i/

!
; (6.32)

where

� WD Tq�1 �
nX

iD1

˛i�
q�1
i

.q � 1/�i
¤ 0: (6.33)
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Similarly, one can find

y.t/ D RLIph1.t/ � tp�1

˚

0
@RLIph1.T/ �

mX
jD1

ˇjHIj
RLIph1.�j/

1
A ; (6.34)

where

˚ WD Tp�1 �
mX

jD1

ˇj�
p�1
j

.p � 1/j
¤ 0: (6.35)

Next, we define an operator T W X � Y ! X � Y by

T.x; y/.t/ D
�
T1.x; y/.t/
T2.x; y/.t/

�
;

where

T1.x; y/.t/ D RLIqf .s; x.s/; y.s//.t/

� tq�1

�

 
RLIqf .s; x.s/; y.s//.T/ �

nX
iD1

˛iHI�i
RLIqf .s; x.s/; y.s//.�i/

!
;

and

T2.x; y/.t/ D RLIpg.s; x.s/; y.s//.t/

� tp�1

˚

0
@RLIpg.s; x.s/; y.s//.T/ �

mX
jD1

ˇjHIj
RLIpg.s; x.s/; y.s//.�j/

1
A ;

with � and ˚ respectively given by (6.33) and (6.35).
In the sequel, we set

ı1 D Tq

� .q C 1/
C T2q�1

j�j� .q C 1/
C Tq�1

j�j� .q C 1/

nX
iD1

j˛ij�q
i

q�i
; (6.36)

ı2 D Tp

� .p C 1/
C T2p�1

j˚ j� .p C 1/
C Tp�1

j˚ j� .p C 1/

mX
jD1

jˇjj�p
j

pj
: (6.37)

Now, we present the existence and uniqueness result for the problem (6.30). We
do not provide the proof of this result as it is similar to that of Theorem 6.3.
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Theorem 6.5 Assume that f ; g W Œ0;T� � R
2 ! R are continuous functions and

there exist positive constants Nmi; Nni; i D 1; 2 such that for all t 2 Œ0;T� and xi; yi 2
R; i D 1; 2;

jf .t; x1; x2/ � f .t; y1; y2/j � Nm1jx1 � y1j C Nm2jx2 � y2j

and

jg.t; x1; x2/ � g.t; y1; y2/j � Nn1jx1 � y1j C Nn2jx2 � y2j:

In addition, it is assumed that

ı1. Nm1 C Nm2/C ı2.Nn1 C Nn2/ < 1;

where ı1 and ı2 are given by (6.36) and (6.37) respectively. Then the system (6.30)
has a unique solution on Œ0;T�:

Example 6.4 Consider the following system of coupled Riemann-Liouville frac-
tional differential equations with uncoupled Hadamard type fractional integral
boundary conditions

8̂
ˆ̂̂̂
ˆ̂̂<
ˆ̂̂̂
ˆ̂̂̂
:

RLD7=6x.t/ D e�t

.5C t/2
jx.t/j

jx.t/j C 1
C 1

.et C 3/2
jy.t/j

jy.t/j C 1
C �

2
; t 2 Œ0; 3�;

RLD
p
5=2y.t/ D 4jx.t/j

33.t C 1/2
C 2 sin y.t/

17.et C 1/
C p

3; t 2 Œ0; 3�;

x.0/ D 0; x.3/ D 1

6
HI

p
2x.1=2/ � 1

5
HI3=4x.1/C 2

9
HI

p
5x.3=2/;

y.0/ D 0; y.3/ D 3

4
HI2=3y.1=2/C 1

2
HI

p
3y.3=2/C �

2
HI5=4y.5=3/:

(6.38)

Here q D 7=6; p D p
5=2; n D 3;m D 3;T D 3; ˛1 D 1=6; ˛2 D �1=5,

˛3 D 2=9; ˇ1 D 3=4; ˇ2 D 1=2; ˇ3 D �=2; �1 D p
2; �2 D 3=4; �3 D p

5,
1 D 2=3; 2 D p

3; 3 D 5=4; �1 D 1=2; �2 D 1; �3 D 3=2; �1 D 1=2; �2 D
3=2; �3 D 5=3; f .t; x; y/ D .e�tjxj/=...5C t/2/.jxj C 1//C .jyj/=...et C 3/2/.jyj C
1//C .�=2/ and g.t; x; y/ D .4jxj/=.33..5C t/2//C .2 sin y.t//=.17.et C 1//C p

3:

Clearly jf .t; x1; y1/ � f .t; x2; y2/j � ..1=25/jx1 � x2j C .1=16/jy1 � y2j/ and
jg.t; x1; y1/ � g.t; x2; y2/j � ..4=33/jx1 � x2j C .1=17/jy1 � y2j/: Using the given
values, we find that � 	 �12:96942934 ¤ 0; ˚ 	 �47:08574657 ¤ 0; Nm1 D
1=25; Nm2 D 1=16; Nn1 D 4=33; Nn2 D 1=17; ı1 ' 3:678923396; ı2 ' 3:402792438:

Also,

ı1. Nm1 C Nm2/C ı2.Nn1 C Nn2/ 	 0:9897135986 < 1:

Thus all the conditions of Theorem 6.5 are satisfied. Therefore, by Theorem 6.5,
there exists a unique solution for the problem (6.38) on Œ0; 3�:



196 6 Hadamard Type Coupled Systems of Fractional Differential Equations

The second result, dealing with the existence of solutions for the problem (6.30),
is analogous to Theorem 6.4 and is stated below.

Theorem 6.6 Assume that there exist real constants �i; �i � 0 .i D 1; 2/ and
�0 > 0; �0 > 0 such that 8xi 2 R .i D 1; 2/;

jf .t; x1; x2/j � �0 C �1jx1j C �2jx2j;
jg.t; x1; x2/j � �0 C �1jx1j C �2jx2j:

Further suppose that

ı1�1 C ı2�1 < 1 and ı1�2 C ı2�2 < 1;

where ı1 and ı2 are given by (6.36) and (6.37) respectively. Then the system (6.30)
has at least one solution.

Proof Setting

ı0 D minf1 � .ı1�1 C ı2�1/; 1 � .ı1�2 C ı2�2/g; �i; �i � 0 .i D 1; 2/;

the proof runs parallel to that of Theorem 6.4. So, we omit it. �

6.4 Mixed Problems of Coupled Systems of
Riemann-Liouville Differential Equations and Multiple
Hadamard Integral Conditions

The aim of this section is to investigate the existence and uniqueness of solutions
for a coupled system of Riemann-Liouville fractional differential equations supple-
mented with nonlocal multiple Hadamard fractional integral conditions of the form:

8̂
ˆ̂̂̂
ˆ̂̂̂
<
ˆ̂̂̂
ˆ̂̂̂
:̂

RLDpx.t/ D f .t; x.t/; y.t//; t 2 Œ0;T�; 1 < p � 2;

RLDqy.t/ D g.t; x.t/; y.t//; t 2 Œ0;T�; 1 < q � 2;

x.0/ D 0;

�1X
iD1


iHI˛i x.�i/ D
	1X

jD1
ıjHIˇj y.�j/C K1;

y.0/ D 0;

�2X
kD1

�kHI�k x.k/ D
	2X

lD1
!lHI�l y.�l/C K2;

(6.39)

where RLDq; RLDp are the standard Riemann-Liouville fractional derivative of orders
q; p, f ; g W Œ0;T� � R

2 ! R are given continuous functions, HI˛i ; HIˇj , HI�k and



6.4 Multiple Hadamard Fractional Integral Conditions for Coupled Systems 197

HI�l are the Hadamard fractional integral of orders ˛i; ˇj; �k; �l > 0, K1;K2 2 R

are given constants, �i; �j; k; �l 2 .0;T/, and 
i; ıj; �k; !l 2 R, for �1; �2; 	1,
	2 2 N, i D 1; 2; : : : ; �1, j D 1; 2; : : : ; 	1, k D 1; 2; : : : ; �2, l D 1; 2; : : : ; 	2
are real constants such that

 
�1X

iD1


i�
p�1
i

.p � 1/˛i

! 
	2X

lD1

!l�
q�1
l

.q � 1/�l

!
¤
0
@

	1X
jD1

ıj�
q�1
j

.q � 1/ˇj

1
A
 

�2X
kD1

�k
p�1
k

.p � 1/�k

!
:

Lemma 6.4 Given 	; 2 C.Œ0;T�;R/; the problem

8̂
ˆ̂̂̂
ˆ̂̂̂
<
ˆ̂̂̂
ˆ̂̂̂
:̂

RLDpx.t/ D 	.t/; t 2 Œ0;T�; 1 < p � 2;

RLDqy.t/ D  .t/; t 2 Œ0;T�; 1 < q � 2;

x.0/ D 0;

�1X
iD1


iHI˛i x.�i/ D
	1X

jD1
ıjHIˇj y.�j/C K1;

y.0/ D 0;

�2X
kD1

�kHI�k x.k/ D
	2X

lD1
!lHI�l y.�l/C K2;

(6.40)

is equivalent to the integral equations:

x.t/ D RLIp	.t/

C tp�1

˝0

( P	2
lD1

!l�
q�1
l

.q�1/�l

 P	1
lD1 ıjHIˇj

RLIq .�j/ �P�1
iD1 
iHI˛i

RLIp	.�i/C K1

!

�
	1X

lD1

ıj�
q�1
j

.q � 1/ˇj

 
	2X

lD1
!lHI�l

RLIq .�l/ �
�2X

iD1
�kHI�k

RLIp	.k/C K2

!)
;

(6.41)
and

y.t/ D RLIq .t/

C tq�1

˝0

( P�2
iD1

�k
p�1
k

.p�1/�k

 P	1
lD1 ıjHIˇj

RLIq .�j/ �P�1
iD1 
iHI˛i

RLIp	.�i/C K1

!

�
�1X

iD1


i�
p�1
i

.p � 1/˛i

 
	2X

lD1
!lHI�l

RLIq .�l/ �
�2X

iD1
�kHI�k

RLIp	.k/C K2

!)
;

(6.42)
where

˝1 D
�1X

iD1


i�
p�1
i

.p � 1/˛i

	2X
lD1

!l�
q�1
l

.q � 1/�l
�

	1X
lD1

ıj�
q�1
j

.q � 1/ˇj

�2X
iD1

�k
p�1
k

.p � 1/�k
¤ 0: (6.43)
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Proof As argued before, the equations in (6.40) are equivalent to the integral
equations

x.t/ D RLIp	.t/C c1t
p�1 C c2t

p�2; (6.44)

y.t/ D RLIq .t/C d1t
q�1 C d2t

q�2; (6.45)

for c1; c2; d1; d2 2 R. The conditions x.0/ D 0; y.0/ D 0 imply that c2 D 0; d2 D 0:

Taking the Hadamard fractional integral of order ˛i > 0, �k > 0 of (6.44) and
ˇj > 0, �l > 0 of (6.45) and using the property of the Hadamard fractional integrals
given in Lemma 1.6, we get the system

�1X
iD1


iHI˛i
RLIp	.�i/C c1

�1X
iD1


i�
p�1
i

.p � 1/˛i
D

	1X
lD1

ıjHIˇj
RLIq .�j/C d1

	1X
lD1

ıj�
q�1
j

.q � 1/ˇj
C K1;

�2X
iD1

�kHI�k
RLIp	.k/C c1

�2X
iD1

�k
p�1
k

.p � 1/�k
D

	2X
lD1

!lHI�l
RLIq .�l/C d1

	2X
lD1

!l�
q�1
l

.q � 1/�l
C K2:

Solving the above system, we have

c1 D 1

˝1

(
	2X

lD1

!l�
q�1
l

.q � 1/�l

 
	1X

lD1
ıjHIˇj

RLIq .�j/ �
�1X

iD1

iHI˛i

RLIp	.�i/C K1

!

�
	1X

lD1

ıj�
q�1
j

.q � 1/ˇj

 
	2X

lD1
!lHI�l

RLIq .�l/ �
�2X

iD1
�kHI�k

RLIp	.k/C K2

!)

and

d1 D 1

˝1

(
�2X

iD1

�k
p�1
k

.p � 1/�k

 
	1X

lD1
ıjHIˇj

RLIq .�j/ �
�1X

iD1

iHI˛i

RLIp	.�i/C K1

!

�
�1X

iD1


i�
p�1
i

.p � 1/˛i

 
	2X

lD1
!lHI�l

RLIq .�l/ �
�2X

iD1
�kHI�k

RLIp	.k/C K2

!)
:

Substituting the values of c1; c2; d1 and d2 in (6.44) and (6.45), we obtain (6.41)
and (6.42). The converse follows by direct computation. This completes the proof.

�

In view of Lemma 6.4, we define an operator bT W X � Y ! X � Y by

bT .x; y/.t/ D
 bT 1.x; y/.t/bT 2.x; y/.t/

!
; (6.46)
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where

bT 1.x; y/.t/

D RLIpf .s; x.s/; y.s//.t/C tp�1

˝1

(
	2X

lD1

!l�
q�1
l

.q � 1/�l

 
	1X

lD1
ıjHIˇj

RLIqg.s; x.s/; y.s//.�j/

�
�1X

iD1

iHI˛i

RLIpf .s; x.s/; y.s//.�i/C K1

!

�
	1X

lD1

ıj�
q�1
j

.q � 1/ˇj

 
	2X

lD1
!lHI�l

RLIqg.s; x.s/; y.s//.�l/

�
�2X

iD1
�kHI�k

RLIpf .s; x.s/; y.s//.k/C K2

!)
;

and

bT 2.x; y/.t/

D RLIqg.s; x.s/; y.s//.t/C tq�1

˝1

(
�2X

iD1

�k
p�1
k

.p � 1/�k

 
	1X

lD1
ıjHIˇj

RLIqg.s; x.s/; y.s//.�j/

�
�1X

iD1

iHI˛i

RLIpf .s; x.s/; y.s//.�i/C K1

!

�
�1X

iD1


i�
p�1
i

.p � 1/˛i

 
	2X

lD1
!lHI�l

RLIqg.s; x.s/; y.s//.�l/

�
�2X

iD1
�kHI�k

RLIpf .s; x.s/; y.s//.k/C K2

!)
:

For the sake of convenience, we set

M0

1 D 1

� .p C 1/

 
Tp C Tp�1

j˝1j
	2X

lD1

j!lj�q�1
l

.q � 1/�l

�1X
iD1

j
ij�p
i

p˛i
C Tp�1

j˝1j
	1X

lD1

jıjj�q�1
j

.q � 1/ˇj

�2X
iD1

j�kjp
k

p�k

!
;

(6.47)

M0

2 D Tp�1

j˝1j� .q C 1/

 
	2X

lD1

j!lj�q�1
l

.q � 1/�l

	1X
lD1

jıjj�q
j

qˇj
C

	1X
lD1

jıjj�q�1
j

.q � 1/ˇj

	2X
lD1

j!lj�q
l

q�l

!
; (6.48)

M0

3 D Tp�1

j˝1j
 

jK1j
	2X

lD1

j!lj�q�1
l

.q � 1/�l
C jK2j

	1X
lD1

jıjj�q�1
j

.q � 1/ˇj

!
; (6.49)
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M0

4 D 1

� .q C 1/

 
Tq C Tq�1

j˝1j
�2X

iD1

j�kjp�1
k

.p � 1/�k

	1X
lD1

jıjj�q
j

qˇj
C Tq�1

j˝1j
�1X

iD1

j
ij�p�1
i

.p � 1/˛i

	2X
lD1

j!lj�q
l

q�l

!
;

(6.50)

M0

5 D Tq�1

j˝1j� .p C 1/

 
�2X

iD1

j�kjp�1
k

.p � 1/�k

�1X
iD1

j
ij�p
i

p˛i
C

�1X
iD1

j
ij�p�1
i

.p � 1/˛i

�2X
iD1

j�kjp
k

p�k

!
; (6.51)

M0

6 D Tq�1

j˝1j
 

jK1j
�2X

iD1

j�kjp�1
k

.p � 1/�k
C jK2j

�1X
iD1

j
ij�p�1
i

.p � 1/˛i

!
: (6.52)

The first result is concerned with the existence and uniqueness of solutions for
the problem (6.39) and is based on Banach’s contraction mapping principle.

Theorem 6.7 Assume that (6.1.1) and the following condition hold:

.M0
1 C M0

3/.m1 C m2/C .M0
2 C M0

4/.n1 C n2/ < 1;

where M0
i ; i D 1; 2; 4; 5 are given by (6.47), (6.48), (6.50) and (6.51) respectively.

Then the system (6.39) has a unique solution on Œ0;T�:

Proof Letting supt2Œ0;T� f .t; 0; 0/ D N1 < 1 and supt2Œ0;T� g.t; 0; 0/ D N2 < 1; we
define

r � .M0
1 C M0

3/N1 C .M0
2 C M0

4/N2 C M0
5 C M0

6

1 � .M0
1 C M0

3/.m1 C m2/ � .M0
2 C M0

4/.n1 C n2/
:

where M0
5 and M0

6 are defined by (6.49) and (6.52), respectively.
Let us first show that bT Br � Br; where Br D f.x; y/ 2 X � Y W k.x; y/k � rg andbT is defined by (6.46).
For .x; y/ 2 Br; we have

jbT 1.x; y/.t/j

� RLIp.jf .s; x.s/; y.s// � f .s; 0; 0/j C jf .s; 0; 0/j/.T/C Tp�1

j˝1j

"
	2X

lD1

j!lj�q�1
l

.q � 1/�l

�
 

	1X
lD1

jıjjHIˇj
RLIq.jg.s; x.s/; y.s// � g.s; 0; 0/j C jg.s; 0; 0/j/.�j/

C
�1X

iD1

j
ijHI˛i
RLIp.jf .s; x.s/; y.s// � f .s; 0; 0/j C jf .s; 0; 0/j/.�i/C jK1j

!

C
	1X

lD1

jıjj�q�1
j

.q � 1/ˇj

 
	2X

lD1

j!ljHI�l
RLIq.jg.s; x.s/; y.s// � g.s; 0; 0/j C jg.s; 0; 0/j/.�l/

C
�2X

iD1

j�kjHI�k
RLIp.jf .s; x.s/; y.s// � f .s; 0; 0/j C jf .s; 0; 0/j/.k/C jK2j

!#
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� RLIp.m1kxk C m2kyk C N1/.T/C Tp�1

j˝1j

"
	2X

lD1

j!lj�q�1
l

.q � 1/�l

�
 

	1X
lD1

jıjjHIˇj
RLIq.n1kxk C n2kyk C N2/.�j/

C
�1X

iD1

j
ijHI˛i
RLIp.m1kxk C m2kyk C N1/.�i/C jK1j

!

C
	1X

lD1

jıjj�q�1
j

.q � 1/ˇj

 
	2X

lD1

j!ljHI�l
RLIq.n1kxk C n2kyk C N2/.�l/

C
�2X

iD1

j�kjHI�k
RLIp.m1kxk C m2kyk C N1/.k/C jK2j

!#

D .m1kxk C m2kyk C N1/

(
RLIp.1/.T/C Tp�1

j˝1j
	2X

lD1

j!lj�q�1
l

.q � 1/�l

�1X
iD1

j
ijHI˛i
RLIp.1/.�i/

CTp�1

j˝1j
	1X

lD1

jıjj�q�1
j

.q � 1/ˇj

�2X
iD1

j�kjHI�k
RLIp.1/.k/

)
C .n1kxk C n2kyk C N2/

(
Tp�1

j˝1j

�
	2X

lD1

j!lj�q�1
l

.q � 1/�l

	1X
lD1

jıjjHIˇj
RLIq.1/.�j/C Tp�1

j˝1j
	1X

lD1

jıjj�q�1
j

.q � 1/ˇj

	2X
lD1

j!ljHI�l
RLIq.1/.�l/

)

CjK1jTp�1

j˝1j
	2X

lD1

j!lj�q�1
l

.q � 1/�l
C jK2jTp�1

j˝1j
	1X

lD1

jıjj�q�1
j

.q � 1/ˇj

D .m1kxk C m2kyk C N1/

(
Tp

� .p C 1/
C Tp�1

j˝1j� .p C 1/

	2X
lD1

j!lj�q�1
l

.q � 1/�l

�1X
iD1

j
ij�p
i

p˛i

C Tp�1

j˝1j� .p C 1/

	1X
lD1

jıjj�q�1
j

.q � 1/ˇj

�2X
iD1

j�kjp
k

p�k

)
C .n1kxk C n2kyk C N2/

(
Tp�1

j˝1j� .q C 1/

�
	2X

lD1

j!lj�q�1
l

.q � 1/�l

	1X
lD1

jıjj�q
j

qˇj
C Tp�1

j˝1j� .q C 1/

	1X
lD1

jıjj�q�1
j

.q � 1/ˇj

	2X
lD1

j!lj�q
l

q�l

)

CjK1jTp�1

j˝1j
	2X

lD1

j!lj�q�1
l

.q � 1/�l
C jK2jTp�1

j˝1j
	1X

lD1

jıjj�q�1
j

.q � 1/ˇj

D .m1kxk C m2kyk C N1/M
0

1 C .n1kxk C n2kyk C N2/M
0

2 C M0

3

D .M0

1m1 C M0

2n1/kxk C .M0

1m2 C M0

2n2/kyk C M0

1N1 C M0

2N2 C M0

3

� .M0

1m1 C M0

2n1 C M0

1m2 C M0

2n2/r C M0

1N1 C M0

2N2 C M0

3:
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Hence

kbT 1.x; y/k � ŒM0
1.m1 C m2/C M0

2.n1 C n2/�r C M0
1N1 C M0

2N2 C M0
5:

In a similar manner, we can obtain

kbT 2.x; y/k � ŒM0
3.m1 C m2/C M0

4.n1 C n2/�r C M0
3N1 C M0

4N2 C M0
6:

Consequently, kbT .x; y/k � r:
Now for .x2; y2/; .x1; y1/ 2 X � Y; and for any t 2 Œ0;T�; we get

jbT 1.x2; y2/.t/ � T1.x1; y1/.t/j

� RLIpjf .s; x2.s/; y2.s// � f .s; x1.s/; y1.s//j.T/C Tp�1
j˝1j

"
	2X

lD1

j!lj�q�1
l

.q � 1/�l

�
 

	1X
lD1

jıjjHIˇj
RLIq.jg.s; x2.s/; y2.s// � g.s; x1.s/; y1.s//j/.�j/

C
�1X

iD1
j
ijHI˛i

RLIp.jf .s; x2.s/; y2.s// � f .s; x1.s/; y1.s//j/.�i/

!

C
	1X

lD1

jıjj�q�1
j

.q � 1/ˇj

 
	2X

lD1
j!ljHI�l

RLIq.jg.s; x2.s/; y2.s// � g.s; x1.s/; y1.s//j/.�l/

C
�2X

iD1
j�kjHI�k

RLIp.jf .s; x2.s/; y2.s// � f .s; x1.s/; y1.s//j/.k/

!#

� .m1kx2 � x1k C m2ky2 � y1k/
(

Tp

� .p C 1/
C Tp�1

j˝1j� .p C 1/

	2X
lD1

j!lj�q�1
l

.q � 1/�l

�1X
iD1

j
ij�p
i

p˛i

C Tp�1
j˝1j� .p C 1/

	1X
lD1

jıjj�q�1
j

.q � 1/ˇj

�2X
iD1

j�kjp
k

p�k

)
C .n1kx2 � x1k C n2ky2 � y1k/

�
(

Tp�1
j˝1j� .q C 1/

	2X
lD1

j!lj�q�1
l

.q � 1/�l

	1X
lD1

jıjj�q
j

qˇj
C Tp�1

j˝1j� .q C 1/

	1X
lD1

jıjj�q�1
j

.q � 1/ˇj

	2X
lD1

j!lj�q
l

q�l

)

D .m1kx2 � x1k C m2ky2 � y1k/M0
1 C .n1kx2 � x1k C n2ky2 � y1k/M0

2

D .M0
1m1 C M0

2n1/kx2 � x1k C .M0
1m2 C M0

2n2/ky2 � y1k;

and consequently, we obtain

kbT 1.x2; y2/�bT 1.x1; y1/k � .M0
1m1CM0

2n1CM0
1m2CM0

2n2/Œkx2�x1kCky2�y1k�:
(6.53)
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Similarly, one can find that

kbT 2.x2; y2/�bT 2.x1; y1/k � .M0
4n1CM0

3m1CM0
4n2CM0

3m2/Œkx2�x1kCky2�y1k�:
(6.54)

Thus we infer from (6.53) and (6.54) that

kbT .x2; y2/�bT .x1; y1/k � Œ.M0
1CM0

3/.m1Cm2/C.M0
2CM0

4/.n1Cn2/�.kx2�x1kCky2�y1k/:

Then, by the condition .M0
1 C M0

3/.m1 C m2/ C .M0
2 C M0

4/.n1 C n2/ < 1; it
follows that bT is a contraction operator. Hence, by Banach’s fixed point theorem,
we conclude that the operator bT has a unique fixed point, which is the unique
solution of system (6.39). This completes the proof. �

Example 6.5 Consider the following system of coupled Riemann-Liouville frac-
tional differential equations with Hadamard type fractional integral boundary
conditions

8̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂<
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂̂
:

RLD4=3x.t/ D t

.t C 6/2
jx.t/j

.1C jx.t/j/ C e�t

.t2 C 3/3
jy.t/j

.1C jy.t/j/ C 3

4
; t 2 Œ0; 2�;

RLD3=2y.t/ D 1

18
sin x.t/C 1

22t C 19
cos y.t/C 5

4
; t 2 Œ0; 2�;

x.0/ D 0; 2HI2=3x.3=5/C �HI7=5x.1/ D p
2HI3=2y.1=3/

C e2HI5=4y.
p
3/C 4;

y.0/ D 0; �3HI9=5x.2=3/C 4HI7=4x.9=7/C 2

5
HI1=3x.

p
2/

D e

2
HI11=6y.8=5/ � 2HI12=11y.1=4/ � 10:

(6.55)

Here p D 4=3, q D 3=2, T D 2, K1 D 4, K2 D �10, �1 D 2, 	1 D 2, �2 D 3, 	2 D
2, 
1 D 2, 
2 D � , ˛1 D 2=3, ˛2 D 7=5, �1 D 3=5, �2 D 1, ı1 D p

2, ı2 D e2,
ˇ1 D 3=2, ˇ2 D 5=4, �1 D 1=3, �2 D p

3, �1 D �3, �2 D 4, �3 D 2=5, �1 D 9=5,
�2 D 7=4, �3 D 1=3, 1 D 2=3, 2 D 9=7, 3 D p

2, !1 D e=2, !2 D �2, �1 D
11=6, �2 D 12=11, �1 D 8=5, �2 D 1=4; f .t; x; y/ D .tjxj/=...t C 6/2/.1C jxj//C
.e�tjyj/=...t2 C 3/3/.1C jyj//C .3=4/ and g.t; x; y/ D .sin x=18/C .cos y/=.22t C
19/C .5=4/: Then jf .t; x1; y1/ � f .t; x2; y2/j � ..1=18/jx1 � x2j C .1=27/jy1 � y2j/
and jg.t; x1; y1/ � g.t; x2; y2/j � ..1=18/jx1 � x2j C .1=20/jy1 � y2j/. By using
computer program, we can find˝1 	 �218:9954766 ¤ 0:With the given values, it
is found that m1 D 1=18, m2 D 1=27, n1 D 1=18, n2 D 1=20, M0

1 ' 2:847852451,
M0
2 ' 0:5295490231, M0

3 ' 1:276954854; M0
4 ' 4:723846069 and

.M0
1 C M0

3/.m1 C m2/C .M0
2 C M0

4/.n1 C n2/ ' 0:9364516398 < 1:

Thus all the conditions of Theorem 6.7 are satisfied. Therefore, by the conclusion
of Theorem 6.7, the problem (6.55) has a unique solution on Œ0; 2�:

In the next result, we prove the existence of solutions for the problem (6.39) by
means of Leray-Schauder alternative.
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Theorem 6.8 Suppose that (6.1.1) holds. In addition it is assumed that

.M0
1 C M0

3/k1 C .M0
2 C M0

4/�1 < 1 and .M0
1 C M0

3/k2 C .M0
2 C M0

4/�2 < 1;

where M0
1, M0

2, M0
3, M0

4 are given by (6.47), (6.48), (6.49) and (6.50) respectively.
Then there exists at least one solution for the system (6.39) on Œ0;T�.

Proof In the first step, we show that the operator bT W X � Y ! X � Y defined
by (6.46) is completely continuous. By continuity of functions f and g; the operatorbT is continuous.

Let � � X � Y be bounded. Then there exist positive constants P0
1 and P0

2 such
that

jf .t; x.t/; y.t//j � P0
1; jg.t; x.t/; y.t//j � P0

2; 8.x; y/ 2 �:
Then, for any .x; y/ 2 �; we have

kbT 1.x; y/k � RLIpjf .s; x.s/; y.s//j.T/C Tp�1

j˝1j

"
	2X

lD1

j!lj�q�1
l

.q � 1/�l

�
 

	1X
lD1

jıjjHIˇj
RLIqjg.s; x.s/; y.s//j.�j/

C
�1X

iD1

j
ijHI˛i
RLIpjf .s; x.s/; y.s//j.�i/C jK1j

!

C
	1X

lD1

jıjj�q�1
j

.q � 1/ˇj

 
	2X

lD1

j!ljHI�l
RLIqjg.s; x.s/; y.s//j.�l/

C
�2X

iD1

j�kjHI�k
RLIpjf .s; x.s/; y.s//j.k/C jK2j

!#

�
 

Tp

� .p C 1/
C Tp�1

j˝1j� .p C 1/

	2X
lD1

j!lj�q�1
l

.q � 1/�l

�1X
iD1

j
ij�p
i

p˛i

C Tp�1

j˝1j� .p C 1/

	1X
lD1

jıjj�q�1
j

.q � 1/ˇj

�2X
iD1

j�kjp
k

p�k

!
P1 C

 
Tp�1

j˝1j� .q C 1/

�
	2X

lD1

j!lj�q�1
l

.q � 1/�l

	1X
lD1

jıjj�q
j

qˇj
C Tp�1

j˝1j� .q C 1/

	1X
lD1

jıjj�q�1
j

.q � 1/ˇj

	2X
lD1

j!lj�q
l

q�l

!
P2

CjK1jTp�1

j˝1j
	2X

lD1

j!lj�q�1
l

.q � 1/�l
C jK2jTp�1

j˝1j
	1X

lD1

jıjj�q�1
j

.q � 1/ˇj

D M0

1P
0

1 C M0

2P
0

2 C M0

5:
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Similarly, we get

kbT 2.x; y/k �
 

Tq

� .q C 1/
C Tq�1

j˝1j� .q C 1/

�2X
iD1

j�kjp�1
k

.p � 1/�k

	1X
lD1

jıjj�q
j

qˇj

C Tq�1

j˝1j� .q C 1/

�1X
iD1

j
ij�p�1
i

.p � 1/˛i

	2X
lD1

j!lj�q
l

q�l

!
P2 C

 
Tq�1

j˝1j� .p C 1/

�
�2X

iD1

j�kjp�1
k

.p � 1/�k

�1X
iD1

j
ij�p
i

p˛i
C Tq�1

j˝1j� .p C 1/

�1X
iD1

j
ij�p�1
i

.p � 1/˛i

�2X
iD1

j�kjp
k

p�k

!
P1

CjK1jTq�1

j˝1j
�2X

iD1

j�kjp�1
k

.p � 1/�k
C jK2jTq�1

j˝1j
�1X

iD1

j
ij�p�1
i

.p � 1/˛i

D M0

4P
0

2 C M0

5P
0

1 C M0

6:

Thus, it follows from the above inequalities that the operator bT is uniformly
bounded.

Next, we show that T is equicontinuous. Let t1; t2 2 Œ0;T� with t1 < t2: Then,
we have

jbT 1.x.t2/; y.t2// � bT 1.x.t1/; y.t1//j
� 1

� .p/

Z t1

0

Œ.t2 � s/p�1 � .t1 � s/p�1�jf .s; x.s/; y.s//jds

C 1

� .p/

Z t2

t1

.t2 � s/p�1jf .s; x.s/; y.s//jds C tp�1
2 � tp�1

1

j˝1j

"
	2X

lD1

j!lj�q�1
l

.q � 1/�l

�
 

	1X
lD1

jıjjHIˇj
RLIqjg.s; x.s/; y.s//j.�j/

C
�1X

iD1

j
ijHI˛i
RLIpjf .s; x.s/; y.s//j.�i/C j�1j

!

C
	1X

lD1

jıjj�q�1
j

.q � 1/ˇj

 
	2X

lD1

j!ljHI�l
RLIqjg.s; x.s/; y.s//j.�l/

C
�2X

iD1

j�kjHI�k
RLIpjf .s; x.s/; y.s//j.k/C j�2j

!#

� P0

1

� .p C 1/
Œ2.t2 � t1/

p C jtp
2 � tp

1j�

C tp�1
2 � tp�1

1

j˝1j

"
	2X

lD1

j!lj�q�1
l

.q � 1/�l

 
P0

2

	1X
lD1

jıjj�q
j

qˇj� .q C 1/
/C P0

1

�1X
iD1

j
ij�p
i

p˛i� .p C 1/

CjK1j
!

C
	1X

lD1

jıjj�q�1
j

.q � 1/ˇj

 
P0

2

	2X
lD1

j!lj�q
l

q�l� .q C 1/
C P0

1

�2X
iD1

j�kjp
k

p�k� .p C 1/
C jK2j

!#
:
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Analogously, we can obtain

jbT 2.x.t2/; y.t2// � bT 2.x.t1/; y.t1//j

� P0

2

� .q C 1/
Œ2.t2 � t1/

q C jtq
2 � tq

1j�

C tq�1
2 � tq�1

1

j˝1j

"
�2X

iD1

j�kjp�1
k

.p � 1/�k

 
P0

2

	1X
lD1

jıjj�q
j

qˇj� .q C 1/
/C P0

1

�1X
iD1

j
ij�p
i

p˛i� .p C 1/

CjK1j
!

C
�1X

iD1

j
ij�p�1
i

.p � 1/˛i

 
P0

2

	2X
lD1

j!lj�q
l

q�l� .q C 1/
C P0

1

�2X
iD1

j�kjp
k

p�k� .p C 1/
C jK2j

!#
:

Therefore, the operator bT .x; y/ is equicontinuous, and thus the operator bT .x; y/ is
completely continuous.

Finally, it will be verified that the set NE D f.x; y/ 2 X �Yj.x; y/ D �bT .x; y/; 0 �
� � 1g is bounded. Let .x; y/ 2 NE ; then .x; y/ D �bT .x; y/: For any t 2 Œ0;T�; we
have

x.t/ D �bT 1.x; y/.t/; y.t/ D �bT 2.x; y/.t/:

Then

jx.t/j � .k0 C k1kxk C k2kyk/
 

Tp

� .p C 1/
C Tp�1

j˝1j� .p C 1/

	2X
lD1

j!lj�q�1
l

.q � 1/�l

�1X
iD1

j
ij�p
i

p˛i

C Tp�1

j˝1j� .p C 1/

	1X
lD1

jıjj�q�1
j

.q � 1/ˇj

�2X
iD1

j�kjp
k

p�k

!
C .l00 C l01kxk C l02kyk/

�
 

Tp�1

j˝1j� .q C 1/

	2X
lD1

j!lj�q�1
l

.q � 1/�l

	1X
lD1

jıjj�q
j

qˇj

C Tp�1

j˝1j� .q C 1/

	1X
lD1

jıjj�q�1
j

.q � 1/ˇj

	2X
lD1

j!lj�q
l

q�l

!

CjK1jTp�1

j˝1j
	2X

lD1

j!lj�q�1
l

.q � 1/�l
C jK2jTp�1

j˝1j
	1X

lD1

jıjj�q�1
j

.q � 1/ˇj

and

jy.t/j � .�0 C �1kxk C �2kyk/
 

Tq

� .q C 1/
C Tq�1

j˝1j� .q C 1/

�2X
iD1

j�kjp�1
k

.p � 1/�k

	1X
lD1

jıjj�q
j

qˇj

C Tq�1

j˝1j� .q C 1/

�1X
iD1

j
ij�p�1
i

.p � 1/˛i

	2X
lD1

j!lj�q
l

q�l

!
C .k0 C k1kxk C k2kyk/
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�
 

Tq�1

j˝1j� .p C 1/

�2X
iD1

j�kjp�1
k

.p � 1/�k

�1X
iD1

j
ij�p
i

p˛i

C Tq�1

j˝1j� .p C 1/

�1X
iD1

j
ij�p�1
i

.p � 1/˛i

�2X
iD1

j�kjp
k

p�k

!

CjK1jTq�1

j˝1j
�2X

iD1

j�kjp�1
k

.p � 1/�k
C jK2jTq�1

j˝1j
�1X

iD1

j
ij�p�1
i

.p � 1/˛i
:

Hence, we have

kxk � .k0 C k1kxk C k2kyk/M0
1 C .�0 C �1kxk C �2kyk/M0

2 C M0
5

and

kyk � .�0 C �1kxk C �0
2kyk/M0

4 C .k0 C k1kxk C k2kyk/M0
3 C M0

6;

which imply that

kxk C kyk � .M0
1 C M0

3/k0 C .M0
2 C M0

4/�0 C Œ.M0
1 C M0

3/k1 C .M0
2 C M0

4/�1�kxk
CŒ.M0

1 C M0
3/k2 C .M0

2 C M0
4/�2�kyk C M0

5 C M0
6:

Consequently,

k.x; y/k � .M0
1 C M0

3/k0 C .M0
2 C M0

4/�0 C M0
5 C M0

6

M0
0

;

for any t 2 Œ0;T�; where

M0
0 D minf1� .M0

1 C M0
3/k1 � .M0

2 C M0
4/�1; 1� .M0

1 C M0
3/k2 � .M0

2 C M0
4/�2g;

ki; �i � 0 .i D 1; 2/; which establishes that NE is bounded. Thus, by Theorem 1.3,
the operator bT has at least one fixed point. In consequence, the problem (6.39) has
at least one solution on Œ0;T�. The proof is complete. �

Example 6.6 Consider the following system of coupled Riemann-Liouville frac-
tional differential equations with multiple Hadamard type fractional integral bound-
ary conditions
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8̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂<
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂:

RLD�=2x.t/ D 2

5
C 1

.t C 6/2
tan�1 x.t/C 1

20e
y.t/; t 2 Œ0; 3�;

RLD7=4y.t/ D
p
�

2
C 1

42
sin x.t/C 1

t C 20
y.t/ cos x.t/; t 2 Œ0; 3�;

x.0/ D 0; 3HI1=4x.5=2/C p
5HI

p
2x.7=8/C tan.4/HI

p
3x.9=4/

D
p
8�

3
HI5=3y.5=4/ � 2HI6=11y.�=3/C 2;

y.0/ D 0; �2
3

HI2=3x.�=2/C 3HI6=5x.5=3/C
p
2

�
HI1=3x.

p
2/

C 7

9
HI11=9x.

p
5/ D eHI7=6y.�=6/ � log.9/HI3=4y.7=4/ � 1:

(6.56)

Here p D �=2, q D 7=4, T D 3, K1 D 2, K2 D �1, �1 D 3, 	1 D 2, �2 D 4,
	2 D 2, 
1 D 3, 
2 D p

5, 
3 D tan.4/, ˛1 D 1=4, ˛2 D p
2, ˛3 D p

3,
�1 D 5=2, �2 D 7=8, �3 D 9=4, ı1 D p

8�=3, ı2 D �2, ˇ1 D 5=3, ˇ2 D 6=11,
�1 D 5=4, �2 D �=3, �1 D �2=3, �2 D 3, �3 D p

2=� , �4 D 7=9, �1 D 2=3,
�2 D 6=5, �3 D 1=3, �4 D 11=9, 1 D �=2, 2 D 5=3, 3 D p

2, 4 D p
5,

!1 D e, !2 D � log.9/, �1 D 7=6, �2 D 3=4, �1 D �=6, �2 D 7=4; f .t; x; y/ D
.2=5/C .tan�1 x/=..t C 6/2/C .y/=.20e/ and g.t; x; y/ D .

p
�=2/C .sin x/=.42/C

.y cos x/=.t C 20/: By using computer program, we get ˝1 	 �59:01857601 ¤ 0:

Clearly jf .t; x; y/j � k0 C k1jxj C k2jyj and jg.t; x; y/j � �0 C �1jxj C �2jyj; with
k0 D 2=5, k1 D 1=36, k2 D 1=.20e/, �0 D p

�=2, �1 D 1=42, �2 D 1=20:

With the given data, we find that M0
1 ' 7:406711671, M0

2 ' 1:110132269, M0
3 '

7:790182643; M0
4 ' 6:802999724: Furthermore, we have

.M0
1 C M0

3/k1 C .M0
2 C M0

4/�1 	 0:6105438577 < 1;

and

.M0
1 C M0

3/k2 C .M0
2 C M0

4/�2 	 0:6751878489 < 1:

Thus all the conditions of Theorem 6.8 hold true and consequently the conclusion
of Theorem 6.8 applies to the problem (6.56) on Œ0; 3�.

6.5 Notes and Remarks

In this chapter, we have discussed the existence and uniqueness of solutions for
coupled systems of nonlinear Riemann-Liouville fractional differential equations
equipped with nonlocal coupled and uncoupled Hadamard fractional integral bound-
ary conditions. The contents of in this chapter are adapted from the papers [20, 156]
and [129].



Chapter 7
Nonlinear Langevin Equation and Inclusions
Involving Hadamard-Caputo Type Fractional
Derivatives

7.1 Introduction

In this chapter, we investigate the existence of solutions for nonlinear Langevin
equations and inclusions involving Hadamard-Caputo type fractional derivatives
equipped with nonlocal fractional integral conditions. We also study a coupled
system of nonlinear Langevin equations with uncoupled boundary conditions.

The Langevin equation (first formulated by Langevin in 1908) is found to be
an effective tool to describe the evolution of physical phenomena in fluctuating
environments [62]. For some recent development on the fractional Langevin
equation, see, for example, [5, 7, 71, 83, 111, 112, 115, 116, 166].

7.2 Nonlinear Langevin Equation Case

In this section, we study the existence and uniqueness of solutions for nonlinear
Langevin equation involving Hadamard-Caputo type fractional derivatives with
nonlocal fractional integral conditions:

8̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂:

D˛.Dˇ C �/x.t/ D f .t; x.t//; 1 < t < e;
mX

iD1
�iI


i x.�i/ D
nX

jD1
	jI

j x.!j/;

pX
kD1

"kI�k x. k/ D
qX

lD1
�lI

�l x.'l/;

(7.1)

where D� denotes the Caputo-type Hadamard fractional derivative of order
�; � D f˛; ˇg with 0 < ˛; ˇ < 1; f W Œ1; e� � R ! R is a continuous function,
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I� is the Hadamard fractional integral of order � > 0, � D f
i; j; �k; �lg, �i,
!j,  k, 'l 2 .1; e/ and �i; 	j; "k; �l 2 R; for all i D 1; 2; : : : ;m, j D 1; 2; : : : ; n,
k D 1; 2; : : : ; p; l D 1; 2; : : : ; q.

The significance of investigating nonlocal problem (7.1) is that the nonlocal
Hadamard fractional integral conditions do not contain boundary values of unknown
function x, which is a novel idea for studying non-boundary problems. In particular,
if m D n D p D q D 1; then the conditions in (7.1) take the form

�1

� .
1/

Z �1

1

�
log

t

s

�
1�1 x.s/

s
ds D 	1

� .1/

Z !1

1

�
log

t

s

�1�1 x.s/

s
ds;

and

"1

� .�1/

Z  1

1

�
log

t

s

��1�1 x.s/

s
ds D �1

� .�1/

Z '1

1

�
log

t

s

��1�1 x.s/

s
ds:

Several new existence and uniqueness results are proved by using a variety of
fixed point theorems (such as Banach contraction principle, Krasnoselskii fixed
point theorem, Leray-Schauder nonlinear alternative and Leray-Schauder degree
theory).

For convenience, we set

˝1 D
mX

iD1
�i
.log �i/


i

� .
i C 1/
�

nX
jD1

	j
.log!j/

j

� .j C 1/
;

˝2 D
mX

iD1
�i

.log �i/
ˇC
i

� .ˇ C 
i C 1/
�

nX
jD1

	j
.log!j/

ˇCj

� .ˇ C j C 1/
;

˝3 D
pX

kD1
"k
.log k/

�k

� .�k C 1/
�

qX
lD1

�l
.log'l/

�l

� .�l C 1/
;

˝4 D
pX

kD1
"k

.log k/
ˇC�k

� .ˇ C �k C 1/
�

qX
lD1

�l
.log'l/

ˇC�l

� .ˇ C �l C 1/
;

(7.2)

and

˝ D ˝1˝4 �˝2˝3: (7.3)

Lemma 7.1 Let ˝ ¤ 0, 0 < ˛; ˇ � 1, 
i; j; �k; �l > 0, �i, !j,  k, 'l 2 .1; e/
and �i; 	j; "k; �l 2 R; for i D 1; 2; : : : ;m, j D 1; 2; : : : ; n; k D 1; 2; : : : ; p,
l D 1; 2; : : : ; q; and h 2 C.Œ1; e�;R/. Then the following problem

D˛.Dˇ C �/x.t/ D h.t/; t 2 .1; e/; (7.4)
mX

iD1
�iI


i x.�i/ D
nX

jD1
	jI

j x.!j/;

pX
kD1

"kI�k x. k/ D
qX

lD1
�lI

�l x.'l/; (7.5)
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is equivalent to the integral equation

x.t/ D 1

˝

"�
˝4 � .log t/ˇ

� .ˇ C 1/
˝3

� nX
jD1

	j
	
I˛CˇCj h.!j/ � �IˇCj x.!j/




�
mX

iD1
�i
	
I˛CˇC
i h.�i/ � �IˇC
i x.�i/


 !
(7.6)

C
�
.log t/ˇ

� .ˇ C 1/
˝1 �˝2

� qX
lD1

�l
	
I˛CˇC�l h.'l/ � �IˇC�l x.'l/




�
pX

kD1
"k
	
I˛CˇC�k h. k/ � �IˇC�k x. k/


 !#C I˛Cˇh.t/ � �Iˇx.t/:

Proof By Lemma 1.5, the equation (7.4) can be expressed as

.Dˇ C �/x.t/ D I˛h.t/C c0;

which implies that

x.t/ D I˛Cˇh.t/ � �Iˇx.t/C c0
.log t/ˇ

� .ˇ C 1/
C c1; (7.7)

for some c0; c1 2 R.
Applying the Hadamard fractional integral of order � > 0 on (7.7), we have

I�x.t/ D I˛CˇC�h.t/ � �IˇC�x.t/C c0
.log t/ˇC�

� .ˇ C � C 1/
C c1

.log t/�

� .� C 1/
: (7.8)

Substituting � D 
i; j; �k, �l, t D �i; !j;  k; 'l in (7.8), respectively, and using
conditions (7.5), we get

˝1c1 C˝2c0 D
nX

jD1
	j
	
I˛CˇCj h.!j/ � �IˇCj x.!j/




�
mX

iD1
�i
	
I˛CˇC
i h.�i/ � �IˇC
i x.�i/



;

and

˝3c1 C˝4c0 D
pX

lD1
�l
	
I˛CˇC�l h.'l/ � �IˇC�l x.'l/




�
pX

kD1
"k
	
I˛CˇC�k h. k/ � �IˇC�k x. k/



:



212 7 Nonlinear Langevin Equation and Inclusions Involving Hadamard-Caputo Type. . .

Solving the above system for c0, c1, we find that

c0 D 1

˝

"
˝1

 
pX

lD1
�l
	
I˛CˇC�l h.'l/ � �IˇC�l x.'l/




�
pX

kD1
"k
	
I˛CˇC�k h. k/ � �IˇC�k x. k/


 !

�˝3

 
nX

jD1
	j
	
I˛CˇCj h.!j/ � �IˇCj x.!j/




�
mX

iD1
�i
	
I˛CˇC
i h.�i/ � �IˇC
i x.�i/


 !#
;

c1 D 1

˝

"
˝4

 
nX

jD1
	j
	
I˛CˇCj h.!j/ � �IˇCj x.!j/




�
mX

iD1
�i
	
I˛CˇC
i h.�i/ � �IˇC
i x.�i/




�˝2

 
pX

lD1
�l
	
I˛CˇC�l h.'l/ � �IˇC�l x.'l/




�
pX

kD1
"k
	
I˛CˇC�k h. k/ � �IˇC�k x. k/


 !#
:

Substituting the values of c0 and c1 into (7.7), we get (7.6). The converse follows by
direct computation. This completes the proof. �

Let E1 D C.Œ1; e�;R/ denotes the Banach space of all continuous functions from
Œ1; e� to R endowed with the norm defined by kxk D sup

t2Œ1;e�
jx.t/j. Throughout this

section, for convenience, we use the notations:

Izf .s; x.s//.y/ D 1

� .z/

Z y

1

�
log

y

s

�z�1 f .s; x.s//

s
ds;

and

Izx.s/.y/ D 1

� .z/

Z y

1

�
log

y

s

�z�1 x.s/

s
ds;

where z > 0 and y 2 ft; �i; !j;  k; 'lg.
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In view of Lemma 7.1, we introduce the operator Q W E1 ! E1 by

.Qx/ .t/ D 1

˝

"�
˝4 � .log t/ˇ

� .ˇ C 1/
˝3

� nX
jD1

	j

h
I˛CˇCj f .s; x.s//.!j/

��IˇCj x.s/.!j/
i

�
mX

iD1
�i
	
I˛CˇC
i f .s; x.s//.�i/ � �IˇC
i x.s/.�i/


 !

C
�
.log t/ˇ

� .ˇ C 1/
˝1 �˝2

� qX
lD1

�l
	
I˛CˇC�l f .s; x.s//.'l/ � �IˇC�l x.s/.'l/




�
pX

kD1
"k
	
I˛CˇC�k f .s; x.s//. k/ � �IˇC�k x.s/. k/


 !#

CI˛Cˇf .s; x.s//.t/ � �Iˇx.s/.t/:
(7.9)

Thus the nonlocal problem (7.1) will have solutions if and only if the operator Q
has fixed points.

In the sequel, we set

�.u/ D 1

j˝j

"�
j˝4j C j˝3j

� .ˇ C 1/

� nX
jD1

j	jj .log!j/
uCˇCj

� .u C ˇ C j C 1/

C
mX

iD1
j�ij .log �i/

uCˇC
i

� .u C ˇ C 
i C 1/

!

C
� j˝1j
� .ˇ C 1/

C j˝2j
� qX

lD1
j�lj .log'l/

uCˇC�l

� .u C ˇ C �l C 1/

C
pX

kD1
j"kj .log k/

uCˇC�k

� .u C ˇ C �k C 1/

!#
C 1

� .u C ˇ C 1/
;

(7.10)

where u 2 f0; ˛g.

7.2.1 Existence and Uniqueness Result via Banach’s Fixed
Point Theorem

Theorem 7.1 Let f W Œ1; e� � R ! R be a continuous function. Assume that:

(7.1.1) there exists a constant L > 0 such that jf .t; x/� f .t; y/j � Ljx � yj, for each
t 2 Œ1; e� and x; y 2 R.

If

L�.˛/C j�j�.0/ < 1; (7.11)

where �.:/ is defined by (7.10), then the nonlocal problem (7.1) has a unique
solution on Œ1; e�.
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Proof By transforming the nonlocal problem (7.1) into a fixed point problem, x D
Qx, where the operator Q is defined by (7.9), the existence of the fixed points of
the operator Q will imply the existence of solutions for problem (7.1). Applying the
Banach’s contraction mapping principle, we shall show that Q has a unique fixed
point.

Setting sup
t2Œ1;e�

jf .t; 0/j D M < 1 and choosing R � M�.˛/

1 � L�.˛/ � j�j�.0/ ; we

show that QBR � BR; where BR D fx 2 E1 W kxk � Rg and the operator Q is
defined by (7.9). For any x 2 BR; we have

j.Qx/.t/j

�
ˇ̌
ˇ̌
ˇ
1

˝

"�
˝4 � .log t/ˇ

� .ˇ C 1/
˝3

� nX
jD1

	j
	
I˛CˇCj f .s; x.s//.!j/ � �IˇCj x.s/.!j/




�
mX

iD1
�i
	
I˛CˇC
i f .s; x.s//.�i/ � �IˇC
i x.s/.�i/


 !

C
�
.log t/ˇ

� .ˇ C 1/
˝1 �˝2

� qX
lD1

�l
	
I˛CˇC�l f .s; x.s//.'l/ � �IˇC�l x.s/.'l/




�
pX

kD1
"k
	
I˛CˇC�k f .s; x.s//. k/ � �IˇC�k x.s/. k/


 !#

CI˛Cˇf .s; x.s//.t/ � �Iˇx.s/.t/

ˇ̌
ˇ̌
ˇ

� 1

j˝j

" 
j˝4j C .log t/ˇ

� .ˇ C 1/
j˝3j

! 
nX

jD1

ˇ̌
	j

ˇ̌ h
.Lkxk C M/

�
I˛CˇCj1

�
.!j/

Cj�jkxk �IˇCj1
�
.!j/

i
C

mX
iD1

j�ij
h
.Lkxk C M/

�
I˛CˇC
i1

�
.�i/

Cj�jkxk �IˇC
i1
�
.�i/

i!
C
�
.log t/ˇ

� .ˇ C 1/
j˝1j C j˝2j

�

�
 

qX
lD1

j�lj
	
.Lkxk C M/

�
I˛CˇC�l1

�
.'l/C j�jkxk �IˇC�l1

�
.'l/




C
pX

kD1
j"kj

	
.Lkxk C M/

�
I˛CˇC�k1

�
. k/C j�jkxk �IˇC�k1

�
. k/


 !#

C.Lkxk C M/
�
I˛Cˇ1

�
.t/C j�jkx.s/k �Iˇ1� .t/
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� 1

j˝j

" 
j˝4j C .log t/ˇ

� .ˇ C 1/
j˝3j

! 
nX

jD1

ˇ̌
	j

ˇ̌ h
.LR C M/

�
log!j

�˛CˇCj

� .˛ C ˇ C j C 1/

Cj�jR
�
log!j

�ˇCj

� .ˇ C j C 1/

i
C

mX
iD1

j�ij
h
.LR C M/

.log �i/
˛CˇC
i

� .˛ C ˇ C 
i C 1/

Cj�jR .log �i/
ˇC
i

� .ˇ C 
i C 1/

i!
C
�
.log t/ˇ

� .ˇ C 1/
j˝1j C j˝2j

�

�
 

qX
lD1

j�lj
"
.LR C M/

.log'l/
˛CˇC�l

� .˛ C ˇ C �l C 1/
C j�jR .log'l/

ˇC�l

� .ˇ C �l C 1/

#

C
pX

kD1
j"kj

"
.LR C M/

.log k/
˛CˇC�k

� .˛ C ˇ C �k C 1/
C j�jR .log k/

ˇC�k

� .ˇ C �k C 1/

#!#

C.LR C M/
.log t/˛Cˇ

� .˛ C ˇ C 1/
C j�jR .log t/ˇ

� .ˇ C 1/

� .LR C M/�.˛/C j�jR�.0/
D ŒL�.˛/C j�j�.0/�R C M�.˛/ � R:

This implies that kQxk � R for x 2 BR. Therefore, Q maps bounded subsets of BR

into bounded subsets of BR.
Next, we let x, y 2 E1. Then, for t 2 Œ1; e�, we have

j.Qx/.t/ � .Qy/.t/j

� 1

j˝j

" ˇ̌
ˇ̌˝4 � .log t/ˇ

� .ˇ C 1/
˝3

ˇ̌
ˇ̌
 

nX
jD1

ˇ̌
	j

ˇ̌ h
I˛CˇCj .jf .s; x.s// � f .s; y.s//j/ .!j/

Cj�jIˇCj.jx.s/ � y.s/j/.!j/
i

C
mX

iD1
j�ij
h
I˛CˇC
i .jf .s; x.s// � f .s; y.s//j/ .�i/

Cj�jIˇC
i.jx.s/ � y.s/j/.�i/
i!

C
ˇ̌
ˇ̌ .log t/ˇ

� .ˇ C 1/
˝1 �˝2

ˇ̌
ˇ̌

�
 

qX
lD1

j�lj
	
I˛CˇC�l .jf .s; x.s// � f .s; y.s//j/ .'l/C j�jIˇC�l.jx.s/ � y.s/j/.'l/




C
pX

kD1
j"kj

	
I˛CˇC�k .jf .s; x.s// � f .s; y.s//j/ . k/
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C j�jIˇC�k.jx.s/ � y.s/j/. k/

 !#

CI˛Cˇ .jf .s; x.s// � f .s; y.s//j/ .t/C j�jIˇ.jx.s/ � y.s/j/.t/

� 1

j˝j

" 
j˝4j C .log t/ˇ

� .ˇ C 1/
j˝3j

! 
nX

jD1

ˇ̌
	j

ˇ̌ h
.Lkx � yk/

�
log!j

�˛CˇCj

� .˛ C ˇ C j C 1/

Cj�jkx � yk
�
log!j

�ˇCj

� .ˇ C j C 1/

i
C

mX
iD1

j�ij
h
.Lkx � yk/ .log �i/

˛CˇC
i

� .˛ C ˇ C 
i C 1/

Cj�jkx � yk .log �i/
ˇC
i

� .ˇ C 
i C 1/

i!
C
�
.log t/ˇ

� .ˇ C 1/
j˝1j C j˝2j

�

�
 

qX
lD1

j�lj
"
.Lkx � yk/ .log'l/

˛CˇC�l

� .˛ C ˇ C �l C 1/
C j�jkx � yk .log'l/

ˇC�l

� .ˇ C �l C 1/

#

C
pX

kD1
j"kj

"
.Lkx � yk/ .log k/

˛CˇC�k

� .˛ C ˇ C �k C 1/
C j�jkx � yk .log k/

ˇC�k

� .ˇ C �k C 1/

#!#

C.Lkx � yk/ .log t/˛Cˇ

� .˛ C ˇ C 1/
C j�jkx � yk .log t/ˇ

� .ˇ C 1/

� L�.˛/kx � yk C j�jkx � yk�.0/
D ŒL�.˛/C j�j�.0/� kx � yk;

which implies that kQx�Qyk � ŒL�.˛/C j�j�.0/� kx�yk. As L�.˛/Cj�j�.0/ <
1, Q is a contraction. Therefore, by the Banach’s contraction mapping principle, Q
has a fixed point which is the unique solution of nonlocal problem (7.1). The proof
is completed. �

Example 7.1 Consider the following nonlinear Langevin equation of Hadamard-
Caputo type fractional derivatives with nonlocal fractional integral conditions

8̂
ˆ̂̂̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂:

D1=2

�
D2=3 C 1

9

�
x.t/ D log t

3t
� jx.t/j
2C jx.t/j C 3

2
t; 1 < t < e;

13

4
I2=3x

�
e C 7

7

�
C 13

3
I3=4x

�
2e C 7

7

�
C 13

2
I4=5x

�
3e C 7

7

�

D 1

3
I1=6x

�
e C 2

4

�
C 1

4
I1=2x

�
e C 1

2

�
;

2

3
I1=5x

�
3e

4

�
C 3

7
I1=4x

�
4e

5

�
D 3I1=5x

�
2e

5

�
:

(7.12)
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Here ˛ D 1=2, ˇ D 2=3, � D 1=9, m D 3, n D 2, p D 2, q D 1, �1 D 13=4, �2 D
13=3, �3 D 13=2, 
1 D 2=3, 
2 D 3=4, 
3 D 4=5, �1 D .e C 7/=7, �2 D .2e C
7/=7, �3 D .3e C 7/=7, 	1 D 1=3, 	2 D 1=4, 1 D 1=6, 2 D 1=2, !1 D .e C 2/=4,
!2 D .eC1/=2, "1 D 2=3, "2 D 3=7, �1 D 1=5, �2 D 1=4,  1 D 3e=4,  2 D 4e=5,
�1 D 3, �1 D 1=5, '1 D 2e=5, and f .t; x/ D .log tjx.t/j/=.3t.2 C jx.t/j// C 3t=2.
Since jf .t; x/�f .t; y/j � .1=6/jx�yj, (7.1.1) is satisfied with L D 1=6. We can show
that �.˛/ 	 2:527538367; and �.0/ 	 4:083246365: Thus L�.˛/ C j�j�.0/ 	
0:8749504351 < 1. Hence, by Theorem 7.1, the nonlocal problem (7.12) has a
unique solution on Œ1; e�.

7.2.2 Existence Result via Krasnoselskii’s Fixed Point Theorem

Theorem 7.2 Let f W Œ1; e� � R ! R be a continuous function satisfying (7.1.1). In
addition, we assume that:

(7.2.1) jf .t; x/j � �.t/; 8.t; x/ 2 Œ1; e� � R; and � 2 C.Œ1; e�;RC/:

If

j�j�.0/ < 1; (7.13)

where �.0/ is defined by (7.10), then the nonlocal problem (7.1) has at least one
solution on Œ1; e�.

Proof Setting sup
t2Œ1;e�

j�.t/j D k�k and choosing R � k�k�.˛/
1 � k�k�.0/ ; we consider

BR D fx 2 E1 W kxk � Rg. Let us define the operators Q1 and Q2 on BR by

.Q1x/ .t/ D 1

˝

"�
˝4 � .log t/ˇ

� .ˇ C 1/
˝3

� nX
jD1

	j
	
I˛CˇCj f .s; x.s//.!j/




�
mX

iD1
�i
	
I˛CˇC
i f .s; x.s//.�i/


 !C
�
.log t/ˇ

� .ˇ C 1/
˝1 �˝2

�

�
 

qX
lD1

�l
	
I˛CˇC�l f .s; x.s//.'l/


 �
pX

kD1
"k
	
I˛CˇC�k f .s; x.s//. k/


 !#

CI˛Cˇf .s; x.s//.t/;

.Q2x/ .t/ D 1

˝

"�
˝4 � .log t/ˇ

� .ˇ C 1/
˝3

� nX
jD1

�	j
	
�IˇCj x.s/.!j/
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C
mX

iD1
�i
	
�IˇC
i x.s/.�i/


 !C
�
.log t/ˇ

� .ˇ C 1/
˝1 �˝2

�

�
 

qX
lD1

��l
	
�IˇC�l x.s/.'l/


C
pX

kD1
"k
	
�IˇC�k x.s/. k/


 !#

��Iˇx.s/.t/; t 2 Œ1; e�:

Note that Q D Q1 C Q2: For any x; y 2 BR, we have

jQ1x.t/C Q2y.t/j

� 1

j˝j

" ˇ̌
ˇ̌˝4 � .log t/ˇ

� .ˇ C 1/
˝3

ˇ̌
ˇ̌
 

nX
jD1

ˇ̌
	j

ˇ̌ hk�k �I˛CˇCj1
�
.!j/

Cj�jR �IˇCj1
�
.!j/

i
C

mX
iD1

j�ij
h
k�k �I˛CˇC
i1

�
.�i/

Cj�jR �IˇC
i1
�
.�i/

i!
C
ˇ̌
ˇ̌ .log t/ˇ

� .ˇ C 1/
˝1 �˝2

ˇ̌
ˇ̌

�
 

qX
lD1

j�lj
	k�k �I˛CˇC�l1

�
.'l/C j�jR �IˇC�l1

�
.'l/




C
pX

kD1
j"kj

	k�k �I˛CˇC�k1
�
. k/C j�jR �IˇC�k1

�
. k/


 !#

Ck�k �I˛Cˇ1
�
.t/C j�jRj �Iˇ1� .t/

� k�k�.˛/C Rk�k�.0/ � R;

which implies that kQ1x C Q2yk � R. It follows that Q1x C Q2y 2 BR.
For x; y 2 E1 and for each t 2 Œ1; e�, we have

kQ2x � Q2yk � j�j�.0/kx � yk:

Hence, by (7.13), Q2 is a contraction mapping. Continuity of f implies that the
operator Q1 is continuous. Also, Q1 is uniformly bounded on BR as

kQ1xk � k�k�.˛/:

Now, we prove the compactness of the operator Q1:

We define sup
.t;x/2Œ.1;e/�BR�

jf .t; x/j D f < 1: Let t1; t2 2 Œ1; e� with t1 < t2 and

x 2 BR: Then, we have
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j.Q1x/.t2/ � .Q1x/.t1/j

�
ˇ̌
ˇ̌
ˇ
1

˝

"
˝3

�
.log t2/ˇ � .log t1/ˇ

� .ˇ C 1/

� nX
jD1

	j
	
I˛CˇCj f .s; x.s//.!j/




�
mX

iD1
�i
	
I˛CˇC
i f .s; x.s//.�i/


 !C˝1

�
.log t2/ˇ � .log t1/ˇ

� .ˇ C 1/

�

�
 

qX
lD1

�l
	
I˛CˇC�l f .s; x.s//.'l/


 �
pX

kD1
"k
	
I˛CˇC�k f .s; x.s//. k/


 !#ˇ̌ˇ̌
ˇ

C ˇ̌
I˛Cˇf .s; x.s//.t2/ � I˛Cˇf .s; x.s//.t1/

ˇ̌

�
Nf

j˝j

"
j˝3j

ˇ̌
ˇ̌ .log t2/ˇ � .log t1/ˇ

� .ˇ C 1/

ˇ̌
ˇ̌
 

nX
jD1

j	jj .log!j/
˛CˇCj

� .˛ C ˇ C j C 1/

C
mX

iD1
j�ij .log �i/

˛CˇC
i

� .˛ C ˇ C 
i C 1/

!
C j˝1j

ˇ̌
ˇ̌ .log t2/ˇ � .log t1/ˇ

� .ˇ C 1/

ˇ̌
ˇ̌

�
 

qX
lD1

j�lj .log'l/
˛CˇC�l

� .˛ C ˇ C �l C 1/
C

pX
kD1

j"kj .log k/
˛CˇC�k

� .˛ C ˇ C �k C 1/

!#

C
Nf

� .˛ C ˇ C 1/

	ˇ̌
.log t2/

˛Cˇ � .log t1/
˛Cˇ ˇ̌C 2.log t2=t1/

˛Cˇ
 ;

which is independent of x; and tends to zero as t2 � t1 ! 0: Thus, Q1 is
equicontinuous. So Q1 is relatively compact on BR: Hence, by the Arzelá-Ascoli
Theorem, Q1 is compact on BR: Thus all the assumptions of Theorem 1.2 are
satisfied. So the conclusion of Theorem 1.2 implies that the nonlocal problem (7.1)
has at least one solution on Œ1; e�: This completes the proof. �

Example 7.2 Consider the following nonlinear Langevin equation involving
Hadamard-Caputo type fractional derivatives with nonlocal fractional integral
conditions
8̂
ˆ̂̂̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂:

D2=3

�
D2=5 C 1

12

�
x.t/ D t log t

t C sin� t
� arccot x.t/

1C jx.t/j C t2 sin� t; 1 < t < e;

4I2=3x

�
2e

3

�
C 3I3=5x

�
2e C 1

3

�
D 2

5
I2=3x

�
e C 1

3

�

C 1

2
I1=2x

�
e C 2

3

�
C 2

5
I3=2x

�
e C 3

3

�
;

5

7
I2=5x

�
3e

7

�
C 6

7
I3=4x

�
4e

7

�
D 1

5
I1=5x

�
3e

5

�
C 2

7
I2=5x

�
4e

5

�
:

(7.14)
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Here ˛ D 2=3, ˇ D 2=5, � D 1=12, m D 2, n D 3, p D 2, q D 2, �1 D 4,
�2 D 3, 
1 D 2=3, 
2 D 3=5, �1 D 2e=3, �2 D .2e C 1/=3, 	1 D 2=5, 	2 D 1=2,
	3 D 2=5, 1 D 2=3, 2 D 1=2, 3 D 3=2, !1 D .e C 1/=3, !2 D .e C 2/=3,
!3 D .eC3/=3, "1 D 5=7, "2 D 6=7, �1 D 2=5, �2 D 3=4,  1 D 3e=7,  2 D 4e=7,
�1 D 1=5, �2 D 2=7, �1 D 1=5, �2 D 2=5, '1 D 3e=5, '2 D 4e=5, and f .t; x/ D
.t log tarccot x.t//=..tCsin� t/.1Cjx.t/j//Ct2 sin� t. Since jf .t; x/j � .t log t/=.tC
sin� t/Ct2 sin� t, (7.2.1) is satisfied. We find that�.0/ 	 10:69222877; j�j�.0/ 	
0:8910190640 < 1. Hence, by Theorem 7.2, the nonlocal problem (7.14) has at least
one solution on Œ1; e�.

7.2.3 Existence Result via Leray-Schauder’s Nonlinear
Alternative

Theorem 7.3 Let f W Œ1; e� � R ! R be a continuous function. Assume that:

(7.3.1) there exists a continuous nondecreasing function � W Œ0;1/ ! .0;1/ and
a function p 2 C.Œ1; e�;RC/ such that

jf .t; u/j � p.t/� .kuk/ for each .t; u/ 2 Œ1; e� � RI

(7.3.2) there exists a constant M > 0 such that

M

kpk� .M/�.˛/C j�jM�.0/ > 1;

where �.:/ is defined by (7.10).

Then, the nonlocal problem (7.1) has at least one solution on Œ1; e�:

Proof Firstly, we shall show that Q maps bounded sets (balls) into bounded sets
in E1. For a number R > 0, let BR D fx 2 E1 W kxk � Rg be a bounded ball in E1.
Then, for t 2 Œ1; e�; we have
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˝4 � .log t/ˇ
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�
mX

iD1
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� qX
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� kpk� .kxk/�.˛/C j�jR�.0/
� kpk� .R/�.˛/C j�jR�.0/;

and consequently,

kQxk � kpk� .R/�.˛/C j�jR�.0/:

Next, it will be shown that Q maps bounded sets into equicontinuous sets of E1:
Let t1; t2 2 Œ1; e� with t1 < t2 and x 2 BR: Then, we have

j.Qx/.t2/ � .Qx/.t1/j
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222 7 Nonlinear Langevin Equation and Inclusions Involving Hadamard-Caputo Type. . .

C .log t2/ˇ � .log t1/ˇ
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C kpk� .R/
� .˛ C ˇ C 1/

C 2.log t2=t1/
˛Cˇ

C j�jR
� .ˇ C 1/

ˇ̌
ˇ̌
ˇ.log t1/

ˇ � .log t2/
ˇ C 2

�
log

t2
t1

�ˇ ˇ̌ˇ̌
ˇ :

As t2 � t1 ! 0, the right-hand side of the above inequality tends to zero,
independently of x 2 BR. Therefore, by the Arzelá-Ascoli Theorem, the operator
Q W E1 ! E1 is completely continuous.

Finally, we show that there exists an open set U � E1 with x ¤ �Qx for � 2
.0; 1/ and x 2 @U:

Let x be a solution. Then, for t 2 Œ1; e�; as in the first step, we have

jx.t/j � kpk� .kxk/�.˛/C j�jkxk�.0/

which leads to

kxk
kpk� .kxk/�.˛/C j�jkxk�.0/ � 1:

In view of (7.3.2), there exists M such that kxk ¤ M: Let us set

U D fx 2 E1 W kxk < Mg:

We see that the operator Q W U ! E1 is continuous and completely continuous.
From the choice of U, there is no x 2 @U such that x D �Qx for some � 2 .0; 1/.
Consequently, by the nonlinear alternative of Leray-Schauder type, we deduce that
Q has a fixed point x 2 U; which is a solution of the boundary value problem (7.1).
This completes the proof. �

Example 7.3 Consider the following nonlinear Langevin equation involving
Hadamard-Caputo type fractional derivatives with nonlocal fractional integral
conditions
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ˆ̂̂̂
ˆ̂̂̂
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ˆ̂̂̂
ˆ̂̂̂
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�
:

(7.15)

Here ˛ D 1=2, ˇ D 4=5, � D 1=7, m D 4, n D 1, p D 2, q D 2, �1 D 2,
�2 D 3, �3 D 4, �4 D 5, 
1 D 3=2, 
2 D 4=3, 
3 D 5=4, 
4 D 6=5,
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�1 D .e C 1/=3, �2 D .e C 2/=3, �3 D .e C 3/=3, �4 D .e C 4/=3, 	1 D 2=3,
1 D 2=3, !1 D .e C 3/=4, "1 D 1=3, "2 D 1=6, �1 D 3=5, �2 D 3=4,  1 D 2e=5,
 2 D 3e=5, �1 D 5, �2 D 1=2, �1 D 3=5, �2 D 2=5, '1 D 2e=5, '2 D 3e=5,
and f .t; x/ D .sin x.t//=.5�2 C cos2 �x.t// C .2 C log t/=�2. Then, we get that
�.˛/ 	 2:675517413 and �.0/ 	 5:058796431: Clearly,

jf .t; x/j D
ˇ̌
ˇ̌
ˇ

sin x.t/

5�2 C cos2 �x.t/
C 2C log t

�2

ˇ̌
ˇ̌
ˇ �

�
2C log t

5�2

�
.jx.t/j C 5/ :

Choosing p.t/ D .2 C log t/=.5�2/ and � .jxj/ D jxj C 5, we can show that
M > 7:092618387. Hence, by Theorem 7.3, the nonlocal problem (7.15) has at
least one solution on Œ1; e�.

7.2.4 Existence Result via Leray-Schauder’s Degree Theory

Theorem 7.4 Let f W Œ1; e� � R ! R be a continuous function. In addition, we
assume that:

(7.4.1) there exist constants 0 � 
 < Œ1 � j�j�.0/� Œ�.˛/��1 and K > 0 such that

jf .t; x/j � 
jxj C K for all .t; x/ 2 Œ1; e� � R;

where �.:/ is given by (7.10).

Then, the nonlocal problem (7.1) has at least one solution on Œ1; e�:

Proof Let us consider the fixed point problem

x D Qx; (7.16)

where the operator Q W E1 ! E1 is defined by (7.9) and show that there exists
a fixed point x 2 E1 satisfying (7.16). It is sufficient to show that Q W BR ! E1
satisfies

x ¤ �Qx; 8x 2 @BR; 8� 2 Œ0; 1�; (7.17)

where BR D fx 2 E1 W kxk < R;R > 0g. We define

H.�; x/ D �Qx; x 2 E1; � 2 Œ0; 1�:

As shown in Theorem 7.3, the operator Q is continuous, uniformly bounded and
equicontinuous. Then, by the Arzelá-Ascoli Theorem, a continuous map h� defined
by h�.x/ D x � H.�; x/ D x � �Qx is completely continuous. If (7.17) is true,
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then the following Leray-Schauder degrees are well defined and by the homotopy
invariance of topological degree,

deg.h�;BR; 0/ D deg.I � �Q;BR; 0/ D deg.h1;BR; 0/

D deg.h0;BR; 0/ D deg.I;BR; 0/ D 1 ¤ 0; 0 2 BR; (7.18)

where I denotes the identity operator. By the nonzero property of Leray-Schauder
degree, h1.x/ D x �Qx D 0 for at least one x 2 BR. In order to establish (7.17), we
assume that x D �Qx for some � 2 Œ0; 1�. Then
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� .
kxk C K/�.˛/C j�jkxk�.0/
D Œ
�.˛/C j�j�.0/� kxk C K�.˛/;

which, on solving for kxk D supt2Œ1;e� jx.t/j, yields

kxk � K�.˛/

1 � 
�.˛/ � j�j�.0/ :

If R D K�.˛/

1 � 
�.˛/ � j�j�.0/ C 1, the inequality (7.16) hold. This completes the

proof. �

7.3 Langevin Inclusions Case

In this section, we study of existence of solutions for the following nonlinear
Caputo-Hadamard fractional Langevin inclusion with nonlocal Hadamard fractional
integral conditions:

8̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂:

D˛.Dˇ C �/x.t/ 2 F.t; x.t//; t 2 Œ1; e�;
mX

iD1
�iI


i x.�i/ D
nX

jD1
	jI

j x.!j/;

pX
kD1

"kI�k x. k/ D
qX

lD1
�lI

�l x.'l/;

(7.19)

where F W Œ1; e� � R ! P.R/ is a multivalued map, P.R/ is the family of all
nonempty subsets of R; while the rest of the quantities are the same as defined in
problem (7.1).

Definition 7.1 A function x 2 C 2.Œ1; e�;R/ is called a solution of problem (7.19)
if there exists a function v 2 L1.Œ1; e�;R/ with v.t/ 2 F.t; x.t//; a.e. on Œ1; e� such
that D˛.Dˇ C �/x.t/ D v.t/; a.e. on Œ1; e� and

Pm
iD1 �iI
i x.�i/ D Pn

jD1 	jIj x.!j/;Pp
kD1 "kI�k x. k/ D Pq

lD1 �lI�l x.'l/:

7.3.1 The Lipschitz Case

In this section, we prove the existence of solutions for the problem (7.19) when the
right hand side of the inclusion is not necessarily nonconvex valued by applying a
fixed point theorem for multivalued maps due to Covitz and Nadler (Theorem 1.18).
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Theorem 7.5 Assume that:

(7.5.1) F W Œ1; e� � R ! Pcp.R/ is such that F.�; x/ W Œ1; e� ! Pcp.R/ is
measurable for each x 2 RI

(7.5.2) Hd.F.t; x/;F.t; Nx// � m.t/jx � Nxj for almost all t 2 Œ1; e� and x; Nx 2 R with
m 2 C.Œ1; e�;RC/ and d.0;F.t; 0// � m.t/ for almost all t 2 Œ1; e�.

Then, the problem (7.19) has at least one solution on Œ1; e� if

kmk�.˛/ < 1;

where �.:/ is defined in (7.10).

Proof Define an operator F W E1 ! P.E1/ by
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;

9>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>;

for v 2 SF;x:

Observe that the set SF;x is nonempty for each x 2 E1 by the assumption (7.5.1),
so F has a measurable selection (see Theorem III.6 [57]). Now, we show that
the operator F satisfies the assumptions of Theorem 1.18. To show that F .x/ 2
Pcl.E1/ for each x 2 E1, let fungn�0 2 F .x/ be such that un ! u .n ! 1/ in E1:
Then u 2 E1 and there exists vn 2 SF;xn such that, for each t 2 Œ1; e�,

un.t/ D I˛Cˇvn.s/.t/ � �Iˇx.s/.t/
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As F has compact values, we pass onto a subsequence (if necessary) to obtain
that vn converges to v in L1.Œ1; e�;R/: Thus, v 2 SF;x and for each t 2 Œ1; e�,

vn.t/ ! v.t/ D I˛Cˇv.s/.t/ � �Iˇx.s/.t/
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Hence, u 2 F :

Next, we show that there exists  < 1 . WD kmk�.˛// such that

Hd.F .x/;F .Nx// � kx � Nxk for each x; Nx 2 E1:

Let x; Nx 2 E1 and h1 2 F .x/. Then there exists v1.t/ 2 F.t; x.t// such that, for each
t 2 Œ1; e�,
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By (7.5.2), we have

Hd.F.t; x/;F.t; Nx// � m.t/jx.t/ � Nx.t/j:

So, there exists w 2 F.t; Nx.t// such that

jv1.t/ � wj � m.t/jx.t/ � Nx.t/j; t 2 Œ1; e�:

Define U W Œ1; e� ! P.R/ by

U.t/ D fw 2 R W jv1.t/ � wj � m.t/jx.t/ � Nx.t/jg:

Since the multivalued operator U.t/ \ F.t; Nx.t// is measurable (Proposition III.4
[57]), there exists a function v2.t/ which is a measurable selection for U. So v2.t/ 2
F.t; Nx.t// and for each t 2 Œ1; e�, we have jv1.t/ � v2.t/j � m.t/jx.t/ � Nx.t/j.

For each t 2 Œ1; e�, let us define
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Thus,
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Hence,

kh1 � h2k � kmk�.˛/kx � Nxk:

Analogously, interchanging the roles of x and x, we obtain

Hd.F .x/;F .Nx// � kmk�.˛/kx � Nxk:

In view of the given condition (kmk�.˛/ < 1), we conclude that F is a
contraction. Thus it follows by Theorem 1.18 that F has a fixed point x which
is a solution of (7.19). This completes the proof. �

7.3.2 The Carathéodory Case

In this section, we consider the case when F has convex values and prove an
existence result based on nonlinear alternative of Leray-Schauder type, assuming
that F is Carathéodory.
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Theorem 7.6 Assume that (7.3.2) holds. In addition we suppose that:

(7.6.1) F W Œ1; e��R ! P.R/ is L1-Carathéodory and has nonempty compact and
convex values;

(7.6.2) there exist a continuous nondecreasing function � W Œ0;1/ ! .0;1/ and
a function p 2 C.Œ1; e�;RC/ such that

kF.t; x/kP WD supfjyj W y 2 F.t; x/g � p.t/� .kxk/ for each .t; x/ 2 Œ1; e� � R:

Then the problem (7.19) has at least one solution on Œ1; e�:

Proof Consider the operator F W E1 ! P.E1/ defined in the begin of the proof of
Theorem 7.5, and show that F satisfies the assumptions of the nonlinear alternative
of Leray-Schauder type. The proof consists of several steps. As a first step, we show
that F is convex for each x 2 E1: This step is obvious since SF;x is convex (F has
convex values), and therefore, we omit the proof.

In the second step, we show that F maps bounded sets (balls) into bounded sets
in E1: For a positive number �, let B� D fx 2 E1 W kxk � �g be a bounded ball in E1.
Then, for each h 2 F .x/; x 2 B�, there exists v 2 SF;x such that
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I˛CˇC�k kpk� .kxk/ . k/C j�jIˇC�k kxk. k/


 !#

� kpk� .�/
� .˛ C ˇ C 1/

ˇ̌
.log t2/

˛Cˇ � .log t1/
˛Cˇ ˇ̌

C j�j�
� .ˇ C 1/

ˇ̌
ˇ̌
ˇ.log t1/

ˇ � .log t2/
ˇ C 2

�
log

t2
t1

�ˇ ˇ̌ˇ̌
ˇ

C 1

j˝j

" ˇ̌
ˇ̌ .log t1/ˇ � log t2/ˇ

� .ˇ C 1/

ˇ̌
ˇ̌ j˝3j

 
nX

jD1
j	jj

�kpk� .�/ .log!j/
˛CˇCj

� .˛ C ˇ C j C 1/

Cj�j�.log!j/
ˇCj

� .ˇ C j C 1/

�

C
mX

iD1
j�ij

�kpk� .�/ .log �i/
˛CˇC
i

� .˛ C ˇ C 
i C 1/
C j�j�.log �i/

ˇC
i

� .ˇ C 
i C 1/

�!

C
ˇ̌
ˇ̌ .log t2/ˇ � .log t1/ˇ

� .ˇ C 1/

ˇ̌
ˇ̌ j˝1j

 
qX

lD1
j�lj
�kpk� .�/ .log'l/

˛CˇC�l

� .˛ C ˇ C �l C 1/
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Cj�j�.log'l/
ˇC�l

� .ˇ C �l C 1/

�

C
pX

kD1
j"kj

�kpk� .�/ .log k/
˛CˇC�k

� .˛ C ˇ C �k C 1/
C j�j�.log k/

ˇC�k

� .ˇ C �k C 1/

�!#
:

As t2 � t1 ! 0, the right-hand side of the above inequality tends to zero,
independently of x 2 B�. Therefore, by the Arzelá-Ascoli Theorem, the operator
F W E1 ! P.E1/ is completely continuous.

By Lemma 1.1, F will be upper semi-continuous (u.s.c.) if, we prove that it has
a closed graph since F is already shown to be completely continuous.

Thus, in our next step, we show that F has a closed graph. Let xn ! x�; hn 2
F .xn/ and hn ! h�: Then, we need to show that h� 2 F .x�/: Associated with
hn 2 F .xn/; there exists vn 2 SF;xn such that for each t 2 Œ1; e�;

hn.t/ D I˛Cˇvn.s/.t/ � �Iˇx.s/.t/

C 1

˝

"�
˝4 � .log t/ˇ

� .ˇ C 1/
˝3

� nX
jD1

	j

h
I˛CˇCjvn.s/.!j/

��IˇCj x.s/.!j/
i

�
mX

iD1
�i
	
I˛CˇC
ivn.s/.�i/ � �IˇC
i x.s/.�i/


 !

C
�
.log t/ˇ

� .ˇ C 1/
˝1 �˝2

� qX
lD1

�l
	
I˛CˇC�lvn.s/.'l/ � �IˇC�l x.s/.'l/




�
pX

kD1
"k
	
I˛CˇC�kvn.s/. k/ � �IˇC�k x.s/. k/


 !#
:

Thus it suffices to show that there exists v� 2 SF;x�
such that for each t 2 Œ1; e�;

h�.t/ D I˛Cˇv�.s/.t/ � �Iˇx.s/.t/

C 1

˝

"�
˝4 � .log t/ˇ

� .ˇ C 1/
˝3

� nX
jD1

	j

h
I˛CˇCjv�.s/.!j/

��IˇCj x.s/.!j/
i

�
mX

iD1
�i
	
I˛CˇC
iv�.s/.�i/ � �IˇC
i x.s/.�i/


 !
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C
�
.log t/ˇ

� .ˇ C 1/
˝1 �˝2

� qX
lD1

�l
	
I˛CˇC�lv�.s/.'l/ � �IˇC�l x.s/.'l/




�
pX

kD1
"k
	
I˛CˇC�kv�.s/. k/ � �IˇC�k x.s/. k/


 !#
:

Let us consider the linear operator � W L1.Œ1; e�;R/ ! E1 defined by

f 7! �.v/.t/ D I˛Cˇv.s/.t/ � �Iˇx.s/.t/

C 1

˝

"�
˝4 � .log t/ˇ

� .ˇ C 1/
˝3

� nX
jD1

	j

h
I˛CˇCjv.s/.!j/

��IˇCj x.s/.!j/
i

�
mX

iD1
�i
	
I˛CˇC
iv.s/.�i/ � �IˇC
i x.s/.�i/


 !

C
�
.log t/ˇ

� .ˇ C 1/
˝1 �˝2

� qX
lD1

�l
	
I˛CˇC�lv.s/.'l/

� �IˇC�l x.s/.'l/



�
pX

kD1
"k
	
I˛CˇC�kv.s/. k/ � �IˇC�k x.s/. k/


 !#
:

Observe that

khn.t/ � h�.t/k D
�����I˛Cˇ.vn.s/ � v�.s//.t/

C 1

˝

"�
˝4 � .log t/ˇ

� .ˇ C 1/
˝3

� nX
jD1

	jI
˛CˇCj.vn.s/ � v�.s//.!j/

�
mX

iD1

�iI
˛CˇC
i.vn.s/ � v�.s//.�i/

!

C
�
.log t/ˇ

� .ˇ C 1/
˝1 �˝2

� qX
lD1

�lI
˛CˇC�l.vn.s/ � v�.s//.'l/

�
pX

kD1

"kI˛CˇC�k .vn.s/ � v�.s//. k/

!#����� ! 0;

as n ! 1:
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Thus, it follows by Lemma 1.2 that � ı SF;x is a closed graph operator. Further,
we have hn.t/ 2 �.SF;xn/: Since xn ! x�; therefore, we have

h�.t/ D I˛Cˇv�.s/.t/ � �Iˇx.s/.t/

C 1

˝

"�
˝4 � .log t/ˇ

� .ˇ C 1/
˝3

� nX
jD1

	j

h
I˛CˇCjv�.s/.!j/

��IˇCj x.s/.!j/
i

�
mX

iD1
�i
	
I˛CˇC
iv�.s/.�i/ � �IˇC
i x.s/.�i/


 !

C
�
.log t/ˇ

� .ˇ C 1/
˝1 �˝2

� qX
lD1

�l
	
I˛CˇC�lv�.s/.'l/ � �IˇC�l x.s/.'l/




�
pX

kD1
"k
	
I˛CˇC�kv�.s/. k/ � �IˇC�k x.s/. k/


 !#
;

for some v� 2 SF;x�
.

Finally, we show there exists an open set U � E1 with x … �F .x/ for any
� 2 .0; 1/ and all x 2 @U: Let � 2 .0; 1/ and x 2 �F .x/: Then there exists
v 2 L1.Œ1; e�;R/ with v 2 SF;x such that, for t 2 Œ1; e�, we have

x.t/ D � I˛Cˇv.s/.t/ � �� Iˇx.s/.t/

C� 1
˝

"�
˝4 � .log t/ˇ

� .ˇ C 1/
˝3

� nX
jD1

	j

h
I˛CˇCjv.s/.!j/

��IˇCj x.s/.!j/
i

�
mX

iD1
�i
	
I˛CˇC
iv.s/.�i/ � �IˇC
i x.s/.�i/


 !

C�
�
.log t/ˇ

� .ˇ C 1/
˝1 �˝2

� qX
lD1

�l
	
I˛CˇC�lv.s/.'l/ � �IˇC�l x.s/.'l/




�
pX

kD1
"k
	
I˛CˇC�kv.s/. k/ � �IˇC�k x.s/. k/


 !#
:

As in the second step above, we have

jx.t/j � kpk� .kxk/�.˛/C j�jkxk�.0/

which leads to

kxk
kpk� .kxk/�.˛/C j�jkxk�.0/ � 1:
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In view of (7.6.3), there exists M such that kxk ¤ M. Let us set

U D fx 2 E1 W kxk < Mg:

Note that the operator F W U ! P.E1/ is upper semicontinuous and completely
continuous. From the choice of U, there is no x 2 @U such that x 2 �F .x/ for
some � 2 .0; 1/. Consequently, by the nonlinear alternative of Leray-Schauder type
(Theorem 1.15), we deduce that F has a fixed point x 2 U which is a solution of
the problem (7.19). This completes the proof. �

7.3.3 The Lower Semicontinuous Case

In the next result, F is not necessarily convex valued. We use the nonlinear
alternative of Leray Schauder type together with the selection theorem of Bressan
and Colombo (Lemma 1.3) for lower semi-continuous maps with decomposable
values, to establish the next existence result.

Theorem 7.7 Assume that (7.3.2), (7.6.2) and the following condition holds:

(7.7.1) F W Œ1; e� � R ! P.R/ is a nonempty compact-valued multivalued map
such that

(a) .t; x/ 7�! F.t; x/ is L ˝ B measurable,
(b) x 7�! F.t; x/ is lower semicontinuous for each t 2 Œ1; e�:

Then, the problem (7.19) has at least one solution on Œ1; e�:

Proof It follows from (7.6.2) and (7.7.1) that F is of l.s.c. type. Then, from
Lemma 1.3, there exists a continuous function f W E1 ! L1.Œ1; e�;R/ such that
f .x/ 2 F .x/ for all x 2 E1.

Consider the problem

8̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂:

D˛.Dˇ C �/x.t/ D f .x.t//; 1 < t < e;
mX

iD1
�iI


i x.�i/ D
nX

jD1
	jI

j x.!j/;

pX
kD1

"kI�k x. k/ D
qX

lD1
�lI

�l x.'l/;

(7.20)

Observe that if x 2 C 2.Œ1; e�;R/ is a solution of (7.20), then x is a solution to the
problem (7.19). In order to transform the problem (7.20) into a fixed point problem,
we define an operator F as
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F x.t/ D I˛Cˇf .x.s//.t/ � �Iˇx.s/.t/

C 1

˝

"�
˝4 � .log t/ˇ

� .ˇ C 1/
˝3

� nX
jD1

	j

h
I˛CˇCjvf .x.s//.!j/

��IˇCj x.s/.!j/
i

�
mX

iD1
�i
	
I˛CˇC
i f .x.s//.�i/ � �IˇC
i x.s/.�i/


 !

C
�
.log t/ˇ

� .ˇ C 1/
˝1 �˝2

� qX
lD1

�l
	
I˛CˇC�l f .x.s//.'l/ � �IˇC�l x.s/.'l/




�
pX

kD1
"k
	
I˛CˇC�k f .x.s//. k/ � �IˇC�k x.s/. k/


 !#
:

It can easily be shown that F is continuous and completely continuous. The
remaining part of the proof is similar to that of Theorem 7.6. So, we omit it. This
completes the proof. �

7.3.4 Examples

We illustrate our results with the help of some examples. Let us consider the
following boundary value problem for Caputo-Hadamard fractional differential
Langevin inclusion with nonlocal fractional integral boundary conditions

8̂
ˆ̂̂̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂:

D1=2

�
D4=5 C 1

15

�
x.t/ 2 F.t; x.t//; 1 < t < e;

2I3=2x

�
e C 1

3

�
C 3I4=3x

�
e C 2

3

�
C 4I5=4x

�
e C 3

3

�
C 5I6=5x

�
e C 4

3

�

D 2

3
I2=3x

�
e C 3

4

�
C 4I2=3x

�
2e

3

�
C 3I3=5x

�
2e C 1

3

�
;

1

3
I3=5x

�
2e

5

�
C 1

6
I3=4x

�
3e

5

�
D 5I3=5x

�
2e

5

�
C 1

2
I2=5x

�
3e

5

�
:

(7.21)

Here ˛ D 1=2, ˇ D 4=5, � D 1=15, m D 4, n D 3, p D 2, q D 2, �1 D 2, �2 D
3, �3 D 4, �4 D 5, 
1 D 3=2, 
2 D 4=3, 
3 D 5=4, 
4 D 6=5, �1 D .e C 1/=3,
�2 D .e C 2/=3, �3 D .e C 3/=3, �4 D .e C 4/=3, 	1 D 2=3, 	2 D 4, 	3 D 3,
1 D 2=3, 2 D 2=3, 3 D 3=5, !1 D .e C 3/=4, !2 D .2e/=3, !3 D .2e C 1/=3,
"1 D 1=3, "2 D 1=6, �1 D 3=5, �2 D 3=4,  1 D 2e=5,  2 D 3e=5, �1 D 5,
�2 D 1=2, �1 D 3=5, �2 D 2=5, '1 D 2e=5, '2 D 3e=5. Using the given data,
we find that ˝1 D 0:210907130, ˝2 D �0:537266438, ˝3 D �1:496430446,
˝4 D �0:269076088, ˝ D �0:860731921, �.1=2/ 	 7:786402339; and �.0/ 	
14:19541525:
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(a) Let F W Œ1; e� � R ! P.R/ be a multivalued map given by

x ! F.t; x/ D
�
0;

sin x

4.1C t/
C 2

3

�
: (7.22)

Then, we have

supfjxj W x 2 F.t; x/g � 1

4.1C t/
C 2

3
;

and

Hd.F.t; x/; F.t; x// � 1

4.1C t/
jx � xj:

Let m.t/ D 1=.4.1 C t//. Then Hd.F.t; x/; F.t; x// � m.t/jx � xj; and kmk D
1=8: Further kmk�.1=2/ 	 0:973300292 < 1:

By Theorem 7.5, the problem (7.21) with F.t; x/ given by (7.22) has at least
one solution on Œ1; e�.

(b) Let F W Œ1; e� � R ! P.R/ be a multivalued map given by

x ! F.t; x/ D
� jxj

jxj C log t C 1
;

ex

ex C cos2 x
C 3t2

2e2
C 2

3

�
: (7.23)

For f 2 F, we have

jf j � max

� jxj
jxj C log t C 1

;
ex

ex C cos2 x
C 3t2

2e2
C 2

3

�
� 19

6
; x 2 R:

Thus,

kF.t; x/kP WD supfjyj W y 2 F.t; x/g � 19

6
D p.t/� .kxk/; x 2 R;

with p.t/ D 1=6, � .kxk/ D 19. Further, using the condition (7.6.3), we find that
M > 459:683223057. Therefore, all the conditions of Theorem 7.6 are satisfied.
So, the problem (7.21) with F.t; x/ given by (7.23) has at least one solution on
[1,e].

7.4 Langevin Equations with Fractional Coupled Integral
Conditions

In this section, we study the existence and uniqueness of solutions for a coupled
system of Riemann-Liouville and Hadamard fractional Langevin equations with
fractional coupled integral conditions of the form
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8̂
ˆ̂̂̂
ˆ̂̂<
ˆ̂̂̂
ˆ̂̂̂
:

RLDq1 .RLDp1 C �1/ x.t/ D f .t; x.t/; y.t//; a � t � T;

HDq2 .HDp2 C �2/ y.t/ D g.t; x.t/; y.t//; a � t � T;

x.a/ D 0; �1x.�1/ D
mX

iD1
˛iHI�i y.�i/;

y.a/ D 0; �2y.�2/ D
nX

jD1
ˇjRLIj x.�j/;

(7.24)

where RLDq; HDp are the Riemann-Liouville and Hadamard fractional derivatives of
orders q; p, respectively, with q 2 fq1; p1g, p 2 fq2; p2g; 0 < qk; pk � 1; �k are given
constants, k D 1; 2; RLIj ; HI�i are the Riemann-Liouville and Hadamard fractional
integral of orders j; �i > 0, respectively, �i; �j 2 .a;T/ and ˛i; ˇj; �1; �2 2 R for
all i D 1; 2; : : : ;m; j D 1; 2; : : : ; n; �1; �2 2 .a;T�; f ; g W Œa;T� � R

2 ! R are
continuous functions.

In the following analysis, we set

˝ 0
1 D

mX
iD1

˛i� .q2/
�
log �i

a

�q2Cp2C�i�1

� .q2 C p2 C �i/
; ˝ 0

2 D
nX

jD1

ˇj� .q1/.�j � a/q1Cp1Cj�1

� .q1 C p1 C j/
;

˝ 0
3 D �2� .q2/

� .q2 C p2/

�
log

�2

a

�q2Cp2�1
; ˝ 0

4 D �1� .q1/

� .q1 C p1/
.�1 � a/q1Cp1�1;

and

˝ 0 D˝ 0
1˝

0
2 �˝ 0

3˝
0
4:

Lemma 7.2 Let ˝ 0 ¤ 0; 0 < qk; pk � 1; k D 1; 2; �i; j > 0, ˛i; ˇj; �1; �2 2
R, �i; �j 2 .a;T/; i D 1; 2; : : : ;m; j D 1; 2; : : : ; n, �1; �2 2 .a;T� and 	; 2
C.Œa;T�;R/; a > 0: Then, the following problem

8̂
ˆ̂̂̂
ˆ̂̂<
ˆ̂̂̂
ˆ̂̂̂
:

RLDq1 .RLDp1 C �1/ x.t/ D 	.t/; a � t � T;

HDq2 .HDp2 C �2/ y.t/ D  .t/; a � t � T;

x.a/ D 0; �1x.�1/ D
mX

iD1
˛iHI�i y.�i/;

y.a/ D 0; �2y.�2/ D
nX

jD1
ˇjRLIj x.�j/;

(7.25)

is equivalent to the integral equations

x.t/

D RLIq1Cp1	.t/ � �1RLIp1x.t/ �
�
.t � a/q1Cp1�1� .q1/
˝ 0� .q1 C p1/

�
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�
" 

nX
jD1

ˇjRLIq1Cp1Cj	.�j/ � �1
nX

jD1
ˇjRLIq1Cj x.�j/ (7.26)

C�2�2HIp2y.�2/ � �2HIq2Cp2 .�2/

!
˝ 0
1 C

 
mX

iD1
˛iHIq2Cp2C�i .�i/

��2
mX

iD1
˛iHIq2C�i y.�i/C �1�1RLIp1x.�1/ � �1RLIq1Cp1	.�1/

!
˝ 0
3

#
;

and

y.t/

D HIq2Cp2 .t/ � �2HIp2y.t/ �
"�

log t
a

�q2Cp2�1
� .q2/

˝ 0� .q2 C p2/

#

�
" 

mX
iD1

˛iHIq2Cp2C�i .�i/ � �2
mX

iD1
˛iHIq2C�i y.�i/ (7.27)

C�1�1RLIp1x.�1/ � �1RLIq1Cp1	.�1/

!
˝ 0
2 C

 
nX

jD1
ˇjRLIq1Cp1Cj	.�j/

��1
nX

jD1
ˇjRLIq1Cj x.�j/C �2�2HIp2y.�2/ � �2HIq2Cp2 .�2/

!
˝ 0
4

#
:

Proof Using Lemmas 1.4 and 1.5, the first two equations in (7.25) can be expressed
into equivalent integral equations as

x.t/ D RLIq1Cp1	.t/��1RLIp1x.t/�c1
� .q1/.t � a/q1Cp1�1

� .q1 C p1/
�c2.t�a/p1�1; (7.28)

and

y.t/ D HIq2Cp2 .t/ � �2HIp2y.t/ � d1
� .q2/

�
log t

a

�q2Cp2�1

� .q2 C p2/
� d2

�
log

t

a

�p2�1
;

(7.29)

for c1; c2; d1; d2 2 R. The conditions x.a/ D y.a/ D 0 imply that c2 D d2 D 0:

Applying the Riemann-Liouville and Hadamard fractional integrals of order
j; �i > 0 on (7.28)–(7.29), respectively, and using the property given in Lemma 1.6,
we obtain
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�2HIq2Cp2 .�2/��2�2HIp2y.�2/ � d1˝
0
3

D
nX

jD1
ˇjRLIq1Cp1Cj	.�j/ � �1

nX
jD1

ˇjRLIq1Cj x.�j/ � c1˝
0
2;

�1RLIq1Cp1	.�1/��1�1RLIp1x.�1/ � c1˝
0
4

D
mX

iD1
˛iHIq2Cp2C�i .�i/ � �2

mX
iD1

˛iHIq2C�i y.�i/ � d1˝
0
1:

Solving the above system for constants c1 and d1, we get

c1 D ˝ 0
1

˝ 0

 
nX

jD1
ˇjRLIq1Cp1Cj	.�j/ � �1

nX
jD1

ˇjRLIq1Cj x.�j/C �2�2HIp2y.�2/

��2HIq2Cp2 .�2/

!
C ˝ 0

3

˝ 0

 
mX

iD1
˛iHIq2Cp2C�i .�i/ � �2

mX
iD1

˛iHIq2C�i y.�i/

C�1�1RLIp1x.�1/ � �1RLIq1Cp1	.�1/

!
;

d1 D ˝ 0
2

˝ 0

 
mX

iD1
˛iHIq2Cp2C�i .�i/ � �2

mX
iD1

˛iHIq2C�i y.�i/C �1�1RLIp1x.�1/

��1RLIq1Cp1	.�1/

!
C ˝ 0

4

˝ 0

 
nX

jD1
ˇjRLIq1Cp1Cj	.�j/ � �1

nX
jD1

ˇjRLIq1Cj x.�j/

C�2�2HIp2y.�2/ � �2HIq2Cp2 .�2/

!
:

Substituting the values of c1; c2; d1 and d2 in (7.28) and (7.29), we obtain the
solution (7.26) and (7.27). The converse follows by direct computation. This
completes the proof �

For the sake of convenience, we use the following notations throughout this
section:

RLIwh.s; x.s/; y.s//.v/ D 1

� .w/

Z v

0

.v � s/w�1h.s; x.s/; y.s//ds;

and

HIuh.s; x.s/; y.s//.v/ D 1

� .u/

Z v

a

�
log

v

s

�u�1
h.s; x.s/; y.s//ds;

where u 2 fq2; p2; jg, w D fq1; p1; �ig, v 2 ft; �1; �2; �i; �jg and h D ff ; gg,
i D 1; 2; : : : ;m, j D 1; 2; : : : ; n.
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Let us introduce the space X D fx.t/jx.t/ 2 C.Œa;T�;R/g endowed with the
norm kxk D supfjx.t/j; t 2 Œa;T�g: Obviously .X; k �k/ is a Banach space. Likewise,
Y D fy.t/jy.t/ 2 C.Œa;T�/g equipped with the norm kyk D supfjy.t/j; t 2 Œa;T�g
is a Banach space. Thus the product space .X � Y; k.x; y/k/ is a Banach space with
norm k.x; y/k D kxk C kyk:

In view of Lemma 7.2, we define an operator Q W X � Y ! X � Y by

Q.x; y/.t/ D
�
Q1.x; y/.t/
Q2.x; y/.t/

�
;

where

Q1.x; y/.t/

D RLIq1Cp1 f .s; x.s/; y.s//.t/ � �1RLIp1x.t/

� .t � a/q1Cp1�1� .q1/

˝0� .q1 C p1/

" 
nX

jD1

ˇjRLIq1Cp1Cj f .s; x.s/; y.s//.�j/

��1
nX

jD1

ˇjRLIq1Cj x.�j/C �2�2HIp2y.�2/ � �2HIq2Cp2g.s; x.s/; y.s//.�2/

!
˝0

1

C
 

mX
iD1

˛iHIq2Cp2C�i g.s; x.s/; y.s//.�i/ � �2
mX

iD1

˛iHIq2C�i y.�i/C �1�1RLIp1x.�1/

��1RLIq1Cp1 f .s; x.s/; y.s//.�1/

!
˝0

3

#
;

and

Q2.x; y/.t/

D HIq2Cp2g.s; x.s/; y.s//.t/ � �2HIp2y.t/

�
�
log t

a

�q2Cp2�1
� .q2/

˝ 0� .q2 C p2/

" 
mX

iD1
˛iHIq2Cp2C�i g.s; x.s/; y.s//.�i/

��2
mX

iD1
˛iHIq2C�i y.�i/C �1�1RLIp1x.�1/ � �1RLIq1Cp1 f .s; x.s/; y.s//.�1/

!
˝ 0
2

C
 

nX
jD1

ˇjRLIq1Cp1Cj f .s; x.s/; y.s//.�j/ � �1
nX

jD1
ˇjRLIq1Cj x.�j/

C�2�2HIp2y.�2/ � �2HIq2Cp2g.s; x.s/; y.s//.�2/

!
˝ 0
4

#
:
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For convenience, we introduce the notations:

A1 D � .q1/.T � a/q1Cp1�1

� .q1 C p1/
; A2 D � .q2/

�
log T

a

�q2Cp2�1

� .q2 C p2/
;

A3 D .T � a/p1

� .p1 C 1/
; A4 D .T � a/q1Cp1

� .q1 C p1 C 1/
;

A5 D .�1 � a/p1

� .p1 C 1/
; A6 D .�1 � a/q1Cp1

� .q1 C p1 C 1/
;

A7 D
�
log T

a

�p2

� .p2 C 1/
; A8 D

�
log T

a

�q2Cp2

� .q2 C p2 C 1/
;

A9 D
�
log �1

a

�p1

� .p1 C 1/
; A10 D

�
log �1

a

�q1Cp1

� .q1 C p1 C 1/
;

A11 D
�
log �2

a

�p2

� .p2 C 1/
; A12 D

�
log �2

a

�q2Cp2

� .q2 C p2 C 1/
;

A13 D
mX

iD1

j˛ij
�
log �i

a

�q2C�i

� .q2 C �i C 1/
; A14 D

mX
iD1

j˛ij
�
log �i

a

�q2Cp2C�i

� .q2 C p2 C �i C 1/
;

A15 D
nX

jD1

jˇjj.�j � a/q1Cj

� .q1 C j C 1/
; A16 D

nX
jD1

jˇjj.�j � a/q1Cp1Cj

� .q1 C p1 C j C 1/
:

Now we present our first result, which is concerned with the existence and
uniqueness of solutions for the problem (7.24) and is based on Banach’s fixed point
theorem.

Theorem 7.8 Assume that f ; g W Œa;T� � R
2 ! R are continuous functions and

there exist positive constants mi; ni; i D 1; 2 such that for all t 2 Œa;T�; a > 0 and xi,
yi 2 R; i D 1; 2;

jf .t; x1; x2/ � f .t; y1; y2/j � m1jx1 � x2j C m2jy1 � y2j

and

jg.t; x1; x2/ � g.t; y1; y2/j � n1jx1 � x2j C n2jy1 � y2j:

In addition, suppose that

B1 C C1 < 1;
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where

B1 D .m1 C m2/M1 C .n1 C n2/M2 C M3 C M4;

C1 D .m1 C m2/M6 C .n1 C n2/M5 C M7 C M8;

and

M1 D A1
j˝ 0j

�j�1jj˝ 0
3jA6 C j˝ 0

1jA16 C A4
�
;

M2 D A1
j˝ 0j

�j�2jj˝ 0
1jA12 C j˝ 0

3jA14
�

M3 D j�1jA1
j˝ 0j

�j�1jj˝ 0
3jA5 C j˝ 0

1jA15
�C j�1jA3;

M4 D j�2jA1
j˝ 0j

�j�2jj˝ 0
1jA11 C j˝ 0

3jA13
�

M5 D A2
j˝ 0j

�j�2jj˝ 0
4jA12 C j˝ 0

2jA14 C A8
�
;

M6 D A2
j˝ 0j

�j�1jj˝ 0
2jA6 C j˝ 0

4jA16
�
;

M7 D j�2jA2
j˝ 0j

�j� 0
2jj˝ 0

4jA11 C j˝ 0
2jA13

�C j�2jA7;

M8 D j�1jA2
j˝ 0j

�j�1jj˝ 0
2jA5 C j˝ 0

4jA15
�
:

Then, the problem (7.24) has a unique solution on Œa;T�.

Proof Define supt2Œa;T� f .t; 0; 0/ D N1 < 1 and supt2Œa;T� g.t; 0; 0/ D N2 < 1 and
consider the set Br D f.x; y/ 2 X � Y W k.x; y/k � rg, where

r � .M1 C M6/N1 C .M2 C M5/N2
1 � B1 � C1

:

Let us first show that QBr � Br: For .x; y/ 2 Br; we have

jQ1.x; y/.t/j

D sup
t2Œa;T�

(
RLIq1Cp1 jf .s; x.s/; y.s//j.t/C j�1jRLIp1 jx.s/j.t/C

"
.t � a/q1Cp1�1� .q1/

j˝0j� .q1 C p1/

#

�
" 

nX
jD1

jˇjjRLIq1Cp1Cj jf .s; x.s/; y.s//j.�j/C j�1j
nX

jD1

jˇjjRLIq1Cj jx.s/j.�j/
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Cj�2jj�2jHIp2 jy.s/j.�2/C j�2jHIq2Cp2 jg.s; x.s/; y.s//j.�2/
!

j˝0

1j

C
 

mX
iD1

j˛ijHIq2Cp2C�i jg.s; x.s/; y.s//j.�i/C j�2j
mX

iD1

j˛ijHIq2C�i jy.s/j.�i/

Cj�1jj�1jRLIp1 jx.s/j.�1/C j�1jRLIq1Cp1 jf .s; x.s/; y.s//j.�1/
!

j˝0

3j
#)

� RLIq1Cp1 .jf .s; x.s/; y.s// � f .s; 0; 0/j C jf .s; 0; 0/j/.T/C j�1jRLIp1 jx.s/j.T/

C
"
.T � a/q1Cp1�1� .q1/

j˝0j� .q1 C p1/

#" 
nX

jD1

jˇjjRLIq1Cp1Cj.jf .s; x.s/; y.s// � f .s; 0; 0/j

Cjf .s; 0; 0/j/.�j/C j�1j
nX

jD1

jˇjjRLIq1Cj jx.s/j.�j/C j�2jj�2jHIp2 jy.s/j.�2/

Cj�2jHIq2Cp2 .jg.s; x.s/; y.s// � g.s; 0; 0/j C jg.s; 0; 0/j/.�2/
!

j˝0

1j

C
 

mX
iD1

j˛ijHIq2Cp2C�i.jg.s; x.s/; y.s// � g.s; 0; 0/j C jg.s; 0; 0/j/.�i/

Cj�2j
mX

iD1

j˛ijHIq2C�i jy.s/j.�i/C j�1jj�1jRLIp1 jx.s/j.�1/

Cj�1jRLIq1Cp1 .jf .s; x.s/; y.s// � f .s; 0; 0/j C jf .s; 0; 0/j/.�1/
!

j˝0

3j
#

� .m1kxk C m2kyk C N1/RLIq1Cp1 .1/.T/C j�1jkxkRLIp1 .1/.T/

C .T � a/q1Cp1�1� .q1/

j˝0j� .q1 C p1/

" 
.m1kxk C m2kyk C N1/

nX
jD1

jˇjjRLIq1Cp1Cj.1/.�j/

Cj�1jkxk
nX

jD1

jˇjjRLIq1Cj.1/.�j/C j�2jj�2jkykHIp2 .1/.�2/

Cj�2j.n1kxk C n2kyk C N2/HIq2Cp2 .1/.�2/

!
j˝0

1j

C
 
.n1kxk C n2kyk C N2/

mX
iD1

j˛ijHIq2Cp2C�i.1/.�i/

Cj�2jkyk
mX

iD1

j˛ijHIq2C�i.1/.�i/
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Cj�1jj�1jkxkRLIp1 .1/.�1/C j�1j.m1kxk C m2kyk C N1/RLIq1Cp1 .1/.�1/

!
j˝0

3j
#

D
 
� .q1/.T � a/q1Cp1�1

j˝0j� .q1 C p1/

 
j˝0

3jj�1j.�1 � a/q1Cp1

� .q1 C p1 C 1/
C

nX
jD1

j˝0

1jjˇjj.�j � a/q1Cp1Cj

� .q1 C p1 C j C 1/

!

C .T � a/q1Cp1

� .q1 C p1 C 1/

!
.m1kxk C m2kyk C N1/C � .q1/.T � a/q1Cp1�1

j˝0j� .q1 C p1/
�

�
 

j�2jj˝0

1j
�
log �2

a

�q2Cp2

� .q2 C p2 C 1/

C
mX

iD1

j˝0

3jj˛ij
�
log �i

a

�q2Cp2C�i

� .q2 C p2 C �i C 1/

!
.n1kxk C n2kyk C N2/

C
 

j�1j.T � a/p1

� .p1 C 1/
C j�1j� .q1/.T � a/q1Cp1�1

j˝0j� .q1 C p1/

 
j˝0

3jj�1j.�1 � a/p1

� .p1 C 1/

C
nX

jD1

j˝0

1jjˇjj.�j � a/q1Cj

� .q1 C j C 1/

!!
kxk

Cj�2j� .q1/.T � a/q1Cp1�1

j˝0j� .q1 C p1/

 
j˝0

1jj�2j
�
log �2

a

�p2

� .p2 C 1/

C
mX

iD1

j˝0

3jj˛ij
�
log �i

a

�q2C�i

� .q2 C �i C 1/

!
kyk

D
�

A1
j˝0j

�j�1jj˝0

3jA6 C j˝0

1jA16
�C A4

�
.m1kxk C m2kyk C N1/

C A1
j˝0j

�j�2jj˝0

1jA12 C j˝0

3jA14
�
.n1kxk C n2kyk C N2/

C
� j�1jA1

j˝0j
�j�1jj˝0

3jA5 C j˝0

1jA15
�C j�1jA3

�
kxk

Cj�2jA1
j˝0j

�j�2jj˝0

1jA11 C j˝0

3jA13
� kyk

D M1.m1kxk C m2kyk C N1/C M2.n1kxk C n2kyk C N2/C M3kxk C M4kyk
D .m1M1 C n1M2 C M3/kxk C .m2M1 C n2M2 C M4/kyk C M1N1 C M2N2

� ..m1 C m2/M1 C .n1 C n2/M2 C M3 C M4/r C M1N1 C M2N2

D B1r C M1N1 C M2N2:
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Hence

kQ1.x; y/k � B1r C M1N1 C M2N2:

In the same way, we can obtain

kQ2.x; y/k � C1r C M6N1 C M5N2:

Consequently, kQ.x; y/k � r:
Now for .x2; y2/; .x1; y1/ 2 X � Y; and for any t 2 Œa;T�; we get

jQ1.x2; y2/.t/ � Q1.x1; y1/.t/j
� RLIq1Cp1 .jf .s; x2.s/; y2.s// � f .s; x1.s/; y1.s//j/.T/

Cj�1jRLIp1 .jx2.s/ � x1.s/j/.T/

C .T � a/q1Cp1�1� .q1/
j˝ 0j� .q1 C p1/

" 
nX

jD1
jˇjjRLIq1Cp1Cj.jf .s; x2.s/; y2.s//

�f .s; x1.s/; y1.s//j/.�j/

Cj�1j
nX

jD1
jˇjjRLIq1Cj.jx2.s/ � x1.s/j/.�j/C j�2jj�2jHIp2 .jy2.s/ � y1.s/j/.�2/

Cj�2jHIq2Cp2 .jg.s; x2.s/; y2.s// � g.s; x1.s/; y1.s//j/.�2/
!

j˝ 0
1j

C
 

mX
iD1

j˛ijHIq2Cp2C�i.jg.s; x2.s/; y2.s// � g.s; x1.s/; y1.s//j/.�i/

Cj�2j
mX

iD1
j˛ijHIq2C�i.jy2.s/ � y1.s/j/.�i/C j�1jj�1jRLIp1 .jx2.s/ � x1.s/j/.�1/

Cj�1jRLIq1Cp1 .jf .s; x2.s/; y2.s// � f .s; x1.s/; y1.s//j/.�1/
!

j˝ 0
3j
#

� .m1kx2 � x1k C m2ky2 � y1k/
"

j˝ 0
1j� .q1/.T � a/q1Cp1�1

j˝ 0j� .q1 C p1/

�
nX

jD1

jˇjj.�j � a/q1Cp1Cj

� .q1 C p1 C j C 1/

Cj�1jj˝ 0
3j.T � a/q1Cp1�1� .q1/.�1 � a/q1Cp1

j˝ 0j� .q1 C p1/� .q1 C p1 C 1/
C .T � a/q1Cp1

� .q1 C p1 C 1/

#
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C.n1kx2 � x1k C n2ky2 � y1k/
"

j�2jj˝ 0
1j� .q1/.T � a/q1Cp1�1 �log �2

a

�q2Cp2

j˝ 0j� .q1 C p1/� .q2 C p2 C 1/

Cj˝ 0
3j� .q1/.T � a/q1Cp1�1

j˝ 0j� .q1 C p1/

mX
iD1

j˛ij
�
log �i

a

�q2Cp2C�i

� .q2 C p2 C �i C 1/

#

Ckx2 � x1k
"

j�1j .T � a/p1

� .p1 C 1/

Cj�1jj�1jj˝ 0
3j� .q1/.T � a/q1Cp1�1.�1 � a/p1

j˝ 0j� .q1 C p1/� .p1 C 1/
C j�1jj˝ 0

1j� .q1/.T � a/q1Cp1�1

j˝ 0j� .q1 C p1/

�
nX

jD1

jˇjj.�j � a/q1Cj

� .q1 C j C 1/

#
C ky2 � y1k

"� j�2jj˝ 0
3j� .q1/.T � a/q1Cp1�1

j˝ 0j� .q1 C p1/

�
�

�
mX

iD1

j˛ij
�
log �i

a

�q2C�i

� .q2 C �i C 1/
C j�2jj�2jj˝ 0

1j� .q1/.T � a/q1Cp1�1 �log �2
a

�p2

j˝ 0j� .q1 C p1/� .p2 C 1/

#

D .m1kx2 � x1k C m2ky2 � y1k/
�

A1
j˝ 0j

�j�1jj˝ 0
3jA6 C j˝ 0

1jA16 C A4
��

C.n1kx2 � x1k C n2ky2 � y1k/
�

A1
j˝ 0j

�j�2jj˝ 0
1jA12 C j˝ 0

3jA14
��

Ckx2 � x1k
� j�1jA1

j˝ 0j
�j�1jj˝ 0

3jA5 C j˝ 0
1jA15

�C j�1jA3
�

Cky2 � y1k
� j�2jA1

j˝ 0j
�j�2jj˝ 0

1jA11 C j˝ 0
3jA13

��

D M1.m1kx2 � x1k C m2ky2 � y1k/C M2.n1kx2 � x1k C n2ky2 � y1k/
CM3kx2 � x1k C M4ky2 � y1k

D .m1M1 C n1M2 C M3/kx2 � x1k C .m2M1 C n2M2 C M4/ky2 � y1k;

and consequently, we obtain

kQ1.x2; y2/ � Q1.x1; y1/k � B1Œkx2 � x1k C ky2 � y1k�: (7.30)

Similarly,

kQ2.x2; y2/ � Q2.x1; y1/k � C1Œkx2 � x1k C ky2 � y1k�: (7.31)

It follows from (7.30) and (7.31) that

kQ.x2; y2/ � Q.x1; y1/k � ŒB1 C C1�.kx2 � x1k C ky2 � y1k/:
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Since .B1 C C1/ < 1; Q is a contraction. So, by Banach’s fixed point theorem,
the operator Q has a unique fixed point, which is the unique solution of the
problem (7.24). This completes the proof. �

Example 7.4 Consider the system of Riemann-Liouville and Hadamard fractional
Langevin equations supplemented with fractional coupled integral conditions

8̂
ˆ̂̂̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂:

RLD2=5

�
RLD3=4 C 1

7

�
x.t/ D jxj sin2.2� t/

.5 � t/2

� jxj
jxj C 2

C 1

�
C jyj
.6 � t/2

� 1

2
;

HD3=2

�
HD1=5 � 1

11

�
y.t/ D jxj

.7C t/2
C cos2.� t/

.7 � t/2
�
� jyj

jyj C 3
C 1

�
jyj C 1;

x

�
1

4

�
D 0;

p
2x.1/ D 1

2
HI

p
3y

�
1

3

�
� 1

3
HI4=5y

�
3

2

�
;

y

�
1

4

�
D 0;

1

2
y

�
3

2

�
D 1

6
RLI�=2x

�
2

5

�
C 1

8
RLI

p
5x

�
5

3

�
;
1

4
� t � 2:

(7.32)

Here q1 D 2=5; q2 D 5=6; p1 D 3=4; p2 D 3=7; �1 D 1=7; �2 D
�1=11; n D 2; m D 2; a D 1=4; T D 2; �1 D p

2; �2 D 1=2; �1 D
1; �2 D 3=2; �1 D 1=3; �2 D 3=2; �1 D 2=5; �2 D 5=3; ˛1 D 1=2; ˛2 D
�1=3; ˇ1 D 1=6; ˇ2 D 1=8; �1 D p

3; �2 D 4=5; 1 D �=2; 2 D p
5; and

f .t; x; y/ D ..sin2.2� t//=..5� t/2//.jxj=.jxjC2/C1/.jxj/C .jyj=..6� t/2//� .1=2/
and g.t; x; y/ D .jxj=..7C t/2//C .cos2.� t//=..7 � t/2/.jyj=.jyj C 3/C 1/jyj C 1:

Obviously

jf .t; x1; x2/ � f .t; y1; y2/j � 2

27
jx1 � x2j C 4

121
jy1 � y2j;

and

jg.t; x1; x2/ � g.t; y1; y2/j � 4

225
jx1 � x2j C 16

507
jy1 � y2j:

Using the given values, we find that ˝ 0 	 �2:490241444 ¤ 0: Further, the
assumptions of Theorem 7.8 are satisfied with m1 D 2=27; m2 D 4=121; n1 D
4=225; n2 D 16=507; M1 ' 2:584592457; M2 ' 1:020410145; M3 '
0:176932454; M4 ' 0:134734178; M5 ' 3:202563777; M6 ' 0:210181316,
M7 ' 0:143988733; M8 ' 0:030190073; B1 	 0:638901916; C1 	 0:354697504

and B1 C C1 	 0:99359942 < 1:

Hence, by Theorem 7.8, the problem (7.32) has a unique solution on Œ1=4; 2�:
In the next result, we prove the existence of solutions for the problem (7.24) by

applying Leray-Schauder alternative.
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Let us set the constants

E1 D .M1 C M5/P1 C .M2 C M6/R1 C M3 C M7;

E2 D .M1 C M5/P2 C .M2 C M6/R2 C M4 C M8;

and

E� D maxf1 � E1; 1 � E2g: (7.33)

Theorem 7.9 Assume that there exist real constants Pi; Ri � 0 .i D 1; 2/ and
P0 > 0;R0 > 0 such that 8xi 2 R .i D 1; 2/;

jf .t; x1; x2/j � P0 C P1jx1j C P2jx2j;
jg.t; x1; x2/j � R0 C R1jx1j C R2jx2j:

Further, it is assumed that

E1 < 1 and E2 < 1;

where E1 and E2 are given by (7.33). Then, there exists at least one solution for the
problem (7.24) on Œa;T�.

Proof First, we show that the operator Q W X�Y ! X�Y is completely continuous.
Notice that the operator Q is continuous in view of the continuity of f and g:

Let U � X � Y be bounded. Then there exist positive constants L1 and L2 such
that

jf .t; x.t/; y.t//j � L1; jg.t; x.t/; y.t//j � L2; 8.x; y/ 2 U:

Then, for any .x; y/ 2 U; we have

kQ1.x; y/k

� RLIq1Cp1 jf .s; x.s/; y.s//j.T/C j�1jRLIp1 jx.s/j.T/C .T � a/q1Cp1�1� .q1/

j˝0j� .q1 C p1/

�
" 

nX
jD1

jˇjjRLIq1Cp1Cj jf .s; x.s/; y.s//j.�j/C j�1j
nX

jD1

jˇjjRLIq1Cj jx.s/j.�j/

Cj�2jj�2jHIp2 jy.s/j.�2/C j�2jHIq2Cp2 jg.s; x.s/; y.s//j.�2/
!

j˝0

1j

C
 

mX
iD1

j˛ijHIq2Cp2C�i jg.s; x.s/; y.s//j.�i/C j�2j
mX

iD1

j˛ijHIq2C�i jy.s/j.�i/
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Cj�1jj�1jRLIp1 jx.s/j.�1/C j�1jRLIq1Cp1 jf .s; x.s/; y.s//j.�1/
!

j˝0

3j
#

�
�

A1
j˝0j

�j�1jj˝0

3jA6 C j˝0

1jA16
�C A4

�
L1 C A1

j˝0j
�j�2jj˝0

1jA12 C j˝0

3jA14
�

L2

C
� j�1jA1

j˝0j
�j�1jj˝0

3jA5 C j˝0

1jA15
�C j�1jA3 C j�2jA1

j˝0j
�j�2jj˝0

1jA11 C j˝0

3jA13
��

r

D M1L1 C M2L2 C .M3 C M4/ r:

In the same way, we can obtain

kQ2.x; y/k

�
�

A2
j˝0j

�j�2jj˝0

4jA12 C j˝0

2jA14
�C A8

�
L1 C A2

j˝0j
�j�1jj˝0

2jA6 C j˝0

4jA16
�

L2

C
� j�2jA2

j˝0j
�j�2jj˝0

4jA11 C j˝0

2jA13
�C j�2jA7 C j�1jA2

j˝0j
�j�1jj˝0

2jA5 C j˝0

4jA15
��

r

D M5L1 C M6L2 C .M7 C M8/ r:

Thus, it follows from the above inequalities that the operator Q is uniformly
bounded.

Next, we show that Q is equicontinuous. Let t1; t2 2 Œa;T� with t1 < t2: Then,
we have

jQ1.x; y/.t2/ � Q1.x; y/.t1/j
� jRLIq1Cp1 f .s; x.s/; y.s//.t2/ � RLIq1Cp1 f .s; x.s/; y.s//.t1/j

Cj�1jjRLIp1x.t2/ � RLIp1x.t1/j C
ˇ̌
ˇ.t2 � a/q1Cp1�1 � .t1 � a/q1Cp1�1

ˇ̌
ˇ

�
�

� .q1/

j˝0j� .q1 C p1/

�" nX
jD1

jˇjjRLIq1Cp1Cj jf .s; x.s/; y.s//j.�j/

Cj�1j
nX

jD1

jˇjjRLIq1Cj jx.s/j.�j/C j�2jHIq2Cp2 jg.s; x.s/; y.s//j.�2/

Cj�2jj�2jHIp2 jy.s/j.�2/
!

j˝0

1j C
 

mX
iD1

j˛ijHIq2Cp2C�i jg.s; x.s/; y.s//j.�i/

Cj�2j
mX

iD1

j˛ijHIq2C�i jy.s/j.�i/C j�1jRLIq1Cp1 jf .s; x.s/; y.s//j.�1/

Cj�1jj�1jRLIp1 jx.s/j.�1/
!

j˝0

3j
#
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� L1
� .q1 C p1/

�Z t1

a

h
.t2 � s/q1Cp1�1 � .t1 � s/q1Cp1�1

i
ds C

Z t2

t1

.t2 � s/q1Cp1�1ds

�

C j�1jr
� .p1/

�Z t1

a

	
.t2 � s/p1�1 � .t1 � s/p1�1



ds C

Z t2

t1

.t1 � s/p1�1ds

�

C
ˇ̌
ˇ.t2 � s/q1Cp1�1 � .t1 � s/q1Cp1�1

ˇ̌
ˇ
�

� .q1/

j˝0j� .q1 C p1/

�

�
h �j�1jj˝0

1jA15 C j�2jj�2jj˝0

1jA11 C j�2jj˝0

3jA13 C j�1jj�1jj˝0

3jA5
�

r

C �j˝0

1jA16 C j�1jj˝0

3jA6
�

L1 C �j�2jj˝0

1jA12 C j˝0

3jA14
�

L2
i
:

Analogously, we can obtain

jQ2.x; y/.t2/� Q2.x; y/.t1/j
� jHIq2Cp2g.s; x.s/; y.s//.t2/� HIq2Cp2g.s; x.s/; y.s//.t1/j

Cj�2jjHIp2y.t2/� HIp2y.t1/j C
ˇ̌
ˇ̌
ˇ
�

log
t2
a

�q2Cp2�1

�
�

log
t1
a

�q2Cp2�1
ˇ̌
ˇ̌
ˇ

�
�

� .q2/

j˝0j� .q2 C p2/

�" mX
iD1

j˛ijHIq2Cp2C�i jg.s; x.s/; y.s//j.�i/

Cj�2j
mX

iD1

j˛ijHIq2C�i jy.s/j.�i/C j�1jRLIq1Cp1 jf .s; x.s/; y.s//j.�1/

Cj�1jj�1jRLIp1 jx.s/j.�1/
!

j˝0

2j C
 

nX
jD1

jˇjjRLIq1Cp1Cj jf .s; x.s/; y.s//j.�j/

Cj�1j
nX

jD1

jˇjjRLIq1Cj jx.s/j.�j/C j�2jHIq2Cp2 jg.s; x.s/; y.s//j.�2/

Cj�2jj�2jHIp2 jy.s/j.�2/
!

j˝0

4j
#

� L2
� .q2 C p2/

 Z t1

a

"�
log

t2
a

�q2Cp2�1

�
�

log
t1
a

�q2Cp2�1
#

ds

C
Z t2

t1

�
log

t2
a

�q2Cp2�1

ds

!
C j�2jr
� .p2/

 Z t1

a

"�
log

t2
a

�q2Cp2�1

�
�

log
t1
a

�q2Cp2�1
#

ds

C
Z t2

t1

�
log

t2
a

�q2Cp2�1

ds

!
C
ˇ̌
ˇ̌
ˇ
�

log
t2
a

�q2Cp2�1

�
�

log
t1
a

�q2Cp2�1
ˇ̌
ˇ̌
ˇ
�

� .q2/

j˝0j� .q2 C p2/

�

�
h �j�1jj�1jj˝0

2jA5 C j�1jj˝0

4jA15 C j�2jj�2jj˝0

4jA11 C j�2jj˝0

2jA13
�

r

C �j�1jj˝0

2jA6 C j˝0

4jA16
�

L1 C �j˝0

2jA14 C j�2jj˝0

4jA12
�

L2
i
:
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Therefore, the operator Q.x; y/ is equicontinuous, and hence it is completely
continuous.

Finally, it will be verified that the set NE D f.x; y/ 2 X �Yj.x; y/ D �Q.x; y/; 0 �
� � 1g is bounded. Let .x; y/ 2 NE ; .x; y/ D �Q.x; y/: For any t 2 Œa;T�; we have

x.t/ D �Q1.x; y/.t/; y.t/ D �Q2.x; y/.t/:

Then

jx.t/j
D j�Q1.x; y/.t/j
� .P0 C P1kxk C P2kyk/RLIq1Cp1 .1/.T/C kxkj�1jRLIp1 .1/.T/

C .T � a/q1Cp1�1� .q1/

j˝0j� .q1 C p1/

" 
.P0 C P1kxk C P2kyk/

nX
jD1

jˇjjRLIq1Cp1Cj.1/.�j/

Ckxkj�1j
nX

jD1

jˇjjRLIq1Cj.1/.�j/C .R0 C R1kxk C R2kyk/j�2jHIq2Cp2 .1/.�2/

Ckykj�2jj�2jHIp2 .1/.�2/

!
j˝0

1j C
 
.R0 C R1kxk C R2kyk/

mX
iD1

j˛ijHIq2Cp2C�i.1/.�i/

Ckykj�2j
mX

iD1

j˛ijHIq2C�i.1/.�i/C .P0 C P1kxk C P2kyk/j�1jRLIq1Cp1 .1/.�1/

Ckxkj�1jj�1jRLIp1 .1/.�1/

!
j˝0

3j
#

� .P0 C P1kxk C P2kyk/M1 C .R0 C R1kxk C R2kyk/M2 C kxkM3 C kykM4;

and

jy.t/j
D j�Q2.x; y/.t/j
� .R0 C R1kxk C R2kyk/HIq2Cp2 .1/.T/C kykj�2jHIp2 .1/.T/

C
�

log T
a

�q2Cp2�1
� .q2/

j˝ 0j� .q2 C p2/

" 
.R0 C R1kxk C R2kyk/

mX
iD1

j˛ijHIq2Cp2C�i.1/.�i/

Ckykj�2j
mX

iD1
j˛ijHIq2C�i.1/.�i/C .P0 C P1kxk C P2kyk/j�1jRLIq1Cp1 .1/.�1/

Ckxkj�1jj�1jRLIp1kxk.�1/
!

j˝ 0
2j C

 
.P0 C P1kxk C P2kyk/

nX
jD1

jˇjjRLIq1Cp1Cj.1/.�j/
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Ckxkj�1j
nX

jD1
jˇjjRLIq1Cj.1/.�j/C .R0 C R1kxk C R2kyk/j�2jHIq2Cp2 .1/.�2/

Cj�2jj�2jHIp2 jy.s/j.�2/
!

j˝ 0
4j
#

� .P0 C P1kxk C P2kyk/M5 C .R0 C R1kxk C R2kyk/M6 C kxkM7 C kykM8:

In consequence, we get

kxk � .P0 C P1kxk C P2kyk/M1 C .R0 C R1kxk C R2kyk/M2 C kxkM3 C kykM4;

and

kyk � .P0 C P1kxk C P2kyk/M5 C .R0 C R1kxk C R2kyk/M6 C kxkM7 C kykM8;

which imply that

kxk C kyk � .M1 C M5/P0 C .M2 C M6/R0

CŒ.M1 C M5/P1 C .M2 C M6/R1 C M3 C M7�kxk
CŒ.M1 C M5/P2 C .M2 C M6/R2 C M4 C M8�kyk:

Thus,

k.x; y/k � .M1 C M5/P0 C .M2 C M6/R0
E� ;

where E� is defined by (7.33). This proves that NE is bounded. Thus, by Theorem 1.3,
the operator Q has at least one fixed point. Hence the problem (7.24) has at least
one solution. The proof is complete. �

Example 7.5 Consider the system of Langevin equations with fractional coupled
integral conditions

8̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂<
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂:

RLD2=3

�
RLD8=9 � 1

9

�
x.t/ D

p
2

2
C �2 cos2.2� t/

4.7� � t/2
� jxj

C �2jyj

.5��t/2
�
�

jyj

jyjC4
C 1

�
;

HD7=8

�
HD9=10 � 1

10

�
y.t/ D

p
3

2
C �2jxj
.3� � t/2

�
� jxj

jxj C 2
C 1

�
C �2 sin2 y.t/

.4� � t/2
;

x
��
2

�
D 0;

1

5
x.�/ D p

2HI1=3y .�/ � 1

2
HI1=4y

��
2

�
C 4

5
HI1=5y .2�/ ;

y
��
2

�
D 0;

p
2

2
y

�
3�

2

�
D 3RLI1=2x

�
3�

2

�
� RLI1=3x .�/ ;

�
2

� t � 2�: (7.34)
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Here q1 D 2=3; q2 D 7=8; p1 D 8=9; p2 D 9=10; �1 D �1=9,
�2 D �1=10; n D 2; m D 3; a D �=2; T D 2�; �1 D 1=5,
�2 D p

2=2; �1 D �; �2 D 3�=2; �1 D �; �2 D �=2; �3 D 2� ,
�1 D 3�=2; �2 D �; ˛1 D p

2; ˛2 D �1=2; ˛3 D 4=5; ˇ1 D 3, ˇ2 D �1,
�1 D 1=3; �2 D 1=4; �3 D 1=5; 1 D 1=2; 2 D 1=3; f .t; x; y/ D
.
p
2=2/C.jxj�2 cos2.2� t//=.4.7�� t/2/C.�2jyj=.5�� t/2/.jyj=.jyjC4/C1/ and

g.t; x; y/ D .
p
3=2/C.�2jxj=.3��t/2/.jxj=.jxjC2/C1/C.�2 sin2 y.t//=.4��t/2/:

Obviously

jf .t; x1; x2/j �
p
2

2
C 1

169
jx1j C 5

81
jx2j;

and

jg.t; x1; x2/j �
p
3

2
C 6

25
jx1j C 4

81
jx2j:

With the given data, we find that ˝ 0 	 24:06826232 ¤ 0: Also, the assumptions
of Theorem 7.9 are satisfied with P0 D p

2=2; P1 D 1=169; P2 D 5=81; R0 Dp
3=2; R1 D 6=25; R2 D 4=81; M1 ' 6:576589777; M2 ' 0:310859135; M3 '

0:452982744; M4 ' 0:577264904; M5 ' 0:837414324; M6 ' 0:606939903,
M7 ' 0:13791283; M8 ' 0:051821087; E1 	 0:85503718 < 1; E2 	
0:61252556 < 1 and E� D 0:387474439: Thus all the conditions of Theorem 7.9
hold true and consequently by the conclusion of Theorem 7.9, the problem (7.34)
has at least one solution on Œ�=2; 2��:

7.5 Langevin Equations with Fractional Uncoupled Integral
Conditions

In this section, we study the following system

8̂
ˆ̂̂̂
ˆ̂̂<
ˆ̂̂̂
ˆ̂̂̂
:

RLDq1 .RLDp1 C �1/ x.t/ D f .t; x.t/; y.t//; a � t � T;

HDq2 .HDp2 C �2/ y.t/ D g.t; x.t/; y.t//; a � t � T;

x.a/ D 0; �1x.�1/ D
mX

iD1
˛iRLI�i x.�i/;

y.a/ D 0; �2y.�2/ D
nX

jD1
ˇjHIj y.�j/:

(7.35)

Note that the parameters in (7.35) are the same as considered in (7.24).
Now we present an auxiliary lemma to define the solutions for the prob-

lem (7.35). We do not provide the proof as it is similar to that of Lemma 7.2.
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Lemma 7.3 (Auxiliary Lemma) For h 2 C.Œa;T�;R/; the solution of the
boundary value problem

8̂
<
:̂

RLDq1 .RLDp1 C �1/ x.t/ D h.t/; 0 < q1; p1 � 1;

x.a/ D 0; �1x.�1/ D
mX

iD1
˛iRLI�i x.�i/; t 2 Œa;T�; (7.36)

is equivalent to the integral equation

x.t/ D RLIq1Cp1h.t/ � �1RLIp1x.t/ � .t � a/q1Cp1�1� .q1/
�1� .q1 C p1/

 
mX

iD1
˛iRLIq1Cp1C�i h.�i/

��1
mX

iD1
˛iRLIp1C�i x.�i/C �1�1RLIp1x.�1/ � �1RLIq1Cp1h.�1/

!
;

(7.37)
where

�1 WD
mX

iD1

˛i� .q1/.�i � a/q1Cp1C�i�1

� .q1 C p1 C �i/
� �1� .q1/.�1 � a/q1Cp1�1

� .q1 C p1/
¤ 0: (7.38)

7.5.1 Existence Results for Uncoupled Case

In view of Lemma 7.3, we define an operator K W X � Y ! X � Y by

K .x; y/.t/ D
�
K1.x; y/.t/
K2.x; y/.t/

�
;

where

K1.x; y/.t/ D RLIq1Cp1 f .s; x.s/; y.s//.t/ � �1RLIp1x.t/ �
�
.t � a/q1Cp1�1� .q1/
�1� .q1 C p1/

�

�
 

mX
iD1

˛iRLIq1Cp1C�i f .s; x.s/; y.s//.�i/ � �1
mX

iD1
˛iRLIp1C�i x.�i/

C�1�1RLIp1x.�1/ � �1RLIq1Cp1 f .s; x.s/; y.s//.�1/

!
;
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and

K2.x; y/.t/ D HIq2Cp2g.s; x.s/; y.s//.t/ � �2HIp2y.t/ �
 �

log t
a

�q2Cp2�1
� .q2/

�2� .q2 C p2/

!

�
 

nX
jD1

ˇjHIq2Cp2Cj g.s; x.s/; y.s//.�j/ � �2
nX

jD1
ˇjHIp2Cj y.�j/

C�2�2HIp2y.�2/ � �2HIq2Cp2g.s; x.s/; y.s//.�2/

!
;

where

�2 WD
nX

jD1

ˇj� .q2/
�

log �j

a

�q2Cp2Cj�1

� .q2 C p2 C j/
� �2� .q2/

�
log �2

a

�q2Cp2�1

� .q2 C p2/
¤ 0: (7.39)

For the sake of convenience, we set

A17 D
mX

iD1

j˛ij.�i � a/q1C�i

� .q1 C �i C 1/
; A18 D

mX
iD1

j˛ij.�i � a/q1Cp1C�i

� .q1 C p1 C �i C 1/
;

A19 D
nX

jD1

jˇjj
�

log �j

a

�p2Cj

� .p2 C j C 1/
; A20 D

nX
jD1

jˇjj
�

log �j

a

�q2Cp2Cj

� .q2 C p2 C j C 1/
;

and

M9 D A1
j�1j .j�1jA6 C A18/C A4; M10 D j�1jA1

j�1j .j�1jA5 C A17/C j�1jA3;

M11 D A2
j�2j .j�2jA12 C A20/C A8; M12 D j�2jA2

j�2j .j�2jA11 C A19/C j�2jA7:

Now, we state the existence and uniqueness result for the problem (7.35). The
proof of this result is similar to that of Theorem 7.8.

Theorem 7.10 Assume that f ; g W Œa;T� � R
2 ! R are continuous functions and

there exist positive constants Nmi; Nni; i D 1; 2 such that for all t 2 Œa;T� and xi; yi 2 R,
i D 1; 2;

jf .t; x1; x2/ � f .t; y1; y2/j � Nm1jx1 � y1j C Nm2jx2 � y2j

and

jg.t; x1; x2/ � g.t; y1; y2/j � Nn1jx1 � y1j C Nn2jx2 � y2j:
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Then, the problem (7.35) has a unique solution on Œa;T� if ı1 C ı2 < 1; where

ı1 D Nm1M9 C Nm2M9 C M10;

ı2 D Nn1M11 C Nn2M11 C M12:

Example 7.6 Consider the system of Langevin equation with fractional integral
conditions
8̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂<
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂:

RLD1=2

�
RLD4=7 � 1

36

�
x.t/ D jxj

5.t C 1/2
�
� jxj

jxj C 3
C 1

�
C sin y.t/

4.t C 3/2
� 2;

HD7=9

�
HD1=3 C 1

25

�
y.t/ D jxj sin2.� t/

.5C t/2
C jyj sin2.3� t/

8.2C t/2
�
� jyj

jyj C 3
C 1

�
C 1

3
;

x

�
1

10

�
D 0;

1

5
x

�
1

4

�
D 1

2
RLI1=4x

�
1

5

�
�

p
2

3
RLI1=2x

�
1

6

�
;

y

�
1

10

�
D 0;

1

3
y

�
1

3

�
D

p
3

6
HI

p

2=5y

�
1

8

�
� 1

3
HI3=5y

�
1

9

�
;

1

10
� t � 1

2
:

(7.40)

Here q1 D 1=2; q2 D 7=9; p1 D 4=7; p2 D 1=3; �1 D �1=36, �2 D 1=25,
n D 2; m D 2; a D 1=10; T D 1=2; �1 D 1=5; �2 D 1=3, �1 D 1=4,
�2 D 1=3; �1 D 1=5; �2 D 1=6; �1 D 1=8; �2 D 1=9; ˛1 D 1=2;

˛2 D �p
2=3; ˇ1 D p

3=6; ˇ2 D �1=3; �1 D 1=4; �2 D 1=2; 1 D p
2=5; 2 D

3=5; f .t; x; y/ D .jxj=5.t C 1/2/.jxj=.jxj C 3/C 1/C .sin y.t//=4.t C 3/2/ � 2 and
g.t; x; y/ D .jxj sin2.� t//=..5 C t/2/ C .jyj sin2.3� t//=.8.2 C t/2/.jyj=.jyj C 3/ C
1/C .1=3/: Clearly

jf .t; x1; x2/ � f .t; y1; y2/j � 16

135
jx1 � x2j C 1

49
jy1 � y2j;

and

jg.t; x1; x2/ � g.t; y1; y2/j � 4

121
jx1 � x2j C 2

75
jy1 � y2j:

Then, the assumptions of Theorem 7.8 are satisfied with Nm1 D 16=135,
Nm2 D 1=49, Nn1 D 4=121 and Nn2 D 2=75: Using the given values, we find that
�1 	 �0:482501053 ¤ 0; M9 ' 2:160475289;M10 ' 0:220957062;M11 '
3:472362774; M12 ' 0:152255571; ı1 	 0:48152272; and ı2 	 0:359640764:

Therefore, we have

ı1 C ı2 	 0:841163484 < 1:

Hence, by Theorem 7.10, the problem (7.40) has a unique solution on Œ1=10; 1=2�:
The second result, dealing with the existence of solutions for the problem (7.35),

is analogous to Theorem 7.9 and is stated below.
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Theorem 7.11 Assume that there exist real constants ui; vi � 0 .i D 1; 2/ and
u0 > 0; v0 > 0 such that 8xi 2 R; .i D 1; 2/; we have

jf .t; x1; x2/j � u0 C u1jx1j C u2jx2j;
jg.t; x1; x2/j � v0 C v1jx1j C v2jx2j:

Further, it is assumed that

l1 < 1 and l2 < 1;

where

l1 D u1M9 C v1M11 C M10 and l2 D u2M9 C v2M11 C M12:

Then, the problem (7.35) has at least one solution on Œa;T�.

Proof Setting

l0 D maxf1 � l1; 1 � l2g;

the proof is similar to that of Theorem 7.9. So, we omit it. �
Example 7.7 Consider the system of Langevin equation with fractional integral
conditions
8̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂<
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂̂
:

RLD4=11

�
RLD9=11 C 1

13

�
x.t/ D 1

2
C jxj sin.� t/

.1C t/2
C jyj
20.1C t/2

� jyj
jyj C 4

C 1

�
;

HD5=8

�
HD7=8 C 1

15

�
y.t/ D 1

3
C jxj
.4C t/2

�
� jxj

jxj C 5
C 1

�
C cos2 y.t/

9.2C t/2
;

x

 p
2

10

!
D 0;

1p
5

x

 p
2

2

!
D 1

5
RLI

p

3=2x

 p
2

9

!
� 1

7
RLI7=11x

 p
2

5

!
;

y

 p
2

10

!
D 0;

1p
7

y

 p
2

3

!
D 2

9
HI4=9y

 p
2

4

!
� 1

6
HI1=9y

 p
2

7

!
;

p
2

10
� t � p

2:

(7.41)

Here q1 D 4=11; q2 D 5=8; p1 D 9=11; p2 D 7=8; �1 D 1=13,
�2 D 1=15; n D 2; m D 2; a D p

2=10; T D p
2; �1 D 1=

p
5,

�2 D 1=
p
7; �1 D p

2=2; �2 D p
2=3; �1 D p

2=9; �2 D p
2=5,

�1 D p
2=4; �2 D p

2=7; ˛1 D 1=5; ˛2 D �1=7; ˇ1 D 2=9; ˇ2 D �1=6,
�1 D p

3=2; �2 D 7=11; 1 D 4=9; 2 D 1=9; .1=2/C .jxj sin. � t//=..1C t/2/C
.jyj=.20.1 C t/2//.jyj=.jyj C 4/ C 1/ and .1=3/ C .jxj=..4 C t/2/.jxj=.jxj C 5/ C
1/C .cos2 y.t//=.9.2C t/2/: It is easy to obtain

jf .t; x1; x2/j � 1

2
C 100

.30C p
2/2

jx1j C 25

.10C p
2/2

jx2j;
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jg.t; x1; x2/j � 1

3
C 120

.40C p
2/2

jx1j C 100

9.20C p
2/2

jx2j;

and �2 	 �0:513415653 ¤ 0: The assumptions of Theorem 7.9 are satisfied
with u0 D 1=2; u1 D 100=.30 C p

2/2; u2 D 25=.10 C p
2/2; v0 D 1=3,

v1 D 120=.40 C p
2/2; v2 D 100=.9.20 C p

2/2/; M9 ' 1:733533545; M10 '
0:160164397; M11 ' 5:002175405; M12 ' 0:366634632; l1 	 0:685805692 <

1; l2 	 0:820481732 < 1 and l0 D 0:314194309: Thus all the conditions of
Theorem 7.11 holds true and consequently there exists at least one solution on
Œ
p
2=10;

p
2�:

7.6 Notes and Remarks

In this chapter, we have developed the existence theory for nonlinear Langevin
equations and inclusions involving Hadamard-Caputo type fractional derivatives
with nonlocal fractional integral conditions. Moreover, the existence and uniqueness
results for coupled systems of Riemann-Liouville and Hadamard type fractional
Langevin equations with fractional coupled and uncoupled integral conditions are
also obtained.

The results in this chapter are adapted from the papers [128, 155] and [149].



Chapter 8
Boundary Value Problems for Impulsive
Multi-Order Hadamard Fractional Differential
Equations

8.1 Introduction

Impulsive differential equations describe observed evolution processes of several
real world phenomena in a natural manner, and exhibit several new phenomena such
as noncontinuability and merging of solutions, rhythmical beating, etc. Dynamic
processes associated with sudden changes in their states are governed by impulsive
differential equations. The dynamical behavior of impulsive differential systems is
much more complex than the one concerning dynamical systems without impulse
effects. Many applied problems arising in control theory, population dynamics and
medicines have stimulated the recent development in this field. Dynamic systems
involving some continuous variable dynamic characteristics and certain reset maps
that generate impulsive switching among them are termed as impulsive hybrid
systems. Such systems are classified as impulsive differential systems [47, 105, 146],
sampled data or digital control systems [103, 167] and impulsive switched systems
[76, 79]. Hybrid systems find their applications in embedded control systems
interacting with the physical situation. Time and event-based behaviors are more
accurately described by hybrid models as such models help to face challenging
design requirements in the design of control systems. Examples include automotive
control [31, 42], mobile robotics [43], process industry [80], real-time software
verification [32], transportation systems [117, 168], manufacturing [138].

Fractional differential equations with impulse effects have also received consid-
erable attention as these equations are found to be of great importance to model
the physical problems experiencing abrupt/sudden changes at different instants.
Recently, a class of nonlinear fractional-order differential impulsive systems with
Hadamard derivative was discussed in [170, 171].

In this chapter, we concentrate on the study of boundary value problems of
impulsive multi-order Hadamard fractional differential equations equipped with
Hadamard type integral boundary conditions.

© Springer International Publishing AG 2017
B. Ahmad et al., Hadamard-Type Fractional Differential Equations,
Inclusions and Inequalities, DOI 10.1007/978-3-319-52141-1_8
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8.2 Boundary Value Problems for First Order Impulsive
Multi-Order Hadamard Fractional Differential
Equations

In this section, we are concerned with the existence of solutions for boundary value
problems of impulsive Hadamard fractional differential equations of the form

8̂
ˆ̂<
ˆ̂̂:

CDpk
tk x.t/ D f .t; x.t//; t 2 Jk � Œt0;T�; t ¤ tk;

�x.tk/ D 'k.x.tk//; k D 1; 2; : : : ;m;

˛x.t0/C ˇx.T/ D
mP

iD0
iJ

qi
ti x.tiC1/;

(8.1)

where CDpk
tk is the Hadamard fractional derivative of Caputo type of order 0 < pk �

1 on intervals Jk WD .tk; tkC1�, k D 1; 2; : : : ;m with J0 D Œt0; t1�, 0 < t0 < t1 <
t2 < � � � < tk < � � � < tm < tmC1 D T are the impulse points, J WD Œt0;T�,
f W J � R ! R is a continuous function, 'k 2 C.R;R/, J qi

ti denote the Hadamard
fractional integral of order qi > 0, i D 0; 1; : : : ;m. The jump conditions are defined
by �x.tk/ D x.tCk / � x.tk/, x.tCk / D lim"!0C x.tk C "/, k D 1; 2; 3; : : : ;m.

Lemma 8.1 Assume that˚ D ˛Cˇ�
mX

iD1

i.log .tiC1=ti//qi

� .qi C 1/
¤ 0: Then the solution

of the problem (8.1) is equivalent to the following integral equation:

x.t/ D J pk
tk f .t; x.t//C

k�1X
iD0

�
J pi

ti f .tiC1; x.tiC1//C 'iC1.x.tiC1//
�

C 1

˚

"
mX

iD0
iJ

qiCpi
ti f .tiC1; x.tiC1// � ˇJ pm

tm f .T; x.T//

�ˇ
m�1X
iD0

�
J pi

ti f .tiC1; x.tiC1//C 'iC1.x.tiC1//
�

(8.2)

C
mX

iD1

�
i.log .tiC1=ti//qi

� .qi C 1/

�0
@ i�1X

jD0

�
J

pj
tj f .tjC1; x.tjC1//C 'jC1.x.tjC1//

�
1
A
#
:

Proof The solution of first equation (8.1) on interval J0 can be written as

x.t/ D J p0
t0 f .t; x.t//C x0;

where x0 2 R. For t 2 J1, by using the impulse condition �x.t1/ D '1.x.t1//, we
obtain
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x.t/ D J p1
t1 f .t; x.t//C x.tC1 /

D J p1
t1 f .t; x.t//C J p0

t0 f .t1; x.t1//C '1.x.t1//C x0:

Again for t 2 J2, we have

x.t/ D J p2
t2 f .t; x.t//C x.tC2 /

D J p2
t2 f .t; x.t/C J p1

t1 f .t2; x.t2//C '2.x.t2//

CJ p0
t0 f .t1; x.t1//C '1.x.t1//C x0:

Repeating above process, for t 2 J, we obtain

x.t/ D J pk
tk f .t; x.t//C

k�1X
iD0

�
J pi

ti f .tiC1; x.tiC1//C 'iC1x.tiC1/
�C x0: (8.3)

Applying the boundary condition of (8.1), it follows that

˛x.t0/C ˇx.T/ D .˛ C ˇ/x0 C ˇJ pm
tm f .T; x.T//

Cˇ
m�1X
iD0

�
J pi

ti f .tiC1; x.tiC1//C 'iC1.x.tiC1//
�

and

mX
iD0

iJ
qi

ti x.tiC1/

D
mX

iD0
iJ

piCqi
ti f .tiC1; x.tiC1//C x0

mX
iD0

i.log .tiC1=ti//qi

� .qi C 1/

C
mX

iD1

�
i.log .tiC1=ti//qi

� .qi C 1/

�0
@ i�1X

jD0

�
J j�1

tj f .tjC1; x.tjC1//C 'jC1.x.tjC1//
�1A ;

which leads to

x0 D 1

˚

"
mX

iD0
iJ

qiCpi
ti f .tiC1; x.tiC1// � ˇJ pm

tm f .T; x.T//

�ˇ
m�1X
iD0

�
J pi

ti f .tiC1; x.tiC1//C 'iC1.x.tiC1//
�
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C
mX

iD1

�
i.log .tiC1=ti//qi

� .qi C 1/

�0
@ i�1X

jD0

�
J j�1

tj f .tjC1; x.tjC1//C 'jC1.x.tjC1//
�1A
#
:

Replacing the constant x0 in the Eq. (8.3) by its above value, we obtain (8.2). The
converse follows by direct computation. This completes the proof. �

Let PC.J;R/ D fx W J ! RI x.t/ is continuous everywhere except for some
tk at which x.tCk / and x.t�k / exist and x.t�k / D x.tk/, k D 1; 2; : : : ;mg. Obviously,
PC.J;R/ is a Banach space with the norm kxk D supfjx.t/j W t 2 Jg. A function
x 2 PC.J;R/ is called a solution of problem (8.1) if it satisfies (8.1).

We define an operator K W PC.J;R/ ! PC.J;R/ as

K x.t/

D J pk
tk f .t; x.t//C

k�1X
iD0

�
J pi

ti f .tiC1; x.tiC1//C 'iC1.x.tiC1//
�

C 1

˚

"
mX

iD0
iJ

qiCpi
ti f .tiC1; x.tiC1// � ˇJ pm

tm f .T; x.T//

�ˇ
m�1X
iD0

�
J pi

ti f .tiC1; x.tiC1//C 'iC1.x.tiC1//
�

C
mX

iD1

 
i.log .tiC1=ti/

qi

� .qi C 1/

! 
i�1X
jD0

�
J

pj
tj f .tjC1; x.tjC1//C 'jC1.x.tjC1//

� !#
:

Clearly, the problem (8.1) transforms to a fixed point problem x D K x.
Let us set the notations:

�1 D
mX

iD0

.log.tiC1=ti//pi

� .pi C 1/

C 1

j˚ j
 mX

iD0

jij.log.tiC1=ti//qiCpi

� .qi C pi C 1/
C jˇj

mX
iD0

.log.tiC1=ti//pi

� .pi C 1/

Cjˇj .log.T=tm//pm

� .pm C 1/
C

mX
iD1

i�1X
jD0

�
.log.tjC1=tj//pj

� .pj C 1/

�� jij.log.tiC1=ti//qi

� .pm C 1/

��
;

�2 D m C 1

˚

"
jˇjmC

mX
iD0

jij.log.tiC1=ti//qi

� .qiC1/

#
:
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Theorem 8.1 Let f W J � R ! R and 'k W R ! R; k D 1; 2; : : : ;m be continuous
functions satisfying the following conditions:

(8.1.1) jf .t; x/ � f .t; y/j � L1jx � yj; 8t 2 J; L1 > 0; x; y 2 R;
(8.1.2) j'k.u/ � 'k.v/j � L2ju � vj; L2 > 0, for all u; v 2 R; 8k D 1; 2; : : : ;m:

If L1�1 C L2�2 < 1; then the problem (8.1) has a unique solution on J.

Proof We define a closed ball Br D fx 2 PC.J;R/ W kxk � rg, where r � .M1�1 C
M2�2/.1 � L1�1 � L2�2/

�1; with M D supt2J jf .t; 0/j; M1 D supt2J jf .tiC1; 0/j
and M2 D supt2J j	iC1.0/j; i D 1; 2; : : : ;m � 1:

We will show that K W Br ! Br. For any x 2 Br, we have

jK x.t/j

� J pk
tk jf .t; x.t//j C

k�1X
iD0

�
J pi

ti jf .tiC1; x.tiC1//j C j'iC1.x.tiC1//j
�

C 1

j˚ j

"
mX

iD0
jijJ qiCpi

ti jf .tiC1; x.tiC1//j C jˇjJ pm
tm jf .T; x.T//j

Cjˇj
m�1X
iD0

�
J pi

ti jf .tiC1; x.tiC1//j C j'iC1.x.tiC1//j
�

C
mX

iD1

� jij.log .tiC1=ti//qi

� .qi C 1/

�0
@ i�1X

jD0

�
J

pj
tj jf .tjC1; x.tjC1//j C j'jC1.x.tjC1//j

�
1
A
#

� J pk
tk .jf .t; x.t// � f .t; 0/j C jf .t; 0/j/

C
k�1X
iD0

�
J pi

ti .jf .tiC1; x.tiC1// � f .tiC1; 0/j C jf .tiC1; 0/j/

Cj'iC1.x.tiC1// � 'iC1.0/j C j'iC1.0/j
�

C 1

j˚ j

"
mX

iD0
jijJ qiCpi

ti .jf .tiC1; x.tiC1// � f .tiC1; 0/j C jf .tiC1; 0/j/

CjˇjJ pm
tm .jf .T; x.T// � f .T; 0/j C jf .T; 0/j/

Cjˇj
m�1X
iD0

�
J pi

ti .jf .tiC1; x.tiC1// � f .tiC1; 0/j C jf .tiC1; 0/j/

Cj'iC1.x.tiC1// � 'iC1.0/j C j'iC1.0/j
�
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C
mX

iD1

� jij.log .tiC1=ti//qi

� .qi C 1/

� i�1X
jD0

�
J

pj
tj .jf .tjC1; x.tjC1// � f .tjC1; 0/j

Cjf .tjC1; 0/j/C j'jC1.x.tjC1// � 'jC1.0/j C j'jC1.0/j
�!#

� .L1r C M/
.log.t=tk//pk

� .pk C 1/
C

k�1X
iD0


.L1r C M1/

.log.tiC1=ti//pi

� .pi C 1/
C .L2r C M2/

�

C 1

j˚ j

"
mX

iD0
jij.L1r C M1/

.log.tiC1=ti//qiCpi

� .qi C pi C 1/
C jˇj.L1r C M1/

.log.T=tm//pm

� .pm C 1/

Cjˇj
m�1X
iD0


.L1r C M1/

.log.tiC1=ti//pi

� .pi C 1/
C .L2r C M2/

�

C
mX

iD1

8<
:
� jij.log.tiC1=ti//qi

� .qi C 1/

�0
@ i�1X

jD0
.L1r C M1/

.log.tjC1=tj//pj

� .pj C 1/

C .L2r C M2/

1
A
9=
;
3
5

� .L1�1 C L2�2/r C .M1�1 C M2�2/ � r:

Thus K Br � Br. Next, we will show that K is a contraction mapping. For x; y 2
Br, we get

jK x.t/ � K y.t/j

� J pk
tk jf .t; x.t// � f .t; y.t//j C

k�1X
iD0

�
J pi

ti jf .tiC1; x.tiC1// � f .tiC1; y.xiC1//j

Cj'iC1.x.tiC1// � 'iC1.y.tiC1//j
�

C 1

j˚ j

"
mX

iD0
jijJ qiCpi

ti jf .tiC1; x.tiC1// � f .tiC1; y.tiC1//j

CjˇjJ pm
tm jf .T; x.T// � f .T; y.T//j

Cjˇj
m�1X
iD0

�
J pi

ti jf .tiC1; x.tiC1// � f .tiC1; y.tiC1//j

C j'iC1.x.tiC1// � 'iC1.y.tiC1//j/
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C
mX

iD1

� jij.log .tiC1=ti//qi

� .qi C 1/

� i�1X
jD0

�
J

pj
tj jf .tjC1; x.tjC1// � f .tjC1; y.tjC1//j

Cj'jC1.x.tjC1// � 'jC1.y.tjC1//j
�!#

� .L1�1 C L2�2/kx � yk:

Since .L1�1 C L2�2/ < 1, the operator K is a contraction. Hence K has a unique
fixed point on Br. Therefore the problem (8.1) has a unique solution on J. �

Example 8.1 Consider the following boundary value problem for impulsive multi-
order Hadamard fractional differential equation of the form

8̂
ˆ̂̂̂
ˆ̂<
ˆ̂̂̂
ˆ̂̂:

CD

�
kC1
kC2

�
tk x.t/ D 10 � t2

8.t2 C 24/

�
.jx.t/j C 2/2

jx.t/j C 3

�
; t 2

�
1;
8e C 1

9

�
n ftkg;

�x.tk/ D sin jx.tk/j
5.11 � k/

; tk D ke C 1

k C 1
; k D 1; 2; : : : ; 7;

3

2
x.1/C 4

5
x

�
8e C 1

9

�
D

7X
iD0
.1 � e�i/J

�
i2C5iC2

i2C4iC3

�
ti x.tiC1/:

(8.4)

Here ˛ D 3=2, ˇ D 4=5, m D 7, pk D .k C 1/=.k C 2/, k D 1 � e�k,
qk D .k2 C 5k C 2/=.k2 C 4k C 3/ for k D 0; 1; : : : ; 7. From the given information,
we find that ˚ 	 2:0961081, �1 	 3:280445 and �2 	 13:552466. The functions
f and 'k given by

f .t; x/ D 10 � t2

8.t2 C 24/

�
.jxj C 2/2

jxj C 3

�
; 'k.x/ D sin jxj

5.11 � k/
;

satisfy the conditions:

jf .t; x/ � f .t; y/j � 2

25
jx � yj and j'k.x/ � 'k.y/j � 1

20
jx � yj; 8k D 1; 2; : : : ; 7:

Thus, we get L1 D 2=25; L2 D 1=20 and L1�1C L2�2 	 0:940059 < 1. Therefore
the problem (8.1) has a unique solution on Œ1; .8e C 1/=9� due to Theorem 8.1.

Theorem 8.2 Let f and 'k, k D 1; 2; : : : ;m, be continuous functions. Assume that
there are two positive real numbers N1 and N2 such that:

(8.2.1) jf .t; x/j � N1 and j'k.x/j � N2; for t 2 J, x 2 R and k D 1; 2; : : : ;m.

Then, the problem (8.1) has at least one solution on J.
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Proof Define a ball B! D fx 2 PC.J;R/ W kxk < !g. The proof is divided into
three steps.

Step 1. We will show that the operator K (introduced after Lemma 8.1) is
continuous. To prove this, we let fxng be a sequence in PC.J;R/ such that xn ! x
as n ! 1. Then we have

jK xn.t/ � K x.t/j
� J pk

tk jf .t; xn.t// � f .t; x.t//j

C
k�1X
iD0

�
J pi

ti jf .tiC1; xn.tiC1// � f .tiC1; x.tiC1//j

C j'iC1.xn.tiC1// � 'iC1.x.tiC1//j/

C 1

j˚ j

"
mX

iD0
jijJ qiCpi

ti jf .tiC1; xn.tiC1// � f .tiC1; x.tiC1//j

CjˇjJ pm
tm jf .T; xn.T// � f .T; x.T//j

Cjˇj
m�1X
iD0

�
J pi

ti jf .tiC1; xn.tiC1// � f .tiC1; x.tiC1//j

Cj'iC1.xn.tiC1// � 'iC1.x.tiC1//j
�

C
mX

iD1

� jij.log .tiC1=ti//qi

� .qi C 1/

� i�1X
jD0

�
J

pj
tj jf .tjC1; xn.tjC1// � f .tjC1; x.tjC1//j

Cj'jC1.xn.tjC1// � 'jC1.x.tjC1//j
�!#

:

Using the continuity of f and 'k for k D 1; 2; : : : ;m, we have jf .t; xn/ � f .t; x/j
and j'k.xn/ � 'k.x/j vanish as n ! 1. Therefore kK xn � K xk ! 0 which
yields the continuity of the operator K .

Step 2. The operator K maps bounded set into bounded set. For each x 2 NB! ,
we have

kK xk

� J pk
tk jf .t; x.t//j C

k�1X
iD0

�
J pi

ti jf .tiC1; x.tiC1//j C j'iC1.x.tiC1//j
�

C 1

j˚ j

"
mX

iD0
jijJ qiCpi

ti jf .tiC1; x.tiC1//j C jˇjJ pm
tm f .T; x.T//j

Cjˇj
m�1X
iD0

�
J pi

ti jf .tiC1; x.tiC1//j C j'iC1.x.tiC1//j
�
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C
mX

iD1

� jij.log .tiC1=ti//qi

� .qi C 1/

� i�1X
jD0

�
J

pj
tj jf .tjC1; x.tjC1//j

Cj'jC1.x.tjC1//j
�!#

� �1N1 C�2N2;

which yields boundedness of K NB! .
Step 3. The operator K maps bounded set into equicontinuous set. Let �1; �2 2
.tk; tkC1/ for each k D 0; 1; 2; : : : ;m. Then we have

jK x.�1/ � K x.�2/j � J
tkC1

tk jf .�1; x.�1// � f .�2; x.�2//j:

Continuity of x and f imply that K x.�1/ ! K x.�2/ as �1 ! �2. Consequently
K is completely continuous by Azelá-Ascoli’s Theorem.

Let V D fx 2 B! W 
K x D x for 
 2 .0; 1/g. For all x 2 V , x D 
K x, we
have

jxj � 
jK xj � �1N1 C�2N2:

Hence V is bounded. By Theorem 1.3, the problem (8.1) has at least one solution
on J. �
Example 8.2 Consider the following boundary value problem for impulsive multi-
order Hadamard fractional differential equations of the form

8̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂:

CD
log.

PkC1
iD0 .1=.iC1/Š//

tk x.t/ D .2 � e�t/ log.jx.t/j C 1/

jx.t/j C 2
� 2; t 2

h�
2
; 2�

i
n ftkg;

�x.tk/ D e�k=4 cos.kx.tk//C ek=4 sin.kx.tk//; tk D 2.2k�9/=9�; k D 1; 2; : : : ; 8;

�e��=2x
��
2

�
C e�2�x.2�/ D

8X
iD0
.�2/i.i2 C 1/J

�
j5i�4j

iC1

�
ti x.tiC1/:

(8.5)

Here ˛ D �e��=2, ˇ D e�2� , m D 8, pk D log.
PkC1

iD0 .1=.iC1/Š//, k D .�2/k.k2C
1/, qk D j5k�4j=.kC1/ for k D 0; 1; : : : ; 8. We find that˚ 	 �1:422922 ¤ 0. The
functions f .t; x/ D .2� e�t/ log.jxj C 1/=.jxj C 2/� 2 and 'k.x/ D e�k=4 cos.kx/C
ek=4 sin.kx/ are bounded as

jf .t; x/j � 4 and j'k.x/j �
p

e�4 C e4:

Hence the assumption (8.2.1) of Theorem 8.2 holds. Therefore the problem (8.2)
has at least one solution on Œ�=2; 2��.
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Theorem 8.3 Assume that:

(8.3.1) lim
x!0

f .t; x/

x
D 0 and lim

x!0

'k.x/

x
D 0 for k D 1; 2; : : : ;m.

Then, the problem (8.1) has at least one solution on J.

Proof From (8.3.1), choosing � D 1=.�1 C�2/, there exist constants ı1; ı2 2 R
C

such that

jf .t; x/j < �jxj where jxj < ı1 and j'.x/j < �jxj where jxj < ı2:

Next, we define an open ball ˝ D fu 2 PC.J;R/ W kuk < maxfı1; ı2gg. By
Theorem 8.2, the operator K W N̋ ! PC.J;R/ is completely continuous. For any
x 2 @˝, we have

kK xk

� J pk
tk jf .t; x.t//j C

k�1X
iD0

�
J pi

ti jf .tiC1; x.tiC1//j C j'iC1.x.tiC1//j
�

C 1

j˚ j

"
mX

iD0
jijJ qiCpi

ti jf .tiC1; x.tiC1//j C jˇjJ pm
tm f .T; x.T//j

Cjˇj
m�1X
iD0

�
J pi

ti jf .tiC1; x.tiC1//j C j'iC1.x.tiC1//j
�

C
mX

iD1

� jij.log .tiC1=ti//qi

� .qi C 1/

�0
@ i�1X

jD0

�
J

pj
tj jf .tjC1; x.tjC1//j C j'jC1.x.tjC1//j

�
1
A
#

� .�1� C�2�/kxk D kxk:

It follows from Theorem 1.5 case .ii/ that the problem (8.1) has at least one solution
on J. �

Example 8.3 Consider the following boundary value problem for impulsive multi-
order Hadamard fractional differential equations:

8̂
ˆ̂̂̂
ˆ̂<
ˆ̂̂̂
ˆ̂̂:

CD

�
2kC2

k2C2kC2

�
tk x.t/ D etx.t/.sin x.t/ � x.t//

2t C 1
; t 2

�
4

3
; 3

�
n ftkg;

�x.tk/ D kx3.tk/

log.jx.tk/j C 2/
; tk D k C 8

6
; k D 1; 2; : : : ; 9;

p
3x

�
4

3

�
C 3

5
x .3/ D

9X
iD0

�
i2 C 1

i2 C 2

�
J arctan i

ti x.tiC1/;

(8.6)



8.2 Impulsive Multi-order Hadamard Fractional Differential Equations 273

Here ˛ D p
3, ˇ D 3=5, m D 9, pk D 2.k C 1/=.k2 C 1/, k D .k2 C 1/=.k2 C 2/,

qk D arctan.k/ for k D 0; 1; : : : ; 9. We find that ˚ 	 2:003684 ¤ 0. The functions
f .t; x/ D etx.sin x � x/=.2t C 1/ and 'k.x/ D kx3= log.jxj C 2/ satisfy

lim
x!0

f .t; x/

x
D lim

x!0

ext

2t C 1

�
sin x

x
� 1

�
D 0

and

lim
x!0

'k.x/

x
D lim

x!0

kx2

log.jxj C 2/
D 0; 8k D 1; 2; : : : ; 9:

Thus the condition (8.3.1) of Theorem 8.3 holds. Therefore, we conclude that the
problem (8.3) has at least one solution on Œ4=3; 3�.

Theorem 8.4 Let f and 'k for k D 1; 2; : : : ;m, be continuous functions satisfying
the inequalities:

(8.4.1) jf .t; x/j � ajxjCb; 8.t; x/ 2 J�R and j'k.x/j � cjxjCd; 8x 2 R; k D
1; : : : ;m; where constants a; c > 0 and b; d � 0.

Then the problem (8.1) has at least one solution on J.

Proof Define a unit ball as O D fx 2 PC.J;R/ W kxk < 1g. It is straightforward
to show that the operator K W NO ! PC.J;R/ is completely continuous. Suppose
that there is x� 2 @O . Then we choose � D .a C c/�1 C .b C d/�2 C 1 such
that K x� D �x�. By taking the norm of both sides: kK x�k D k�x�k, we obtain
kK kkx�k � �kx�k. Then, we have

kK k D sup
kxkD1

jK xj

D sup
kxkD1

(
J pk

tk jf .t; x.t//j C
k�1X
iD0

�
J pi

ti jf .tiC1; x.tiC1//j C j'iC1.x.tiC1//j
�

C 1

j˚ j

"
mX

iD0
jijJ qiCpi

ti jf .tiC1; x.tiC1//j C jˇjJ pm
tm jf .T; x.T//j

Cjˇj
m�1X
iD0

�
J pi

ti jf .tiC1; x.tiC1//j C j'iC1.x.tiC1//j
�

C
mX

iD1

� jij.log .tiC1=ti//qi

� .qi C 1/

�0
@ i�1X

jD0

�
J

pj
tj jf .tjC1; x.tjC1//j

C j'jC1.x.tjC1//j
�� #)

� .a C c/�1 C .b C d/�2 D � � 1;



274 8 Impulsive Multi-order Hadamard Fractional Differential Equations

which contradicts kK k � �. Hence the assumptions of Theorem 1.4 hold.
Therefore the problem (8.1) has at least one solution on J.

Example 8.4 Consider the following boundary value problem for impulsive multi-
order Hadamard fractional differential equations:

8̂
ˆ̂̂̂
ˆ̂<
ˆ̂̂̂
ˆ̂̂:

CD

p
1�sin2.kC1/

tk x.t/ D e2t=3 sin x.t/C tx.t/ cos x.t/C 2; t 2
�
3

2
; 3

�
n ftkg;

�x.tk/ D kx.tk/ � log

�
jx.tk/j C 3

5

�
; tk D 3 � 2.k�11/=11; k D 1; 2; : : : ; 10;

4

3
x

�
3

2

�
� 3

4
x.3/ D

10X
iD0

.�1/i
i C 1

J

�
3kC2
2kC3

�
ti x.tiC1/:

(8.7)

Here ˛ D 4=3, ˇ D �3=4, m D 10, pk D
p
1 � sin2.k C 1/, k D .�1/k=.k C 1/,

qk D .3k C 2/=.2k C 3/, for k D 0; 1; : : : ; 10. Using the given data, we find that
˚ 	 0:605503 ¤ 0. The functions f .t; x/ D e2t=3 sin x C tx cos x C 2 and '.x/ D
kx � log.jxj C .3=5// satisfy the inequalities

jf .t; x/j � tjxj C .2C e2t=3/ � 3jxj C .2C e2/;

and

j'k.x/j � jxj.k C 1/C 3

5
� 11jxj C 3

5
:

Therefore (8.4.1) holds. According to Theorem 8.4, the problem (8.7) has at least
one solution on Œ3=2; 3�.

8.3 On Caputo-Hadamard Type Fractional Impulsive
Boundary Value Problems with Nonlinear Fractional
Integral Conditions

In this section, we investigate a nonlinear boundary value problem of impulsive
hybrid multi-orders Caputo-Hadamard fractional differential equation with nonlin-
ear integral boundary conditions given by

8̂
ˆ̂̂<
ˆ̂̂̂
:

CD˛k
tk x.t/ D f .t; x.t//; t 2 Œt0;T� n ft1; t2; : : : ; tmg;

�x.tk/ D 'k.x.tk//; k D 1; 2; : : : ;m;

�ıx.tk/ D '�
k .x.tk//; k D 1; 2; : : : ;m;

x.t0/ D J



t0 g.�; x.�//; x.T/ D J �
tm h.�; x.�//;

(8.8)
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where CD˛k
tk is the Caputo-Hadamard fractional derivative of order 1 < ˛k � 2 on

intervals Jk WD .tk; tkC1�, k D 1; 2; : : : ;m with J0 D Œt0; t1�, 0 < t0 < t1 < t2 < � � � <
tk < � � � < tm < tmC1 D T are the impulse points, J WD Œt0;T�, f ; g; h W J � R !
R are continuous functions, 'k; '

�
k 2 C.R;R/, J '

	 is the Hadamard fractional
integral of order ' > 0, ' 2 f
; �g, 	 2 ft0; tmg, � 2 J0 and � 2 Jm. The jump
conditions are defined by�x.tk/ D x.tCk /�x.tk/,�ıx.tk/ D ıx.tCk /�ıx.tk/, x.tCk / D
lim"!0C x.tk C "/, k D 1; 2; 3; : : : ;m, and ı WD t.d=dt/ is the delta derivative.

Let J� D J n ft1; t2; : : : ; tmg and PC.J;R/ D fx W J ! R W x.t/ is continuous
everywhere except for some tk at which x.tCk / and x.t�k / exist and x.t�k / D x.tk/,
k D 1; 2; : : : ;mg, and PC1.J;R/ D fx 2 PC.J;R/ W x0.t/ is continuous
everywhere except for some tk at which x0.tCk / and x0.t�k / exist and x0.t�k / D x0.tk/,
k D 1; 2; : : : ;mg. PC.J;R/ and PC1.J;R/ are Banach spaces with the norms
kxkPC D supfjx.t/jI t 2 Jg and kxkPC1 D maxfkxkPC; kx0kPCg respectively. Let
E D PC1.J;R/ \ C2.J�;R/. A function x 2 E is called a solution of problem (8.8)
if it satisfies (8.8).

Lemma 8.2 The solution x 2 E of the problem (8.8) is equivalent to the integral
equation:

x.t/ D J ˛k
tk f .t; x.t//C

kX
jD1

�
log

t

tj

��
J

˛j�1�1
tj�1 f .tj; x.tj//C '�

j .x.tj//
�

C
kX

jD1

�
J

˛j�1
tj�1 f .tj; x.tj//C 'j.x.tj//

�C log .t=t0/

log.T=t0/

�
J �

tm h.�; x.�//

�J



t0 g.�; x.�// � J ˛m
tm f .T; x.T// (8.9)

�
mX

jD1

�
log

T

tj

��
J

˛j�1�1
tj�1 f .tj; x.tj//C '�

j .x.tj//
�

�
mX

jD1

�
J

˛j�1
tj�1 f .tj; x.tj//C 'j.x.tj//

� �C J



t0 g.�; x.�//:

Proof Applying the Hadamard fractional integral of order ˛0 on the fractional
differential equation in (8.8) and using Lemma 1.2, we get

x.t/ D J ˛0
t0 f .t; x.t//C c1 log

�
t

t0

�
C c2; t 2 J0; (8.10)

where c1 D ıx.t0/ and c2 D x.t0/. From (8.10), it follows that

x.t1/ D J ˛0
t0 f .t1; x.t1//C c1 log

�
t1
t0

�
C c2;
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and

ıx.t1/ D J ˛0�1
t0 f .t1; x.t1//C c1:

Now, applying the Hadamard fractional integral of order ˛1 on the Hadamard
equation in (8.8) for t 2 J1 and using the jump conditions at the point t1, we get

x.t/ D J ˛1
t1 f .t; x.t//C ıx.tC1 / log

�
t

t1

�
C x.tC1 /

D J ˛1
t1 f .t; x.t//

C 	
J ˛0�1

t0 f .t1; x.t1//C '�
1 .x.t1//C c1



log

�
t

t1

�
(8.11)

C
�
J ˛0

t0 f .t1; x.t1//C '1.x.t1//C c1 log

�
t1
t0

�
C c2

�
;

which, on taking delta-derivative, yields

ıx.t/ D J ˛1�1
t1 f .t; x.t//C J ˛0�1

t0 f .t1; x.t1//C '�
1 .x.t1//C c1:

Next, for t 2 J2, by direct computation and using the property log aC log b D log ab
for a; b > 0, we obtain

x.t/ D J ˛2
t2 f .t; x.t//C ıx.tC2 / log

�
t

t2

�
C x.tC2 /

D J ˛2
t2 f .t; x.t//C log

�
t

t2

�

� 	J ˛0�1
t0 f .t1; x.t1//C '�

1 .x.t1//C J ˛1�1
t1 f .t2; x.t2//C '�

2 .x.t2//C c1



C J ˛1
t1 f .t2; x.t2//C '2.x.t2//C J ˛0

t0 f .t1; x.t1//C '1.x.t1//

C log

�
t2
t1

� 	
J ˛0�1

t0 f .t1; x.t1//C '�
1 .x.t1//


C c1 log

�
t2
t0

�
C c2

D J ˛2
t2 f .t; x.t//C �

J ˛1�1
t1 f .t2; x.t2//C '�

2 .x.t2//
�

log

�
t

t2

�

C �
J ˛0�1

t0 f .t1; x.t1//C '�
1 .x.t1//

�
log

�
t

t1

�
C c1 log

�
t

t0

�

C J ˛1
t1 f .t2; x.t2//C '2.x.t2//C J ˛0

t0 f .t1; x.t1//C '1.x.t1//C c2:
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Repeating the above process, for each t 2 Jk, we get

x.t/ D J ˛k
tk f .t; x.t//

C
kX

jD1

�
log

�
t

tj

���
J

˛j�1�1
tj�1 f .tj; x.tj//C '�

j .x.tj//
�

C
kX

jD1

�
J

˛j�1
tj�1 f .tj; x.tj//C 'j.x.tj//

�C c1 log

�
t

t0

�
C c2: (8.12)

Using the given integral boundary conditions in (8.12), we find that

c1 D 1

log.T=t0/

�
J �

tm h.�; x.�// � J



t0 g.�; x.�// � J ˛m
tm f .T; x.T//

�
mX

jD1

�
log

�
T

tj

���
J

˛j�1�1
tj�1 f .tj; x.tj//C '�

j .x.tj//
�

�
mX

jD1

�
J

˛j�1
tj�1 f .tj; x.tj//C 'j.x.tj//

� �
;

c2 D J



t0 g.�; x.�//:

Substituting the above values of c1 and c2 in (8.12), we obtain the solution (8.9).
Conversely, it can easily be shown by direct computation that the integral equa-
tion (8.9) satisfies the problem (8.8). This completes the proof. �

In view of Lemma 8.2, we define an operator K W E ! E by

K x.t/ D J ˛k
tk f .t; x.t//C

kX
jD1

�
log

t

tj

��
J

˛j�1�1
tj�1 f .tj; x.tj//C '�

j .x.tj//
�

C
kX

jD1

�
J

˛j�1
tj�1 f .tj; x.tj//C 'j.x.tj//

�

C log .t=t0/

log.T=t0/

�
J �

tm h.�; x.�// (8.13)

�J ˛m
tm f .T; x.T// �

mX
jD1

�
log

T

tj

��
J

˛j�1�1
tj�1 f .tj; x.tj//C '�

j .x.tj//
�

�
mX

jD1

�
J

˛j�1
tj�1 f .tj; x.tj//C 'j.x.tj//

� �C log.T=t/

log.T=t0/
J



t0 g.�; x.�//:
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8.3.1 Existence Result via Krasnoselskii-Zabreiko’s Fixed
Point Theorem

In this section, we present our first existence result for the problem (8.8) which relies
on Krasnoselskii-Zabreiko’s fixed point theorem (Theorem 1.10).

Theorem 8.5 Assume that:

(8.5.1) the function f W J � R ! R is continuous such that f .t; 0/ ¤ 0 for some
t 2 J and that

lim
kxk!1

f .t; x/

x
D �.t/I

(8.5.2) the functions g; h W J � R ! R and 'j; '
�
j W R ! R; j D 1; 2; : : : ;m, are

continuous and there exist positive constants A;B;C and D such that

jg.t; x.t//j � Ajx.t/j; jh.t; x.t//j � Bjx.t/j;
j'�

j .x.t//j � Cjx.t/j; j'j.x.t//j � Djx.t/j;8j D 1; 2; : : : ;m:

Then, the problem (8.8) has at least one solution on J if

�max WD max
t2J

j�.t/j < 1 ��2

�1

; (8.14)

where

�1 D sup
jD1;2;:::;m


.log.T=tj//˛j

� .˛j C 1/

�
C .log.T=tm//

� .˛m C 1/

˛m

C2
mX

jD1

 
.log.tj=tj�1//
� .˛j�1 C 1/

˛j�1�1
� log

.T=tj/

tj�1=tj

˛j�1
!
;

�2 D A
.log.�=tm//

� .� C 1/

�

C B
.log.�=t0//

� .
C 1/




C 2C log

 
TmQm
jD1 tj

!
C 2mD:

Proof Let fxng be a sequence converging to x. For t 2 J, we have

jK xn.t/ � K x.t/j
� J ˛k

tk jf .t; xn.t// � f .t; x.t//j

C
kX

jD1

�
log

t

tj

��
J

˛j�1�1
tj�1 jf .tj; .xn.tj// � f .tj; x.tj//j C j'�

j .xn.tj// � '�
j .x.tj//j

�
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C
kX

jD1

�
J

˛j�1
tj�1 jf .tj; xn.tj// � f .tj; x.tj//j C j'j.xn.tj// � 'j.x.tj//j

�

C log.t=t0/

log.T=t0/

�
J �

tm jh.�; xn.�// � h.�; x.�//j C J ˛m
tm jf .T; xn.T// � f .T; x.T//j

C
mX

jD1

�
log

T

tj

��
J

˛j�1�1
tj�1 jf .tj; xn.tj// � f .tj; x.tj//j C j'�

j .xn.tj// � '�
j .x.tj//j

�

C
mX

jD1

�
J

˛j�1
tj�1 jf .tj; xn.tj// � f .tj; x.tj//j C j'j.xn.tj// � 'j.x.tj//j

��

C log.T=t/

log.T=t0/
J



t0 jg.�; xn.�// � g.�; x.�//j:

As n ! 1, by continuity of functions in hypotheses (8.5.1) and (8.5.2), the right
hand side of the above inequality converges to zero. Hence, we deduce that the
operator K is continuous.

Given r > 0; we define N D fx 2 E W kxk � rg, kf k WD max
kxk�r

jf .t; x.t//j. Then

we have

jK x.t/j
� J ˛k

tk jf .t; x.t//j

C
kX

jD1

�
log

t

tj

��
J

˛j�1�1
tj�1 jf .tj; x.tj//j C j'�

j .x.tj//j
�

C
kX

jD1

�
J

˛j�1
tj�1 jf .tj; x.tj//j C j'j.x.tj//j

�

C log.t=t0/

log.T=t0/

�
J �

tm jh.�; x.�//j C J ˛m
tm jf .T; x.T//j

C
mX

jD1

�
log

T

tj

��
J

˛j�1�1
tj�1 jf .tj; x.tj//j C j'�

j .x.tj//j
�

C
mX

jD1

�
J

˛j�1
tj�1 jf .tj; x.tj//j C j'j.x.tj//j

��
C log.T=t/

log.T=t0/
J



t0 jg.�; x.�//j

�
"
.log.T=tk//

� .˛k C 1/

˛k

C
kX

jD1

�
log

T

tj

���
log.tj=tj�1/

�
� .˛j�1/

˛j�1�1�
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C
kX

jD1

�
.log.tj=tj�1//
� .˛j�1 C 1/

˛j�1
�

C .log.T=tm//

� .˛m C 1/

˛m

C
mX

jD1

�
log

T

tj

��
.log.tj=tj�1//
� .˛j�1/

˛j�1�1�
C

mX
jD1

�
.log.tj=tj�1//
� .˛j�1 C 1/

˛j�1
�#

kf k

C .log.�=tm//

� .� C 1/

�

khk C log.�=t0/

� .
C 1/




kgk C 2

kX
jD1

�
log

T

tj

�
k'�

j k C 2

kX
jD1

k'jk

� �1kf k C�2r;

which yields kK xk � �1kf k C �2r. Therefore, K .N/ is uniformly bounded.
Next, we claim that K .N/ is equicontinuous. Let �1; �2 2 J, with �2 < �1: Then,
we obtain

jK x.�1/ � K .�2/j
� J ˛k

tk jf .�1; x.�1// � f .�2; x.�2//j

C
kX

jD1

ˇ̌
ˇ̌ log

�1

tj
� log

�2

tj

ˇ̌
ˇ̌
ˇ̌
ˇ̌J ˛j�1�1

tj�1 f .tj; .x.tj//C '�
j .x.tj//

ˇ̌
ˇ̌

C
ˇ̌
ˇ̌ log.�1=t0/

log.T=t0/
� log.�2=t0/

log.T=t0/

ˇ̌
ˇ̌
"ˇ̌
ˇ̌J �

tm h.�; x.�//C J ˛m
tm f .T; x.T//

C
mX

jD1

�
log

T

tj

� ˇ̌
ˇ̌J ˛j�1�1

tj�1 f .tj; x.tj//C '�
j .x.tj//

ˇ̌
ˇ̌

C
mX

jD1

ˇ̌
ˇ̌J ˛j�1

tj�1 f .tj; x.tj//C 'j.x.tj//

ˇ̌
ˇ̌
#

C
ˇ̌
ˇ̌ log.T=�1/

log.T=t0/
� log.T=�2/

log.T=t0/

ˇ̌
ˇ̌
ˇ̌
ˇ̌J 


t0 g.�; x.�//

ˇ̌
ˇ̌:

It is clear that jK x.�1/ � K x.�2/j ! 0 as �1 ! �2. Consequently K .N/ is
relatively compact in E.

Next, we consider the problem (8.8) as a linear problem by setting f .t; x.t// D
�.t/x.t/. Using Lemma 8.2, we define the operator L by

L x.t/ D J ˛k
tk �.t/x.t/C

kX
jD1

�
log

t

tj

��
J

˛j�1�1
tj�1 �.tj/x.tj/C '�

j .x.tj//
�
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C
kX

jD1

�
J

˛j�1
tj�1 �.tj/x.tj/C 'j.x.tj//

�C log .t=t0/

log.T=t0/

�
J �

tm h.�; x.�//

�J ˛m
tm �.T/x.T/ �

mX
jD1

�
log

T

tj

��
J

˛j�1�1
tj�1 �.tj/x.tj/C '�

j .x.tj//
�

�
mX

jD1

�
J

˛j�1
tj�1 �.tj/x.tj/C 'j.x.tj//

� �C log.T=t/

log.T=t0/
J



t0 g.�; x.�//:

We claim that 1 is not an eigenvalue of the operator L . If 1 is an eigenvalue of L ,
then we get

kxk D sup
t2J

jL x.t/j

� sup
t2J

(
J ˛k

tk j�.t/x.t/j C
kX

jD1

�
log

t

tj

��
J

˛j�1�1
tj�1 j�.tj/x.tj/j C j'�

j .x.tj//j
�

C
kX

jD1

�
J

˛j�1
tj�1 j�.tj/x.tj/j C j'j.x.tj//j

�C log .t=t0/

log.T=t0/

�
J �

tm jh.�; x.�//j

CJ ˛m
tm j�.T/x.T/j �

mX
jD1

�
log

T

tj

��
J

˛j�1�1
tj�1 j�.tj/x.tj/j C j'�

j .x.tj//j
�

C
mX

jD1

�
J

˛j�1
tj�1 j�.tj/x.tj/j C j'j.x.tj//j

� �C log.T=t/

log.T=t0/
J



t0 jg.�; x.�//j

)

�
"
.log.T=tk//

� .˛k C 1/

˛k

C
mX

jD1

�
log

T

tj

� �
log.tj=tj�1/

�
� .˛j�1/

˛j�1�1!

C
mX

jD1

�
.log.tj=tj�1//
� .˛j�1 C 1/

˛j�1
�

C .log.T=tm//

� .˛m C 1/

˛m

C
mX

jD1

�
log

T

tj

� 
.log.tj=tj�1//
� .˛j�1/

˛j�1�1!

C
mX

jD1

�
.log.tj=tj�1//
� .˛j�1 C 1/

˛j�1
�#

�maxkxk C .log.�=tm//

� .� C 1/

�

Akxk

C log.�=t0/

� .
C 1/




Bkxk C 2

kX
jD1

�
log

T

tj

�
Ckxk C 2

kX
jD1

Dkxk

D .�max�1 C�2/kxk < kxk;
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which is a contradiction. Therefore, 1 is not an eigenvalue of the operator L . Next,
we will show that kK x � L xk=kxk vanish as kxk ! 1. For t 2 J, we have

jK x.t/ � L x.t/j � J ˛k
tk jf .t; x.t// � �.t/x.t/j

C
kX

jD1

�
log

t

tj

��
J

˛j�1�1
tj�1 jf .tj; .x.tj// � �.tj/x.tj/j

�

C
kX

jD1

�
J

˛j�1
tj�1 jf .tj; .x.tj// � �.tj/x.tj/j

�

C log.t=t0/

log.T=t0/

�
J ˛m

tm jf .T; .x.T// � �.T/x.T/j

C
mX

jD1

�
log

T

tj

��
J

˛j�1�1
tj�1 jf .tj; .x.tj// � �.tj/x.tj/j

�

C
mX

jD1

�
J

˛j�1
tj�1 jf .tj; .x.tj// � �.tj/x.tj/j

��

� J ˛k
tk

�ˇ̌
ˇ̌ f .t; x.t//

x.t/
� �.t/

ˇ̌
ˇ̌ jx.t/j

�

C
kX

jD1

�
log

t

tj

��
J

˛j�1�1
tj�1

�ˇ̌
ˇ̌ f .tj; .x.tj//

x.tj/
� �.tj/

ˇ̌
ˇ̌ jx.tj/j

��

C
kX

jD1

�
J

˛j�1
tj�1

�ˇ̌
ˇ̌ f .tj; .x.tj//

x.tj/
� �.tj/

ˇ̌
ˇ̌ jx.tj/j

��

C log.t=t0/

log.T=t0/

�
J ˛m

tm

�ˇ̌
ˇ̌ f .T; .x.T//

x.T/
� �.T/

ˇ̌
ˇ̌ jx.T/j

�

C
mX

jD1

�
log

T

tj

��
J

˛j�1�1
tj�1

�ˇ̌
ˇ̌ f .tj; .x.tj//

x.tj/
� �.tj/

ˇ̌
ˇ̌ jx.tj/j

��

C
mX

jD1

�
J

˛j�1
tj�1

�ˇ̌
ˇ̌ f .tj; .x.tj//

x.tj/
� �.tj/

ˇ̌
ˇ̌ jx.tj/j

���
:

This means that

kK x � L xk
kxk � J ˛k

tk

ˇ̌
ˇ̌ f .t; x.t//

x.t/
� �.t/

ˇ̌
ˇ̌
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C
kX

jD1

�
log

t

tj

��
J

˛j�1�1
tj�1

ˇ̌
ˇ̌ f .tj; .x.tj//

x.tj/
� �.tj/

ˇ̌
ˇ̌
�

C
kX

jD1

�
J

˛j�1
tj�1

ˇ̌
ˇ̌ f .tj; .x.tj//

x.tj/
� �.tj/

ˇ̌
ˇ̌
�

C log.t=t0/

log.T=t0/

�
J ˛m

tm

ˇ̌
ˇ̌ f .T; .x.T//

x.T/
� �.T/

ˇ̌
ˇ̌

C
mX

jD1

�
log

T

tj

��
J

˛j�1�1
tj�1

ˇ̌
ˇ̌ f .tj; .x.tj//

x.tj/
� �.tj/

ˇ̌
ˇ̌
�

C
mX

jD1

�
J

˛j�1
tj�1

ˇ̌
ˇ̌ f .tj; .x.tj//

x.tj/
� �.tj/

ˇ̌
ˇ̌
��
:

Letting kxk ! 1 implies

ˇ̌
ˇ̌ f .�; x/

x
� �

ˇ̌
ˇ̌ ! 0. Thus, we obtain

lim
kxk!1

kK x � L xk
kxk D 0:

Consequently, by Theorem 1.10, the problem (8.8) has at least one nontrivial
solution on J. �

Example 8.5 Consider the following impulsive Caputo-Hadamard fractional differ-
ential equations

8̂
ˆ̂̂̂
ˆ̂<
ˆ̂̂̂
ˆ̂̂:

CD˛k x.t/ D tx.t/

7.1C t/3

� jx.t/j C 2

jx.t/j C 1

�jx.t/j
C 1

2
; t 2 Œ1; e� n ftkg;

�x.tk/ D 4x2.tk/ log

 
sin tk

9
pjx.tk/j C 1

!
;

�ıx.tk/ D kjx.tk/j
5
p
2.k C 1/

�
cos.x.tk//

5.jx.tk/j C 1/
� sin.x.tk//

2
p
5.jx.tk/j C 1/

�
;

(8.15)

subject to nonlinear fractional integral conditions

x.1/ D J
7=3
1 g

�
1C e�2; x

�
1C e�2�� with g.t; x/ D 5t2

6

�
x2 � 1
2jxj C 1

�
;

and

x.e/DJ
5=2

1C 9.e�1/
10

h

�
7.eC1/
10

; x

�
7.eC1/
10

��
with h.t; x/D11 sin.2xCe�2t/�3

t2C2tC4 ;
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where ˛k D 3
p
.19 � k/.21C k/=70 C 4

p
.25 � k/.27C k/=91, tk D 1C

..e � 1/k=10/ for k D 1; 2; : : : ; 9:

Here m D 9, t0 D 1, T D e, 
 D 7=3, � D 1C e�2, � D 5=2, � D 7.e C 1/=10, the
functions f .t; x.t// is defined by

f .t; x/ D tx

7.1C t/3

� jxj C 2

jxj C 1

�jxj
C 1

2
; t 2 Œ1; e� n ftkg;

and the impulse functions 'k.x/, '�
k .x/ at impulse moments tk for k D 1; 2; : : : ; 9,

are given by

'k.x/ D 4x2 log

 
sin.1C ..e � 1/k=10//

9
pjxj C 1

!
;

'�
k .x/ D kjxj

5
p
2.k C 1/

�
cos x

5.jxj C 1/
� sin x

2
p
5.jxj C 1/

�
:

It is clear that the function f .t; x/ is continuous and f .t; 0/ D 1=2. Dividing f .t; x/
by x, we have

f .t; x/

x
D t

7.1C t/3

�
1C 1

jxj C 1

�jxj
C 1

2x
:

Hence

lim
kxk!1

f .t; x/

x
D et

7.1C t/3
:

Setting �.t/ D et

7.1C t/3
, we get �max D 0:057530. Furthermore, we have

jg.t; x/j�15
4

jxj; jh.t; x/j�22
7

jxj; j'�
j .x/j�

3

50
jxj; j'j.x/j � 2

81
jxj; jD1; 2; : : : ; 9:

Letting A D 15=4, B D 22=7, C D 3=50 and D D 2=81, we obtain �1 D 1:584506

and �2 D 0:896396. Since .1 � �2/=�1 D 0:065385 > �max; therefore, by
theorem 8.5, the problem (8.15) has at least one solution on Œ1; e�.

8.3.2 Existence Result via Sadovskii’s Fixed Point Theorem

Here, we establish an existence result for the problem (8.8) by using Sadovskii’s
fixed point theorem (Theorem 1.13).
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To apply Theorem 1.13, we decompose the operator K (defined by (8.13)) into
the sum of two operators as

K x.t/ D K1x.t/C K2x.t/; t 2 J;

where

K1x.t/ D J ˛k
tk f .t; x.t//C

kX
jD1

�
log

t

tj

��
J

˛j�1�1
tj�1 f .tj; x.tj//C '�

j .x.tj//
�

C
kX

jD1

�
J

˛j�1
tj�1 f .tj; x.tj//C 'j.x.tj//

� � log .t=t0/

log.T=t0/

�
J ˛m

tm f .T; x.T//

C
mX

jD1

�
log

T

tj

��
J

˛j�1�1
tj�1 f .tj; x.tj//C '�

j .x.tj//
�

C
mX

jD1

�
J

˛j�1
tj�1 f .tj; x.tj//C 'j.x.tj//

� �
; (8.16)

and

K2x.t/ D log .t=t0/

log.T=t0/
J �

tm h.�; x.�//C log.T=t/

log.T=t0/
J



t0 g.�; x.�//: (8.17)

Theorem 8.6 Let f ; g; h W J � R ! R and '; '� W R ! R be continuous functions.
Further, it is assumed that:

(8.6.1) there exist positive constants L1;L2;L3 such that

jf .t; x/ � f .t; y/j � L1jx � yj; 8.t; x/; .t; y/ 2 J � R;

j'j.x/ � 'j.y/j � L2jx � yj; 8x; y 2 R; 8j D 1; 2; : : : ;m;

j'�
j .x/ � '�

j .y/j � L3jx � yj; 8x; y 2 R; 8j D 1; 2; : : : ;mI
(8.6.2) there are functions k1; k2 2 C.J;R/, and nondecreasing functions  1;  2 W

R
C ! R

C such that

jg.t; x/j � k1.t/ 1.kxk/; jh.t; x/j � k2.t/ 2.kxk/; 8.t; x/ 2 J � R:

Then the problem (8.8) has at least one solution on J; provided that ˝1 < 1; where

˝1 D L1

"
sup

jD1;2;:::;m


.log.T=tj//˛j

� .˛j C 1/

�
C .log.T=tm//

� .˛m C 1/

˛m

C 2

mX
jD1

 
.log.tj=tj�1//
� .˛j�1C1/

˛j�1�1
� log

.T=tj/

tj�1=tj

˛j�1
!#

C2L2 log

 
TmQm
jD1 tj

!
C2mL3:
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Proof Define the ball B� D fx 2 E I kxk � �g and set M D sup
t2J

jf .t; 0/j, N D
max j'�

j .0/j; P D max j'j.0/j for each j D 1; 2; : : : ;m;

˝2 D M

"
sup

jD1;2;:::;m


.log.T=tj//˛j

� .˛j C 1/

�
C .log.T=tm//

� .˛m C 1/

˛m

C2
mX

jD1

 
.log.tj=tj�1//
� .˛j�1 C 1/

˛j�1�1
� log

.T=tj/

tj=tj�1

˛j�1
!#

C2N log

 
TmQm
jD1 tj

!
C 2mP;

and

˝3 D kk1k .�/
� .� C 1/

�
log

�

tm

��
C kk2k .�/
� .
C 1/

�
log

�

t0

�

:

Let x 2 B� with � >
˝2 C˝3

1 �˝1

: Then, we have

jK1x.t/j

� J ˛k
tk jf .t; x.t//j C

kX
jD1

�
log

t

tj

��
J

˛j�1�1
tj�1 jf .tj; x.tj//j C j'�

j .x.tj//j
�

C
kX

jD1

�
J

˛j�1
tj�1 jf .tj; x.tj//j C j'j.x.tj//j

�C log .t=t0/

log.T=t0/

�
J ˛m

tm jf .T; x.T//j

C
mX

jD1

�
log

T

tj

��
J

˛j�1�1
tj�1 jf .tj; x.tj//j C j'�

j .x.tj//j
�

C
mX

jD1

�
J

˛j�1
tj�1 jf .tj; x.tj//j C j'j.x.tj//j

� �

� J ˛k
tk .jf .t; x.t// � f .t; 0/j C jf .t; 0/j/

C
kX

jD1

�
log

t

tj

��
J

˛j�1�1
tj�1 .jf .tj; x.tj// � f .tj; 0/j C jf .tj; 0/j/

Cj'�
j .x.tj// � '�

j .0/j C j'�
j .0/j

�
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C
kX

jD1

�
J

˛j�1
tj�1 .jf .tj; x.tj// � f .tj; 0/j C jf .tj; 0/j/

Cj'j.x.tj// � 'j.0/j C j'j.0/j
�

C log .t=t0/

log.T=t0/

�
J ˛m

tm .jf .T; x.T// � f .T; 0/j C jf .T; 0/j/

C
mX

jD1

�
log

T

tj

��
J

˛j�1�1
tj�1 .jf .tj; x.tj// � f .tj; 0/j C jf .tj; 0/j/

Cj'�
j .x.tj// � '�

j .0/j C j'�
j .0/j

�

C
mX

jD1

�
J

˛j�1
tj�1 .jf .tj; x.tj// � f .tj; 0/j C jf .tj; 0/j/

Cj'j.x.tj// � 'j.0/j C j'j.0/j
��

�
"
.log.T=tk//

� .˛k C 1/

˛k

C .log.T=tm//

� .˛m C 1/

˛m

C2
mX

jD1

�
log

T

tj

���
log.tj=tj�1/

�
� .˛j�1/

˛j�1�1
.L1�C M/C .L2�C N/

�

C2
mX

jD1

�
.log.tj=tj�1//
� .˛j�1 C 1/

˛j�1

.L1�C M/C .L3�C P/

�#

D ˝1�C˝2;

and

jK2x.t/j � log.T=t0/

log.T=t0/
J �

tm jh.�; x.�//j C log.T=t/

log.T=t0/
J



t0 jg.�; x.�//j

� kk1k .�/
� .� C 1/

�
log

�

tm

��
C kk2k .�/
� .
C 1/

�
log

�

t0

�

D ˝3:

From the preceding inequalities, it follows that

jK x.t/j D jK1x.t/C K2x.t/j � jK1x.t/j C jK2x.t/j � ˝1�C˝2 C˝3;

which leads to K .B�/ � B�.
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Now, we will show that K1 is contractive and K2 is compact. Let fxng be a
sequence in B�: For t 2 J, we have

jK1xn.t/ � K1x.t/j � J ˛k
tk .jf .t; xn.t// � f .t; x.t//j/

C
kX

jD1

�
log

t

tj

��
J

˛j�1�1
tj�1 .jf .tj; xn.tj// � f .tj; x.tj//j/

Cj'�
j .xn.tj// � '�

j .x.tj//j
�

C
kX

jD1

�
J

˛j�1
tj�1 .jf .tj; xn.tj// � f .tj; x.tj//j/

Cj'j.xn.tj// � 'j.x.tj//j
�

C log .t=t0/

log.T=t0/

�
J ˛m

tm .jf .T; xn.T// � f .T; x.T//j/

C
mX

jD1

�
log

T

tj

��
J

˛j�1�1
tj�1 .jf .tj; xn.tj// � f .tj; x.tj//j/

Cj'�
j .xn.tj// � '�

j .x.tj//j
�

C
mX

jD1

�
J

˛j�1
tj�1 .jf .s; xn.s// � f .s; x.s//j/.tj/

Cj'j.xn.tj// � 'j.x.tj//j
��

� ˝1kxn � xk:

As xn ! x; we get kK1xn �K1xk ! 0. Therefore, K1 is continuous. Moreover K1

is also contractive, since for x; y 2 B�, we get

kK1x � K1yk � ˝1kx � yk;

with ˝1 < 1.
Next, we claim that K2 is compact. By the hypothesis (8.6.2), we deduce that

K2 is uniformly bounded. To show that K2 is equicontinuous, let �1; �2 2 J: For
x 2 B�, we have

jK2x.�2/ � K2x.�1/j D
ˇ̌
ˇ̌ log .�2=�1/

log.T=t0/
J �

tm h.�; x.�//C log.�1=�2/

log.T=t0/
J



t0 g.�; x.�//

ˇ̌
ˇ̌ ;
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which tends to zero as �1 ! �2. Thus, by Arzelá-Ascoli Theorem, it follows that
K2 is compact. Hence the operator K satisfies the hypotheses of Theorem 1.13.
Therefore K is a condensing operator on B�. Thus, by Theorem 1.13, the
problem (8.8) has at least one solution on J. �

Example 8.6 Consider the impulsive Caputo-Hadamard fractional differential
equations:

8̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂:

CD˛k x.t/ D cos t

80 � et

�
x2.t/C jx.t/j log e2t

jx.t/j C log t

�
; t 2 	e1=4; e
 n ftkg;

�x.tk/ D cos2.kx.tk/=9/

9k
; k D 1; 2; : : : ; 8;

�ıx.tk/ D .�1/k
30

x2.tk/C 10jx.tk/j
jx.t/j C 9

; k D 1; 2; : : : ; 8;

(8.18)

supplemented with the nonlinear fractional integral conditions:

x.e1=4/ D J
9=5

e1=4
g
�
e3=10; x

�
e3=10

��
with g.t; x/ D tjxj C ecos t

t4
� jxjt sin2 t;

and

x.e/DJ
10=3

e11=12
h
�
e14=15; x

�
e14=15

��
with h.t; x/Det.jxjC1/

2
C cos t

jxjC1Cp
2 sin t;

where ˛k D .10k C 16/=.6k C 9/ and tk D e.3Ck/=12; for k D 1; 2; : : : ; 8.

Here m D 8, t0 D e1=4, T D e, 
 D 9=5, � D e3=10, � D 10=3, � D e14=15,

f .t; x/ D cos t

80 � et

�
x2 C jxj log e2t

jxj C log t

�
; 'k.x/ D cos2.kx=9/

9k
;

'�
k .x/ D .�1/k

30

x2 C 10jxj
jxj C 9

;

k D 1; : : : ; 8: Clearly jf .t; x/ � f .t; y/j � 3

20
jx � yj; j'j.x/ � 'j.y/j � 2

81
jx �

yj; j'�
j .x/ � '�

j .y/j � 1

27
jx � yj; and function g, h satisfy the inequalities

jg.t; x/j � e.kxk C 1/ and jh.t; x/j �
p

ee C 4

2

�
kxk C 1

kxk
�
:

Choosing k1 D e, k2 D .
p

ee C 4/=2 and setting  1.x/ D e.x C 1/ and  2.t/ D
x C .1=x/, we have that  1 and  2 are nondecreasing positive functions on R

C.
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Therefore, the hypothesis (8.6.2) is satisfied. With L1 D 3=20, L2 D 2=81 and L3 D
1=27, we find that ˝1 	 0:982119 < 1. Thus, all the conditions of Theorem 1.13
hold and hence the problem (8.18) has at least one solution on Œe1=4; e�:

8.3.3 Existence Result via O’Regan’s Fixed Point Theorem

This section is devoted to the third existence result for the problem (8.8), which is
based on a fixed point theorem due to O’Regan (Theorem 1.6).

For the sake of convenience, we introduce the notations:

�1 D kbk�1; �2 D 2d1 log

 
TmQm
jD1 tj

!
C 2md2; �3 D .log.�=tm//�

� .� C 1/
C .log.�=t0//


� .
C 1/
:

Theorem 8.7 Let f ; g; h W J � R ! R and 'k; '
�
k W R ! R for k D 1; 2; : : : ;m be

continuous functions. Assume that:

(8.7.1) there exists a nonnegative function b 2 C.J; Œ0;1// and a nondecreasing
function  W Œ0;1/ ! .0;1/ such that

jf .t; x/j � b.t/ .kxk/; 8.t; x/ 2 J � RI

(8.7.2) there exist positive constants d1 and d2 such that

j'�
j .x.t//j < d1 and j'j.x.t//j < d2 for j D 1; 2; : : : ;mI

(8.7.3) there exist positive constants c1; c2 and continuous functions 	1; 	2 W
Œ0;1/ ! Œ0;1/ such that

	1.jxj/ � c1jxj and jg.t; x/ � g.t; y/j � 	1.kx � yk/;
	2.jxj/ � c2jxj and jh.t; x/ � h.t; y/j � 	2.kx � yk/;

for all t 2 J and x; y 2 RI
(8.7.4) sup

r2.0;1/


r

�1 .r/C �2 C l�3

�
>

1

1 � ��3 ; where � D maxfc1; c2g; l D
sup
t2J

fjg.t; 0/j; jh.t; 0/jg and ��3 < 1.

Then the boundary value problem (8.8) has at least one solution on J.

Proof Consider the operator K W E ! E defined by (8.13) in the form:

K x.t/ D K1x.t/C K2x.t/; t 2 J;
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where K1 and K2 are respectively defined by (8.16) and (8.17). From (8.7.4), there
exists a number ! > 0 such that

!

�1 .!/C �2 C l�3
>

1

1 � k�3
:

Let B! D fx 2 E W kxk < !g: We need to show that K1 is continuous and
completely continuous. First, we show that K1. NB!/ is bounded. For any x 2 NB!;
we have

jK1x.t/j �
"
.log.T=tk//

� .˛k C 1/

˛k

kf k C .log.T=tm//

� .˛m C 1/

˛m

kf k

C2
mX

jD1

�
log

T

tj

���
log.tj=tj�1/

�
� .˛j�1/

˛j�1�1
kf k C k'�

j k
�

C2
mX

jD1

�
.log.tj=tj�1//
� .˛j�1 C 1/

˛j�1

kf k C k'jk
�#

� kf k
"

sup
jD1;2;:::;m


.log.T=tj//˛j

� .˛j C 1/

�
C .log.T=tm//

� .˛m C 1/

˛m

C2
mX

jD1

 
.log.tj=tj�1//
� .˛j�1 C 1/

˛j�1�1
� log

.T=tj/

tj�1=tj

˛j�1
!#

C2mk'jk C 2
�

m log T � log
mY

jD1
tj
�
k'�

j k:

Thus K1 is uniformly bounded. Let �1; �2 2 J such that �1 < �2: Then

jK1x.�2/ � K1x.�1/j
D jJ ˛k

tk f .�2; x.�1// � J ˛k
tk f .�1; x.�1//j

C
ˇ̌
ˇ̌
ˇ

kX
jD1

�
log

�2

tj

��
J

˛j�1�1
tj�1 f .tj; x.tj//C '�

j .x.tj//
�

�
kX

jD1

�
log

�1

tj

��
J

˛j�1�1
tj�1 f .tj; x.tj//C '�

j .x.tj//
� ˇ̌ˇ̌
ˇ

C
ˇ̌
ˇ̌
ˇ
log .�1=t0/

log.T=t0/

�
J ˛m

tm f .T; x.T//C
mX

jD1

�
log

T

tj

��
J

˛j�1�1
tj�1 f .tj; x.tj//C'�

j .x.tj//
�



292 8 Impulsive Multi-order Hadamard Fractional Differential Equations

C
mX

jD1

�
J

˛j�1
tj�1 f .tj; x.tj//C 'j.x.tj//

� �

� log .�2=t0/

log.T=t0/

�
J ˛m

tm f .T; x.T//C
mX

jD1

�
log

T

tj

��
J

˛j�1�1
tj�1 f .tj; x.tj//C '�

j .x.tj//
�

C
mX

jD1

�
J

˛j�1
tj�1 f .tj; x.tj//C 'j.x.tj//

� �ˇ̌ˇ̌
ˇ

� J ˛k
tk jf .�2; x.�2// � f .�1; x.�1//j C

mX
jD1

ˇ̌
ˇ̌ log

�2

�1

ˇ̌
ˇ̌
ˇ̌
ˇ̌J ˛j�1�1

tj�1 f .tj; x.tj//C '�
j .x.tj//

ˇ̌
ˇ̌

C
ˇ̌
ˇ̌ log .�1=�2/

log.T=t0/

ˇ̌
ˇ̌
ˇ̌
ˇ̌J ˛m

tm f .T; x.T//C
mX

jD1

�
log

T

tj

��
J

˛j�1�1
tj�1 f .tj; x.tj//C'�

j .x.tj//
�

C
mX

jD1

�
J

˛j�1
tj�1 f .tj; x.tj//C 'j.x.tj//

� ˇ̌ˇ̌;

which tends to zero as �2 ! �1: Hence K1 is equicontinuous. Hence, it follows by
Arzelá-Ascoli Theorem that K1. NB!/ is compact and hence completely continuous.
Moreover, as in Theorem 8.5, we can show that the operator K1 is continuous.

Next, we show that K2 is a nonlinear contraction. For x; y 2 B! , we have

jK2x.t/ � K2y.t/j � .log.�=tm//�

� .� C 1/
	1.kx � yk/C .log.�=t0//


� .
C 1/
	2.kx � yk/

�
�

c1
.log.�=tm//�

� .� C 1/
C c2

.log.�=t0//


� .
C 1/

�
kx � yk

� ��3kx � yk:

Setting 	.x/ D ��3x; note that 	.0/ D 0 and 	.x/ D ��3x < x for x > 0. Thus

kK2x � K2yk � 	.kx � yk/;

which implies that K2 is a nonlinear contraction.
For any x 2 B! , we have

jg.t; x/j � jg.t; x/ � g.t; 0/j C jg.t; 0/j � 	1.kxk/C jg.t; 0/j � c1! C sup
t2J

jg.t; 0/j;

and

jh.t; x/j � c2! C sup
t2J

jh.t; 0/j:
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Thus, letting k D maxfc1; c2g and l D sup
t2J

fjg.t; 0/j; jh.t; 0/jg; we obtain

kK2xk �
�
.log.�=tm//�

� .� C 1/
C .log.�=t0//


� .
C 1/

�
.k! C l/:

Therefore, both K1. NB!/ and K2. NB!/ are bounded, which implies the boundedness
of K . NB!/:

Finally, we show that the case (C2) in Theorem 1.6 does not occur. To this end,
let us suppose that the condition (C2) holds. This implies that there exists � 2 .0; 1/
and x 2 @B! such that x D �K x. So, we have kxk D ! and

jx.t/j D �jK1x.t/C K2x.t/j
� jK1x.t/j C jK2x.t/j

� kf k
"

sup
jD1;2;:::;m


.log.T=tj//˛j

� .˛j C 1/

�
C .log.T=tm//

� .˛m C 1/

˛m

C2
mX

jD1

 
.log.tj=tj�1//
� .˛j�1 C 1/

˛j�1�1
� log

.T=tj/

tj�1=tj

˛j�1
!#

C2mk'jk C 2
�

m log T � log
mY

jD1
tj
�
k'�

j k:

C
�
.log.�=tm//�

� .� C 1/
C .log.�=t0//


� .
C 1/

�
.k! C l/

� �1 .!/C �2 C .k! C l/�3;

which, on taking the supremum for all t 2 J; gives

kxk � �1 .!/C �2 C .k! C l/�3:

In consequence, we get

!

�1 .!/C �2 C l�3
� 1

1 � k�3

which contradicts (8.7.4). Thus the operators K1 and K2 satisfy all the conditions
of Theorem 1.6. Hence, the operator K has at least one fixed point on NB!; which is
a solution of the problem (8.8). This completes the proof. �

Example 8.7 Consider the following problem of impulsive Caputo-Hadamard frac-
tional differential equations
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8̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂:

CD˛k x.t/ D 1

27

�
t3 C t2 cos.x.t//

5C 4t C jx.t/j
��

7jx.t/j C 9

21C et

�
; t 2

�
3

2
; 5

�
n ftkg

�x.tk/ D ex.tk/ � 15k2

15ex.tk/
; k D 1; 2; : : : ; 7;

�ıx.tk/ D 2

5
sin

�
x.tk/

9x.tk/C 5

�
cos

�
k�

2

�
; k D 1; 2; : : : ; 7;

(8.19)

and the nonlinear fractional integral conditions

x

�
3

2

�
D J

5=3

3=2 g

�
7

4
; x

�
7

4

��
; with g.t; x/ D .9 � esin t/ arctan.jxj=3/

4t2 C 2t � 1 C 3

7
;

x.5/ D J
3=2

573=128h

�
9

2
; x

�
9

2

��
; with h.t; x/

D
 
10 sin2.� t=15/

.2t C 3/2

!� jxj2 C 12jxj
jxj C 11

�
� 1

2t
;

where ˛k D .4 � e�k=2/.2/ and tk D 2�1 C 22 C 2�k � 22�k; for k D 1; 2; : : : ; 7:

Here m D 7, t0 D 3=2, T D 5, 
 D 5=3, � D 7=4, � D 3=2, � D 9=2,

f .t; x/ D 1

27

�
t3 C t2 cos x

5C 4t C jxj
��

7jxj C 9

21C et

�
;

and the impulsive functions 'k.x/, '�
k .x/ at impulse moments tk for k D 1; 2; : : : ; 9,

are defined by

'k.x/ D ex � 15k2

15ex
; '�

k .x/ D 2

5
sin

�
x

9x C 5

�
cos

�
k�

2

�
:

For .t; x/ 2 Œ3=2; 5� � R, we have

jf .t; x/j � t2.t C 1/

27.5C 4t/

�kxk
3

C 3

7

�
:

Let b 2 C.Œ3=2; 5�;R/ and  W Œ0;1/ ! .0;1/ be defined by

b.t/ D t2.t C 1/

27.5C 4t/
and  .x/ D x

3
C 3

7
:
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Obviously b is a nonnegative function and  is a nondecreasing function. The
impulsive functions '�

k and 'k are bounded by constants d1 D 2=45 and d2 D 1=15

respectively. Selecting 	1; 	2 W Œ0;1/ ! Œ0;1/ as

	1.x/ D 9

11
arctan

� x

3

�
; 	2.x/ D 10

33
x;

and noting that 	1.x/ � .3=11/x; we obtain

jg.t; x/ � g.t; y/j � 9

11
arctan

�kx � yk
3

�
D 	1.kx � yk/;

jh.t; x/ � h.t; y/j � 10

36

�
kx � yk C 11kx � yk

121C jxj C jyj
�

� 	2.kx � yk/:

Thus, we deduce that kbk D 2=9, d1 D 2=45, d2 D 1=15, c1 D 3=11 and c2 D
10=33: Furthermore, �1 D 0:944897, �2 D 0:029739 and �3 D 1:065922; � D
10=33, and l D 1=2: With the given data, the hypothesis (8.7.4) is satisfied for
r > 9:141700. Therefore, the problem (8.19) has at least one solution on Œ3=2; 5� by
the conclusion of Theorem 8.7.

8.4 Notes and Remarks

In this chapter, we studied boundary value problems for first and second order
impulsive multi-order Hadamard fractional differential equations supplemented
with nonlinear fractional integral conditions by using classical fixed point theorems.
The results in this chapter are based on the papers [176] and [177].



Chapter 9
Initial and Boundary Value Problems for Hybrid
Hadamard Fractional Differential Equations
and Inclusions

9.1 Introduction

This chapter is devoted to the study of initial and boundary value problems of hybrid
fractional differential equations and inclusions involving Hadamard derivative and
integral. Several existence results for local and nonlocal cases of the given problems
are obtained.

By hybrid differential equation, we mean that the terms in the equation are
perturbed either linearly or quadratically or through the combination of first and
second types. Perturbation taking place in form of the sum or difference of terms in
an equation is called linear. On the other hand, if the equation is perturbed through
the product or quotient of the terms in it, then it is called quadratic perturbation. So
the study of hybrid differential equation is more general and covers several dynamic
systems as particular cases.

9.2 Initial Value Problems for Hybrid Hadamard Fractional
Differential Equations

In this section, we study the existence of solutions for an initial value problem of
hybrid fractional differential equations of Hadamard type given by

8̂
<
:̂

HD˛

�
x.t/

f .t; x.t//

�
D g.t; x.t//; 1 � t � T; 0 < ˛ � 1;

HJ1�˛x.t/jtD1 D �;

(9.1)

© Springer International Publishing AG 2017
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where HD˛ is the Hadamard fractional derivative, f 2 C.Œ1;T� � R;R n f0g/ and
g W C.Œ1;T� � R;R/; HJ.:/ is the Hadamard fractional integral and � 2 R:

From Theorem 2.1, we have:

Lemma 9.1 Given y 2 C.Œ1;T�;R/; the solution of initial value problem

8̂
<
:̂

HD˛

�
x.t/

f .t; x.t//

�
D y.t/; 1 � t � T; 0 < ˛ � 1;

HJ1�˛x.t/jtD1 D �;

(9.2)

is given by

x.t/ D f .t; x.t//

 
�

� .˛/
.log t/˛�1 C 1

� .˛/

Z t

1

�
log

t

s

�˛�1 y.s/

s
ds

!
; t 2 Œ1;T�:

Let X D C.Œ1;T�;R/ denote the Banach space of all continuous real valued
functions defined on Œ1;T� with the norm kxk D supfjx.t/j W t 2 Œ1;T�g: For
t 2 Œ1;T�; we define xr.t/ D .log t/rx.t/; r � 0: Let Cr.Œ1;T�;R/ be the space
of all continuous functions x such that xr 2 C.Œ1;T�;R/ which is indeed a Banach
space endowed with the norm kxkC D supf.log t/rjx.t/j W t 2 Œ1;T�g:

Let 0 �  < 1 and C;logŒ1;T� denote the weighted space of continuous functions
defined by

C;logŒ1;T� D ˚
g.t/ W .log t/g.t/ 2 CŒ1;T�; kykC;log D k.log t/g.t/kC

�
:

In the following, we denote kykC;log by kykC:

Theorem 9.1 Assume that:

(9.1.1) the function f W Œ1;T��R ! Rnf0g is bounded (i.e. jf .t; x/j � K; 8.t; x/ 2
Œ1;T� � R), continuous and there exists a bounded function 	; with bound
k	k; such that 	.t/ > 0; a.e. t 2 Œ1;T� and

jf .t; x/ � f .t; y/j � 	.t/jx.t/ � y.t/j; a.e. t 2 Œ1;T� and for all x; y 2 RI

(9.1.2) there exist a function p 2 C.Œ1;T�;RC/ and a continuous nondecreasing
function ˝ W Œ0;1/ ! .0;1/ such that

jg.t; x.t//j � p.t/˝.kxkC/; .t; x/ 2 Œ1;T� � RI

(9.1.3) there exists a number r > 0 such that

r � K

� j�j
� .˛/

C .log T/1�˛
1

� .˛ C 1/
kpk˝.r/

�
; (9.3)
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and

k	k
� j�j
� .˛/

C .log T/1�˛
1

� .˛ C 1/
kpk˝.r/

�
< 1:

Then the initial value problem (9.1) has at least one solution on Œ1;T�:

Proof Define a subset S of X as

S D fx 2 X W kxkC � rg;

where r satisfies the inequality (9.3).
Clearly S is closed, convex and bounded subset of the Banach space X:

By Lemma 9.1, the initial value problem (9.1) is equivalent to the integral equation

x.t/ D f .t; x.t//

 
�

� .˛/
.log t/˛�1

C 1

� .˛/

Z t

1

�
log

t

s

�˛�1 g.s; x.s//

s
ds

!
; t 2 Œ1;T�:

(9.4)

Define two operators A W X ! X by

A x.t/ D f .t; x.t//; t 2 Œ1;T�; (9.5)

and B W S ! X by

Bx.t/ D �

� .˛/
.log t/˛�1C 1

� .˛/

Z t

1

�
log

t

s

�˛�1 g.s; x.s//

s
ds; t 2 Œ1;T�: (9.6)

Then x D A xBx: We shall show that the operators A and B satisfy all the
conditions of Theorem 1.7. For the sake of clarity, we split the proof into a sequence
of steps.

Step 1. We first show that A is a Lipschitz on X; i.e., (a) of Theorem 1.7 holds.

Let x; y 2 X: Then, by (9.1.1), we have

j.log t/1�˛A x.t/ � .log t/1�˛A y.t/j D .log t/1�˛jf .t; x.t// � f .t; y.t//j
� 	.t/.log t/1�˛jx.t/ � y.t/j
� k	kkx � ykC;

for all t 2 Œ1;T�: Taking the supremum over the interval Œ1;T�; we obtain

kA x � A ykC � k	kkx � ykC;

for all x; y 2 X: So A is a Lipschitz on X with Lipschitz constant k	k:
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Step 2. The operator B is completely continuous on S; i.e., (b) of Theorem 1.7
holds.

First, we show that B is continuous on S: Let fxng be a sequence in S converging
to a point x 2 S: Then, by Lebesque dominated convergence theorem, we have

lim
n!1.log t/1�˛Bxn.t/

D lim
n!1

 
�

� .˛/
C .log t/1�˛

1

� .˛/

Z t

1

�
log

t

s

�˛�1 g.s; xn.s//

s
ds

!

D �

� .˛/
C .log t/1�˛

1

� .˛/

Z t

1

�
log

t

s

�˛�1 lim
n!1 g.s; xn.s//

s
ds

D �

� .˛/
C .log t/1�˛

1

� .˛/

Z t

1

�
log

t

s

�˛�1 g.s; x.s//

s
ds

D .log t/1�˛Bx.t/;

for all t 2 Œ1;T�: This shows that B is continuous os S: It is enough to show that
B.S/ is a uniformly bounded and equicontinuous set in X: First, we note that

.log t/1�˛jBx.t/j D
ˇ̌
ˇ̌
ˇ
�

� .˛/
C .log t/1�˛

1

� .˛/

Z t

1

�
log

t

s

�˛�1 g.s; x.s//

s
ds

ˇ̌
ˇ̌
ˇ

� j�j
� .˛/

C kpk˝.r/.log T/1�˛
1

� .˛/

Z t

1

�
log

t

s

�˛�1 1
s

ds

D j�j
� .˛/

C .log T/1�˛
1

� .˛ C 1/
kpk˝.r/;

for all t 2 Œ1;T�: Taking supremum over the interval Œ1;T�; the above inequality
becomes

kBxkC � j�j
� .˛/

C .log T/1�˛
1

� .˛ C 1/
kpk˝.r/;

for all x 2 S: This shows that B is uniformly bounded on S:
Next, we show that B is an equicontinuous set in X: Let �1; �2 2 Œ1;T� with

�1 < �2 and x 2 S: Then, we have

j.log �2/
1�˛.Bx/.�2/ � .log �1/

1�˛.Bx/.�1/j

� kpk˝.r/
� .˛/

ˇ̌
ˇ̌
ˇ
Z �2

1

.log �2/
1�˛ �log

�2

s

�˛�1 1
s

ds �
Z �1

1

.log �1/
1�˛ �log

�1

s

�˛�1 1
s

ds

ˇ̌
ˇ̌
ˇ
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� kpk˝.r/
� .˛/

ˇ̌
ˇ̌
ˇ
Z �1

1

"
.log �2/

1�˛ �log
�2

s

�˛�1 � .log �1/
1�˛ �log

�1

s

�˛�1
#
1

s
ds

ˇ̌
ˇ̌
ˇ

Ckpk˝.r/
� .˛/

ˇ̌
ˇ̌
ˇ
Z �2

�1

.log �2/
1�˛ �log

�2

s

�˛�1 1
s

ds

ˇ̌
ˇ̌
ˇ:

Obviously the right hand side of the above inequality tends to zero, independently
of x 2 S as �2 � �1 ! 0: Therefore, it follows from the Arzelá-Ascoli Theorem that
B is a completely continuous operator on S:

Step 3. Next, we show that hypothesis (c) of Theorem 1.7 is satisfied. Let x 2 X
and y 2 S be arbitrary elements such that x D A xBy: Then, we have

.log t/1�˛jx.t/j
D .log t/1�˛jA x.t/jjBy.t/j

D jf .t; x.t//j
ˇ̌
ˇ̌
ˇ
 

�

� .˛/
C .log t/1�˛

1

� .˛/

Z t

1

�
log

t

s

�˛�1 g.s; y.s//

s
ds

!ˇ̌
ˇ̌
ˇ

� K

ˇ̌
ˇ̌
ˇ
 

�

� .˛/
C .log t/1�˛

1

� .˛/

Z t

1

�
log

t

s

�˛�1 g.s; y.s//

s
ds

!ˇ̌
ˇ̌
ˇ

� K

"
j�j
� .˛/

C .log T/1�˛kpk˝.r/ 1

� .˛/

Z t

1

�
log

t

s

�˛�1 1
s

ds

#

D K

"
j�j
� .˛/

C .log T/1�˛
1

� .˛ C 1/
kpk˝.r/

#
:

Taking supremum for t 2 Œ1;T�; we obtain

kxkC � K

"
j�j
� .˛/

C .log T/1�˛
1

� .˛ C 1/
kpk˝.r/

#
� r;

that is, x 2 S:

Step 4. Now, we show that Mk < 1; that is, (d) of Theorem 1.7 holds.

This is obvious by (9.1.4), since, we have M D kB.S/k D supfkBxk W x 2 Sg �
j�j
� .˛/

C .log T/1�˛
1

� .˛ C 1/
kpk˝.r/ and k D k	k:

Thus all the conditions of Theorem 1.7 are satisfied and hence the operator
equation x D A xBx has a solution in S: In consequence, the problem (9.1) has
a solution on Œ1;T�: This completes the proof. �
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Example 9.1 Consider the hybrid initial value problem

8̂
<
:̂

HD1=2

�
x.t/

f .t; x/

�
D g.t; x/; 1 < t < e;

HJ1=2x.t/jtD1 D 1;

(9.7)

where

f .t; x/ D 1

5
p
�
.j sin t tan�1 xj C �=2/; g.t; x/ D 1

10

�1
6

jxj C 1

8
cos x C jxj

4.1C jxj/ C 1

16

�
:

Obviously jf .t; x/j �
p
�

5
D K; k	k D 1

5
p
�
; jg.t; x/j � 1

10

�1
6

jxj C 7

16

�
: We

choose kpk D 1

10
; ˝.r/ D 1

6
r C 7

16
: By the condition (9.1.3), it is found that

261

1192
� r <

3

8
.400� � 87/: Clearly all the conditions of Theorem 9.1 are satisfied.

Hence, by the conclusion of Theorem 9.1, it follows that the problem (9.7) has a
solution on Œ1; e�:

9.3 Fractional Hybrid Differential Inclusions
of Hadamard Type

In this section, we investigate the existence of solutions for the following inclusion
problem

8̂
<
:̂

HD˛

�
x.t/

f .t; x.t//

�
2 F.t; x.t//; 1 � t � T; 0 < ˛ � 1;

HJ1�˛x.t/jtD1 D �;

(9.8)

where F W Œ1;T� � R ! P.R/ is a multivalued map, P.R/ is the family of all
nonempty subsets of R:

Theorem 9.2 Assume that (9.1.1) holds. In addition, we suppose that:

(9.2.1) F W Œ1;T� � R ! P.R/ is L1-Carathéodory and has nonempty compact
and convex values;

(9.2.2) 2k	k
 

j�j
� .˛/

C .log T/1�˛
1

� .˛/

Z T

1

�
log

T

s

�˛�1 g.s/

s
ds

!
< 1:

Then the boundary value problem (9.8) has at least one solution on Œ1;T�:
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Proof Transform the problem (9.8) into a fixed point problem. Consider the operator
N W X ! P.X/ defined by

N .x/ D
(

h 2 X W h.t/ D f .t; x.t//

 
�

� .˛/
.log t/˛�1

C 1

� .˛/

Z t

1

�
log

t

s

�˛�1 v.s/
s

ds

!
; v 2 SF;x

)
:

Now, we define two operators A1 W X ! X by

A1x.t/ D f .t; x.t//; t 2 Œ1;T�; (9.9)

and B1 W X ! P.X/ by

B1.x/ D
(

h 2 C.Œ1;T�;R/ W h.t/ D �

� .˛/
.log t/˛�1

C 1

� .˛/

Z t

1

�
log

t

s

�˛�1 v.s/
s

ds; v 2 SF;x

)
:

(9.10)

Observe that N .x/ D A1xB1x:We shall show that the operators A1 and B1 satisfy
all the conditions of Theorem 1.8. For the sake of convenience, we split the proof
into several steps.

Step 1. A1 is a Lipschitz on X; i.e., (a) of Theorem 1.8 holds.

This was proved in Step 1 of Theorem 9.1.

Step 2. The multivalued operator B1 is compact and upper semicontinuous on X;
i.e., (b) of Theorem 1.8 holds.

First, we show that B1 has convex values. Let u1; u2 2 B1x: Then there are
v1; v2 2 SF;x such that

ui.t/ D �

� .˛/
.log t/˛�1 C 1

� .˛/

Z t

1

�
log

t

s

�˛�1 vi.s/

s
ds;

i D 1; 2; t 2 Œ1;T�: For any � 2 Œ0; 1�; we have

�u1.t/C .1 � �/u2.t/ D �

� .˛/
.log t/˛�1

C 1

� .˛/

Z t

1

�
log

t

s

�˛�1 Œ�v1.s/C .1 � �/v2.s/�
s

ds;

with �v1.t/C.1��/v2.t/ 2 F.t; x.t// for all t 2 Œ1;T�:Hence �u1.t/C.1��/u2.t/ 2
B1x and consequently B1x is convex for each x 2 X: As a result B1 defines a
multivalued operator B1 W X ! Pcv.X/:
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Next, we show that B1 maps bounded sets into bounded sets in X: To see this,
let Q be a bounded set in X: Then there exists a real number r > 0 such that kxkC �
r;8x 2 Q:

Now, for each h 2 B1x; there exists a v 2 SF;x such that

h.t/ D �

� .˛/
.log t/˛�1 C 1

� .˛/

Z t

1

�
log

t

s

�˛�1 v.s/
s

ds:

Then for each t 2 Œ1;T�; using (9.2.2), we have

.log t/1�˛jh.t/j D
ˇ̌
ˇ̌
ˇ
�

� .˛/
C .log t/1�˛

1

� .˛/

Z t

1

�
log

t

s

�˛�1 v.s/
s

ds

ˇ̌
ˇ̌
ˇ

� j�j
� .˛/

C .log T/1�˛
1

� .˛/

Z t

1

�
log

t

s

�˛�1 g.s/

s
ds

� j�j
� .˛/

C .log T/1�˛
1

� .˛/

Z T

1

�
log

T

s

�˛�1 g.s/

s
ds:

This further implies that

khkC � j�j
� .˛/

C .log T/1�˛
1

� .˛/

Z T

1

�
log

T

s

�˛�1 g.s/

s
ds;

and so B1.X/ is uniformly bounded.
Next, we show that B1 maps bounded sets into equicontinuous sets. Let Q be,

as above, a bounded set and h 2 B1x for some x 2 Q: Then there exists a v 2 SF;x

such that

h.t/ D �

� .˛/
.log t/˛�1 C 1

� .˛/

Z t

1

�
log

t

s

�˛�1 v.s/
s

ds; t 2 Œ1;T�:

Then, for any �1; �2 2 Œ1;T� with �1 < �2, we have

j.log �2/
1�˛.B1x/.�2/ � .log �1/

1�˛.B1x/.�1/j

�
ˇ̌
ˇ̌
ˇ
Z �2

1

.log �2/
1�˛ �log

�2

s

�˛�1 g.s/

s
ds �

Z �1

1

.log �1/
1�˛ �log

�1

s

�˛�1 g.s/

s
ds

ˇ̌
ˇ̌
ˇ

�
ˇ̌
ˇ̌
ˇ
Z �1

1

"
.log �2/

1�˛ �log
�2

s

�˛�1 � .log �1/
1�˛ �log

�1

s

�˛�1
#

g.s/

s
ds

ˇ̌
ˇ̌
ˇ

C
ˇ̌
ˇ̌
ˇ
Z �2

�1

.log �2/
1�˛ �log

�2

s

�˛�1 g.s/

s
ds

ˇ̌
ˇ̌
ˇ:
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Obviously the right hand side of the above inequality tends to zero, independently
of x 2 Q as �2 � �1 ! 0: Therefore it follows by the Arzelá-Ascoli Theorem that
B1 W X ! P.X/ is completely continuous.

In our next step, we show that B1 is upper semicontinuous. By Lemma 1.1, B1

will be upper semicontinuous if we prove that it has a closed graph, since B1 is
already shown to be completely continuous.

Thus, in our next step, we show that B1 has a closed graph. Let xn ! x�; hn 2
B1.xn/ and hn ! h�: Then, we need to show that h� 2 B1: Associated with hn 2
B1.xn/; there exists vn 2 SF;xn such that for each t 2 Œ1;T�;

hn.t/ D �

� .˛/
.log t/˛�1 C 1

� .˛/

Z t

1

�
log

t

s

�˛�1 vn.s/

s
ds:

Thus it suffices to show that there exists v� 2 SF;x�
such that for each t 2 Œ1;T�;

h�.t/ D �

� .˛/
.log t/˛�1 C 1

� .˛/

Z t

1

�
log

t

s

�˛�1 v�.s/
s

ds:

Let us consider the linear operator � W L1.Œ1;T�;R/ ! X given by

f 7! �.v/.t/ D �

� .˛/
.log t/˛�1 C 1

� .˛/

Z t

1

�
log

t

s

�˛�1 v.s/
s

ds:

Observe that

khn.t/ � h�.t/k D
�����

1

� .˛/

Z t

1

�
log

t

s

�˛�1 .vn.s/ � v�.s//
s

ds

����� ! 0; as n ! 1:

Thus, it follows by Lemma 1.2 that � ı SF;x is a closed graph operator. Further,
we have hn.t/ 2 �.SF;xn/: Since xn ! x�; therefore, we have

h�.t/ D �

� .˛/
.log t/˛�1 C 1

� .˛/

Z t

1

�
log

t

s

�˛�1 v�.s/
s

ds;

for some v� 2 SF;x�
.

As a result, we have that the operator B1 is compact and upper semicontinuous
operator on X:

Step 3. Now, we show that 2Mk < 1; i.e., (c) of Theorem 1.8 holds.

This is obvious by (9.2.3) since, we have M D kB.X/k D supfjB1x W x 2 Xg �
j�j
� .˛/

C .log T/1�˛
1

� .˛/

Z T

1

�
log

T

s

�˛�1 g.s/

s
ds and k D k	k:

Thus all the conditions of Theorem 1.8 are satisfied and a direct application of
this theorem yields that either the conclusion (i) or the conclusion (ii) holds. We
show that the conclusion (ii) is not possible.
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Let NE D fu 2 Xj�u 2 A1uB1u; � > 1g and u 2 NE be arbitrary. Then, we have
for � > 1; �u.t/ 2 A1u.t/B1u.t/: Further, there exists v 2 SF;x such that for any
� > 1; we have

u.t/ D ��1Œf .t; u.t/�
 

�

� .˛/
.log t/˛�1 C 1

� .˛/

Z t

1

�
log

t

s

�˛�1 v.s/
s

ds

!
;

for all t 2 Œ1;T�: In consequence, we have

.log t/1�˛ju.t/j � ��1jf .t; u.t/j �

�
 

�

� .˛/
C .log t/1�˛

1

� .˛/

Z t

1

�
log

t

s

�˛�1 jv.s/j
s

ds

!

� K

 
j�j
� .˛/

C .log T/1�˛
1

� .˛/

Z T

1

�
log

T

s

�˛�1 g.s/

s
ds

!

� K

 
j�j
� .˛/

C .log T/1�˛
1

� .˛/

Z T

1

�
log

T

s

�˛�1 g.s/

s
ds

!
:

Thus

kukC � K

 
j�j
� .˛/

C .log T/1�˛
1

� .˛/

Z T

1

�
log

T

s

�˛�1 g.s/

s
ds

!
WD M:

Thus the condition (ii) of Theorem 1.8 does not hold. Therefore the operator
equation x D A1xB1x and consequently problem (9.8) has a solution on Œ1;T�: This
completes the proof. �

Example 9.2 Consider the hybrid initial value inclusion problem

8̂
ˆ̂<
ˆ̂̂:

HD1=2

�
x.t/

f .t; x/

�
2 F.t; x.t//; 1 < t < e;

HJ1=2x.t/jtD1 D 2

3
;

(9.11)

where f .t; x/ D
ˇ̌
ˇ log t

2
arctan x

ˇ̌
ˇ C 1p

1C t2
and F.t; x/ D

h jxj5
15.jxj5 C 1/

,

j sin xj
7.j sin xj C 1/

C 2

7

i
; and T D e: Clearly 	.t/ D 1

2
log t with k	k D 1

2
(the

condition (9.2.1) holds) and kF.t; x/k D supfjyj W y 2 F.t; x/g � 3

7
D g.t/; x 2 R:

With the given values, the condition (9.2.3) is clearly satisfied, that is,
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2k	k
 

j�j
� .˛/

C .log T/1�˛
1

� .˛/

Z T

1

�
log

T

s

�˛�1 g.s/

s
ds

!
' 0:859717 < 1:

In consequence, the conclusion of Theorem 9.2 applies to the problem (9.11).

9.4 Boundary Value Problems for Hybrid Fractional
Differential Equations and Inclusions of Hadamard Type

In this section, we study the existence of solutions of a boundary value problem of
hybrid fractional differential equations of Hadamard type given by

8̂
<
:̂

D˛

�
x.t/

f .t; x.t//

�
D g.t; x.t//; 1 � t � e; 1 < ˛ � 2;

x.1/ D 0; x.e/ D 0;

(9.12)

where D˛ is the Hadamard fractional derivative, f 2 C.Œ1; e� � R;R n f0g/ and
g 2 C.Œ1; e� � R;R/:

For 1 < ˛ � 2; ˇ > 0; we also investigate the case when the hybrid part of
Hadamard type fractional differential equation contains Hadamard integral for a
given nonlinear function. Precisely, we consider the following problem:

8̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂:

D˛

0
BB@ x.t/

f .t; x.t//C 1

� .ˇ/

Z t

1

�
log

t

s

�ˇ�1 h.s; x.s//

s
ds

1
CCA D g.t; x.t//; 1 � t � e;

x.1/ D 0; x.e/ D 0;
(9.13)

where f ; h 2 C.Œ1; e� � R;R/ are such that

f .t; x.t//C 1

� .q/

Z t

1

�
log

t

s

�q�1 h.s; x.s//

s
ds ¤ 0; 8.t; x/ 2 Œ1; e� � R:

For some recent work on hybrid fractional differential equations, we refer to
[34, 77, 186] and the references cited therein.

Lemma 9.2 Given y 2 C.Œ1; e�;R/; the boundary value problem

8<
:

D˛

�
x.t/

f .t; x.t//

�
D y.t/; 1 < t < e;

x.1/ D x.e/ D 0;

(9.14)
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is equivalent to the following integral equation

x.t/ D f .t; x.t//

 
1

� .˛/

Z t

1

�
log

t

s

�˛�1 y.s/

s
ds

�.log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 y.s/

s
ds

!
; t 2 Œ1; e�:

Proof As argued before, the solution of Hadamard differential equation in (9.14)
can be written as

x.t/ D f .t; x.t//

 
1

� .˛/

Z t

1

�
log

t

s

�˛�1 y.s/

s
ds C c1.log t/˛�1 C c2.log t/˛�2

!
; (9.15)

where c1; c2 2 R are arbitrary constants. Using the boundary conditions given
in (9.14), we find that

c2 D 0; c1 D � 1

� .˛/

Z e

1

�
log

e

s

�˛�1 y.s/

s
ds:

Substituting the values of c1; c2 in (9.15), we get

x.t/ D f .t; x.t//

 
1

� .˛/

Z t

1

�
log

t

s

�˛�1 y.s/

s
ds

�.log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 y.s/

s
ds

!
; t 2 Œ1; e�:

The converse follows by direct computation. The proof is completed. �

Theorem 9.3 Assume that:

(9.3.1) the function f W Œ1; e��R ! Rnf0g is continuous and there exists a bounded
function 	; with bound k	k; such that 	.t/ > 0; for t 2 Œ1; e� and

jf .t; x/ � f .t; y/j � 	.t/jx � yj; for t 2 Œ1; e� and for all x; y 2 RI

(9.3.2) there exist a function p 2 C.Œ1; e�;RC/ and a continuous nondecreasing
function ˝ W Œ0;1/ ! .0;1/ such that

jg.t; x/j � p.t/˝.kxk/; t 2 Œ1; e�; and for all x 2 RI

(9.3.3) there exists a number r > 0 such that

r � 2F0kpk˝.r/
� .˛ C 1/ � 2k	kkpk˝.r/ ; (9.16)
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with

2k	k
� .˛ C 1/

kpk˝.r/ < 1;

and F0 D supt2Œ1;e� jf .t; 0/j:
Then the boundary value problem (9.12) has at least one solution on Œ1; e�:

Proof Set E1 D C.Œ1; e�;R/ and define a subset S of E1 as

S D fx 2 E1 W kxk � rg;

where r satisfies the inequality (9.16).
Clearly S is closed, convex and bounded subset of the Banach space E1: By

Lemma 9.2, the boundary value problem (9.12) is equivalent to the integral equation

x.t/ D f .t; x.t//

 
1

� .˛/

Z t

1

�
log

t

s

�˛�1 g.s; x.s//

s
ds

�.log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 g.s; x.s//

s
ds

!
; t 2 Œ1; e�:

(9.17)

Define two operators A W E1 ! E1 by

A x.t/ D f .t; x.t//; t 2 Œ1; e�; (9.18)

and B W S ! E1 by

Bx.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 g.s; x.s//

s
ds

�.log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 g.s; x.s//

s
ds; t 2 Œ1; e�:

(9.19)

Then x D A xBx: We shall show that the operators A and B satisfy all the
conditions of Theorem 1.7 in a series of steps.

Step 1. We first show that A is a Lipschitz on E1; i.e., (a) of Theorem 1.7 holds.

Let x; y 2 E1: Then, by (9.3.1), we have

jA x.t/ � A y.t/j D jf .t; x.t// � f .t; y.t//j
� 	.t/jx.t/ � y.t/j
� k	kkx � yk;
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for all t 2 Œ1; e�: Taking the supremum over the interval Œ1; e�; we obtain

kA x � A yk � k	kkx � yk;

for all x; y 2 E1: So A is a Lipschitz on E1 with Lipschitz constant k	k:
Step 2. The operator B is completely continuous on S; i.e., (b) of Theorem 1.7

holds.

First, we show that B is continuous on S: Let fxng be a sequence in S converging
to a point x 2 S: Then by Lebesque dominated convergence theorem, we have

lim
n!1Bxn.t/ D lim

n!1

 
1

� .˛/

Z t

1

�
log

t

s

�˛�1 g.s; xn.s//

s
ds

�.log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 g.s; xn.s//

s
ds

!

D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 lim
n!1 g.s; xn.s//

s
ds

�.log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 lim
n!1 g.s; xn.s//

s
ds

D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 g.s; x.s//

s
ds

�.log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 g.s; x.s//

s
ds

D Bx.t/;

for all t 2 Œ1; e�: This shows that B is continuous on S: Next we show that B.S/ is
a uniformly bounded and equicontinuous set in E1: First, we note that

jBx.t/j D
ˇ̌
ˇ̌
ˇ
1

� .˛/

Z t

1

�
log

t

s

�˛�1 g.s; x.s//

s
ds

�.log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 g.s; x.s//

s
ds

ˇ̌
ˇ̌
ˇ

� kpk˝.r/
"

1

� .˛/

Z t

1

�
log

t

s

�˛�1 1
s

ds C 1

� .˛/

Z e

1

�
log

e

s

�˛�1 1
s

ds

#

D 2

� .˛ C 1/
kpk˝.r/;
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for all t 2 Œ1; e�: Taking supremum over the interval Œ1; e�; the above inequality
becomes

kBxk � 2

� .˛ C 1/
kpk˝.r/;

for all x 2 S: This shows that B is uniformly bounded on S:
Next, we show that B is an equicontinuous set in E1: Let �1; �2 2 Œ1; e� with

�1 < �2 and x 2 S: Then, we have

j.Bx/.�2/ � .Bx/.�1/j

� kpk˝.r/
� .˛/

ˇ̌
ˇ̌
ˇ
Z �1

1

�
log

�1

s

�˛�1 1
s

ds �
Z �2

1

�
log

�2

s

�˛�1 1
s

ds

ˇ̌
ˇ̌
ˇ

Ckpk˝.r/j.log �2/˛�1 � .log �1/˛�1j
� .˛/

Z e

1

�
log

e

s

�˛�1 1
s

ds

� kpk˝.r/
� .˛ C 1/

h
2.log.�2=�1//

˛ C j.log �2/
˛ � .log �1/

˛j
i

Ckpk˝.r/j.log �2/˛�1 � .log �1/˛�1j
� .˛ C 1/

:

Obviously the right hand side of the above inequality tends to zero, independently
of x 2 S as �2 � �1 ! 0: Therefore, it follows from the Arzelá-Ascoli Theorem that
B is a completely continuous operator on S:

Step 3. Here we show that hypothesis (c) of Theorem 1.7 is satisfied. Let x 2 E1
and y 2 S be arbitrary elements such that x D A xBy: Then, we have

jx.t/j D jA x.t/jjBy.t/j

D jf .t; x.t//j
ˇ̌
ˇ̌
ˇ
 

1

� .˛/

Z t

1

�
log

t

s

�˛�1 g.s; y.s//

s
ds

�.log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 g.s; y.s//

s
ds

!ˇ̌
ˇ̌
ˇ

� Œjf .t; x.t// � f .t; 0/j C jf .t; 0/j� �
ˇ̌
ˇ̌
ˇ
 

1

� .˛/

Z t

1

�
log

t

s

�˛�1 g.s; y.s//

s
ds

�.log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 g.s; y.s//

s
ds

!ˇ̌
ˇ̌
ˇ

� Œ	.t/jx.t/j C F0�kpk˝.r/
"

1

� .˛/

Z t

1

�
log

t

s

�˛�1 1
s

ds
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C 1

� .˛/

Z e

1

�
log

e

s

�˛�1 1
s

ds

#

� Œk	kjx.t/j C F0�
2

� .˛ C 1/
kpk˝.r/:

Thus

jx.t/j � k	kjx.t/j 2

� .˛ C 1/
kpk˝.r/C F0

2

� .˛ C 1/
kpk˝.r/;

which, on taking supremum for t 2 Œ1; e�; yields

kxk � 2F0kpk˝.r/
� .˛ C 1/ � 2k	kkpk˝.r/ � r:

This shows that x 2 S:

Step 4. Now we show that Mk < 1; that is, (d) of Theorem 1.7 holds.

This is obvious by (9.3.3) since M D kB.S/k D supfkBxk W x 2 Sg �
2

� .˛ C 1/
kpk and k D k	k:

Thus all the conditions of Theorem 1.7 are satisfied and hence the operator
equation x D A xBx has a solution in S: In consequence, the problem (9.12) has a
solution on Œ1; e�: This completes the proof. �

Example 9.3 Consider the boundary value problem

8̂
<
:̂

D3=2

�
x.t/

sin x C 2

�
D 1

4
cos x.t/; 1 < t < e;

x.1/ D x.e/ D 0:

(9.20)

Here f .t; x/ D sin x C 2; g.t; x/ D 1

4
cos x: Clearly (9.3.1) and (9.3.2) hold with

	.t/ D 1 and p.t/ D 1

4
;˝.r/ D 1 respectively. Since

2

� .˛ C 1/
kpk˝.r/ D

2

3
p
�
< 1; the problem (9.20) has a solution on Œ1; e� by Theorem 9.3.

Theorem 9.4 Assume that (9.3.2) and the following conditions hold:

(9.4.1) the functions f ; g W Œ1; e� � R ! R are continuous and there exist bounded
functions 	 and  with bounds k	k and k k such that 	.t/ > 0; .t/ > 0
for t 2 Œ1; e� and jf .t; x.t// � f .t; y.t//j � 	.t/jx.t/ � y.t/j; jh.t; x.t// �
h.t; y.t//j �  .t/jx.t/ � y.t/j; for t 2 Œ1; e� and for all x; y 2 RI



9.5 Boundary Value Problems for Fractional Hybrid Differential Inclusions 313

(9.4.2) there exists a number r > 0 such that

r � 2.F0� .ˇ C 1/C H0/kpk˝.r/
Œ� .˛ C 1/� .ˇ C 1/ � 2.k	k� .ˇ C 1/C k k/kpk˝.r/� ; (9.21)

where Œ� .˛C 1/� .ˇC 1/� 2.k	k� .ˇC 1/C k k/kpk˝.r/� > 0; F0 D
sup

t2Œ1;e�
jf .t; 0/j and H0 D supt2Œ1;e� jh.t; 0/j:

Then the problem (9.13) has at least one solution on Œ1; e�:

Proof Setting the operator A W E1 ! E1 as

A x.t/ D f .t; x.t//C 1

� .ˇ/

Z t

1

�
log

t

s

�ˇ�1 h.s; x.s//

s
ds; t 2 Œ1; e�; (9.22)

the proof is similar to that of Theorem 9.3. So, we omit it. �

Example 9.4 Consider the problem (9.13) with ˛ D 3=2; f .t; x/ D .j sin x C xj C
1/=

p
t C 3; ˇ D 3; h.t; x/ D .j tan�1 xjC�/=p1C t; g.t; x/ D cos x=.3C t/; 1 <

t < e: Then 	.t/ D 2=
p

t C 3;  .t/ D 1=
p

t C 1; p.t/ D 1=.3C t/: With k	k D
1; k k D 1=

p
2; kpk D 1=4; ˝.r/ D 1 and

� .˛ C 1/� .ˇ C 1/ � 2.k	k� .ˇ C 1/C k k/kpk˝.r/ ' 4:622489;

all the conditions of Theorem 9.4 are satisfied. Hence the problem (9.13) with the
given data has at least one solution on Œ1; e�:

9.5 Boundary Value Problems for Fractional Hybrid
Differential Inclusions of Hadamard Type with Dirichlet
Boundary Conditions

In this section, we study a Dirichlet boundary value problem of nonlinear fractional
hybrid differential inclusions given by

8<
:

D˛

�
x.t/

f .t; x.t//

�
2 F.t; x.t//; 1 < t < e; 1 < ˛ � 2;

x.1/ D x.e/ D 0;

(9.23)

where D˛ is the Hadamard fractional derivative, f 2 C.Œ1; e� � R;R n f0g/; F W
Œ1; e� � R ! P.R/ is a multivalued map, P.R/ is the family of all nonempty
subsets of R:
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Definition 9.1 A function x 2 C 2.Œ1; e�;R/ is called a solution of the prob-
lem (9.23) if there exists a function v 2 L1.Œ1; e�;R/ with v.t/ 2 F.t; x.t// a.e.

on Œ1; e� such that D˛

�
x.t/

f .t; x.t//

�
D v.t/ a.e. on Œ1; e� and x.1/ D x.e/ D 0:

Theorem 9.5 Assume that (9.3.1) holds. In addition, we suppose that:

(9.5.1) F W Œ1; e��R ! P.R/ is L1-Carathéodory and has nonempty compact and
convex values;

(9.5.2) there exists a function p 2 C.Œ1; e�;RC/ such that

kF.t; x/kP WD supfjyj W y 2 F.t; x/g � p.t/ for each .t; x/ 2 Œ1; e� � RI

(9.5.3)
2k	k

� .˛ C 1/
kpk < 1

2
:

Then the problem (9.23) has at least one solution on Œ1; e�:

Proof We transform the problem (9.23) into a fixed point problem. Consider the
operator N W E1 ! P.E1/ defined by

N x.t/ D
(

h 2 E1 W h.t/ D f .t; x.t//

 
1

� .˛/

Z t

1

�
log

t

s

�˛�1 v.s/
s

ds

�.log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 v.s/
s

ds

!
; v 2 SF;x

)
:

Next, we introduce two operators A W E1 ! E1 by

A x.t/ D f .t; x.t//; t 2 Œ1; e�; (9.24)

and B W E1 ! P.E1/ by

Bx.t/ D
(

h 2 E1 W h.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 v.s/
s

ds

�.log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 v.s/
s

ds; v 2 SF;x

)
:

(9.25)

Observe that N .x/ D A xBx: For the sake of clarity, we split the proof into several
steps.

Step 1. A is a Lipschitz on E1; i.e., (a) of Theorem 1.8 holds.

This was proved in Step 1 of Theorem 9.3.

Step 2. The multivalued operator B is compact and upper semi- continuous on
E1; i.e., (b) of Theorem 1.8 holds.
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First, we show that B has convex values. Let u1; u2 2 Bx: Then there are v1; v2 2
SF;x such that

ui.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 vi.s/

s
ds � .log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 vi.s/

s
ds;

i D 1; 2; t 2 Œ1; e�: For any � 2 Œ0; 1�; we have

�u1.t/C .1 � �/u2.t/

D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 Œ�v1.s/C .1 � �/v2.s/�
s

ds

�.log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 Œ�v1.s/C .1 � �/v2.s/�
s

ds:

Since �v1.t/C.1��/v2.t/ 2 F.t; x.t// for all t 2 Œ1; e�; �u1.t/C.1��/u2.t/ 2 Bx
and consequently Bx is convex for each x 2 C1:As a result B defines a multivalued
operator B W E1 ! Pcv.E1/:

Next, we show that B maps bounded sets into bounded sets in E1: For that,
let Q be a bounded set in E1: Then there exists a real number r > 0 such that
kxk � r;8x 2 Q:

Now, for each h 2 Bx; there exists a v 2 SF;x such that

h.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 v.s/
s

ds � .log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 v.s/
s

ds:

Then for each t 2 Œ1; e�; using (9.5.2), we have

jh.t/j D
ˇ̌
ˇ̌
ˇ
1

� .˛/

Z t

1

�
log

t

s

�˛�1 v.s/
s

ds � .log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 v.s/
s

ds

ˇ̌
ˇ̌
ˇ

� 1

� .˛/

Z t

1

�
log

t

s

�˛�1 p.s/

s
ds C .log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 p.s/

s
ds

� 2

� .˛ C 1/
kpk:

This further implies that

khk � 2

� .˛ C 1/
kpk;

and so B.E1/ is uniformly bounded.
Next, we show that B maps bounded sets into equicontinuous sets. Let Q be, as

above, a bounded set and h 2 Bx for some x 2 Q: Then there exists a v 2 SF;x

such that
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h.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 v.s/
s

ds � .log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 v.s/
s

ds;

t 2 Œ1; e�: Then, for any �1; �2 2 Œ1; e� with �1 < �2, we have

jh.�2/ � h.�1/j � kpk
� .˛/

ˇ̌
ˇ̌
ˇ
Z �1

1

�
log

�1

s

�˛�1 1
s

ds �
Z �2

1

�
log

�2

s

�˛�1 1
s

ds

ˇ̌
ˇ̌
ˇ

Ckpkj.log �2/˛�1 � .log �1/˛�1j
� .˛/

Z e

1

�
log

e

s

�˛�1 1
s

ds

� kpk
� .˛ C 1/

h
2.log.�2=�1//

˛ C j.log �2/
˛ � .log �1/

˛j
i

Ckpkj.log �2/˛�1 � .log �1/˛�1j
� .˛ C 1/

:

Obviously the right hand side of the above inequality tends to zero, independently
of x 2 Q as �2 � �1 ! 0: Therefore it follows by the Arzelá-Ascoli Theorem that
B W E1 ! P.E1/ is completely continuous.

In our next step, we show that B1 is upper semicontinuous. By Lemma 1.1, B1

will be upper semicontinuous if we prove that it has a closed graph, since B1 is
already shown to be completely continuous.

Thus in our next step, we show that B has a closed graph. Let xn ! x�; hn 2
B.xn/ and hn ! h�: Then, we need to show that h� 2 B: Associated with hn 2
B.xn/; there exists vn 2 SF;xn such that for each t 2 Œ1; e�;

hn.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 vn.s/

s
ds � .log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 vn.s/

s
ds:

Thus it suffices to show that there exists v� 2 SF;x�
such that for each t 2 Œ1; e�;

h�.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 v�.s/
s

ds � .log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 v�.s/
s

ds:

Let us consider the linear operator � W L1.Œ1; e�;R/ ! E1 given by

f 7! �.v/.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 v.s/
s

ds

�.log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 v.s/
s

ds:
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Observe that

khn.t/ � h�.t/k D
�����

1

� .˛/

Z t

1

�
log

t

s

�˛�1 .vn.s/ � v�.s//
s

ds

�.log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 .vn.s/ � v�.s//
s

ds

����� ! 0;

as n ! 1: Thus, it follows by Lemma 1.2 that � ı SF;x is a closed graph operator.
Further, we have hn.t/ 2 �.SF;xn/: Since xn ! x�; we have

h�.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 v�.s/
s

ds � .log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 v�.s/
s

ds:

for some v� 2 SF;x�
.

As a result, we have that B is compact and upper semicontinuous operator
on E1:

Step 3. Now, we show that 2Mk < 1; i.e., (c) of Theorem 1.8 holds.

This is obvious by (9.5.3) as M D kB.E1/k D supfjBx W x 2 E1g � 2

� .˛/
kpk

and k D k	k:
Thus all the conditions of Theorem 1.8 are satisfied and hence its direct

application implies that either the conclusion (i) or the conclusion (ii) holds. We
show that the conclusion (ii) is not possible.

Let NE D fu 2 C1j�u 2 A uBu; � > 1g and u 2 NE be arbitrary. Then, we have
for � > 1; �u 2 A uBu: Then there exists v 2 SF;x such that for any � > 1; we
have

u.t/ D ��1Œf .t; u.t/�
 

1

� .˛/

Z t

1

�
log

t

s

�˛�1 v.s/
s

ds

�.log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 v.s/
s

ds

!
;

for all t 2 Œ1; e�: Then, we have

ju.t/j � ��1jf .t; u.t/j
 

1

� .˛/

Z t

1

�
log

t

s

�˛�1 jv.s/j
s

ds

C.log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 jv.s/j
s

ds

!
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� Œjf .t; u.t/ � f .t; 0/j C jf .t; 0/j�
 

1

� .˛/

Z t

1

�
log

t

s

�˛�1 jv.s/j
s

ds

C.log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 jv.s/j
s

ds

!

� Œk	kkuk C F0�
2

� .˛ C 1/
kpk; F0 D sup

t2Œ1;e�
jF.t; 0/j;

which yields

kuk �
2F0

� .˛ C 1/
kpk

1 � 2k	k
� .˛ C 1/

kpk
WD M:

Thus the condition (ii) of Theorem 1.8 does not hold since
2k	k

� .˛ C 1/
kpk <

1

2
:

Therefore the operator equation x D A xBx and consequently the problem (9.23)
has at least one solution on Œ1; e�: This completes the proof. �

Example 9.5 Consider the boundary value problem

8̂
<
:̂

D3=2

"
x.t/

1
12

e1�tj arctan xj C 2

#
2 F.t; x.t//; 1 < t < e;

x.1/ D x.e/ D 0;

(9.26)

where F W Œ1; e� � R ! P.R/ is a multivalued map given by

t ! F.t; x/ D
� jxj3
10.jxj3 C 3/

;
j sin xj

9.j sin xj C 1/
C 8

9

�
:

By the condition (9.5.1), 	.t/ D e1�t=12 with k	k D 1=12: For Qf 2 F; we have

jQf j � max

� jxj3
10.jxj3 C 3/

;
j sin xj

9.j sin xj C 1/
C 8

9

�
� 1; x 2 R

and

kF.t; x/k D supfjyj W y 2 F.t; x/g � 1 D p.t/; x 2 R:
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Clearly

2k	kkpk
� .˛ C 1/

D 2

9
p
�
< 1=2:

Hence all the conditions of Theorem 9.5 are satisfied and accordingly, the prob-
lem (9.26) has a solution on Œ1; e�:

9.6 Boundary Value Problems for Hybrid Hadamard
Fractional Differential Equations and Inclusions
with Nonlocal Conditions

In this section, we study the existence of solutions for boundary value problems
of hybrid fractional differential equations and inclusions of Hadamard type with
nonlocal conditions. As a first problem, we consider

8̂
<
:̂

D˛

�
x.t/

f .t; x.t//

�
D g.t; x.t//; 1 � t � e; 1 < ˛ � 2;

x.1/ D 0; x.e/ D m.x/;

(9.27)

where D˛ is the Hadamard fractional derivative, f 2 C.Œ1; e� � R;R n f0g/; g W
C.Œ1; e� � R;R/ and m W C.Œ1; e�;R/ ! R:

In the second problem, we study the multivalued case of the problem (9.27)
given by

8̂
<
:̂

D˛

�
x.t/

f .t; x.t//

�
2 F.t; x.t//; 1 � t � e; 1 < ˛ � 2;

x.1/ D 0; x.e/ D m.x/;

(9.28)

where F W Œ1; e� � R ! P.R/ is a multivalued map, P.R/ is the family of all
nonempty subsets of R:

9.6.1 Existence Results: The Single Valued Case

Lemma 9.3 Given y 2 C.Œ1; e�;R/; x is a solution of the boundary value problem

8<
:

D˛

�
x.t/

f .t; x.t//

�
D y.t/; 0 < t < 1;

x.1/ D 0; x.e/ D m.x/
(9.29)
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if and only if

x.t/ D f .t; x.t//

 
1

� .˛/

Z t

1

�
log

t

s

�˛�1 y.s/

s
ds

C.log t/˛�1
"

m.x/

f .e;m.x//
� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 y.s/

s
ds

#!
; t 2 Œ1; e�:

Proof As before, the solution of Hadamard differential equation in (9.29) can be
written as

x.t/ D f .t; x.t//

 
1

� .˛/

Z t

1

�
log

t

s

�˛�1 y.s/

s
ds C c1.log t/˛�1 C c2.log t/˛�2

!
;

(9.30)

where c1; c2 2 R are arbitrary constants. Using the boundary conditions given
in (9.29), we find that

c2 D 0; c1 D m.x/

f .e;m.x//
� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 y.s/

s
ds:

Substituting the values of c1; c2 in (9.30), we get

x.t/ D f .t; x.t//

 
1

� .˛/

Z t

1

�
log

t

s

�˛�1 y.s/

s
ds

C.log t/˛�1
"

m.x/

f .e;m.x//
� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 y.s/

s
ds

#!
; t 2 Œ1; e�:

The converse follows by direct computation. The proof is completed. �

Theorem 9.6 Assume that (9.3.1) and (9.3.2) hold. In addition, we suppose that:

(9.6.1) there exists a constant M1 > 0 such that

ˇ̌
ˇ̌ m.x/

f .e;m.x//

ˇ̌
ˇ̌ � M1I

(9.6.2) there exists a number r > 0 such that

r �
F0

"
2

� .˛ C 1/
kpk˝.r/C M1

#

1 � k	k
"

2

� .˛ C 1/
kpk˝.r/C M1

# ; (9.31)
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where

k	k
"

2

� .˛ C 1/
kpk˝.r/C M1

#
< 1:

Then the problem (9.27) has at least one solution on Œ1; e�:

Proof Set E1 D C.Œ1; e�;R/ and define a subset S of E1 as follows:

S D fx 2 E1 W kxk � rg;
where r satisfies the inequality (9.31).

Clearly S is closed, convex and bounded subset of the Banach space E1: By
Lemma 9.3, the problem (9.27) is equivalent to the integral equation

x.t/ D f .t; x.t//

 
1

� .˛/

Z t

1

�
log

t

s

�˛�1 g.s; x.s//

s
ds

C.log t/˛�1

"
m.x/

f .e;m.x//
� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 g.s; x.s//

s
ds

#!
; t 2 Œ1; e�:

(9.32)

Define two operators A W E1 ! E1 by

A x.t/ D f .t; x.t//; t 2 Œ1; e�; (9.33)

and B W S ! E1 by

Bx.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 g.s; x.s//

s
ds

C.log t/˛�1

"
m.x/

f .e;m.x//
� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 g.s; x.s//

s
ds

#
; t 2 Œ1; e�:

(9.34)

Then x D A xBx: We complete the proof in a series of steps.

Step 1. We first show that A is Lipschitz on E1; i.e., (a) of Theorem 1.7 holds.

This was proved in Step 1 of Theorem 9.3.

Step 2. The operator B is completely continuous on S; i.e., (b) of Theorem 1.7
holds.

First, we show that B is continuous on S: Let fxng be a sequence in S converging
to a point x 2 S: Then by Lebesgue dominated convergence theorem,

lim
n!1Bxn.t/ D lim

n!1

 
1

� .˛/

Z t

1

�
log

t

s

�˛�1 g.s; xn.s//

s
ds

C.log t/˛�1
"

m.x/

f .e;m.x//
� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 g.s; xn.s//

s
ds

#!
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D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 lim
n!1 g.s; xn.s//

s
ds

C.log t/˛�1
"

m.x/

f .e;m.x//
� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 lim
n!1 g.s; xn.s//

s
ds

#

D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 g.s; x.s//

s
ds

C.log t/˛�1
"

m.x/

f .e;m.x//
� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 g.s; x.s//

s
ds

#

D Bx.t/;

for all t 2 Œ1; e�: This shows that B is continuous os S: It is enough to show that
B.S/ is a uniformly bounded and equicontinuous set in C1: First, we note that

jBx.t/j D
ˇ̌
ˇ̌
ˇ
1

� .˛/

Z t

1

�
log

t

s

�˛�1 g.s; x.s//

s
ds

C.log t/˛�1
"

m.x/

f .e;m.x//
� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 g.s; x.s//

s
ds

#ˇ̌
ˇ̌
ˇ

� kpk˝.r/
� .˛/

Z t

1

�
log

t

s

�˛�1 1
s

ds C M1 C kpk˝.r/
� .˛/

Z e

1

�
log

e

s

�˛�1 1
s

ds

D 2

� .˛ C 1/
kpk˝.r/C M1;

for all t 2 Œ1; e�: Taking supremum over the interval Œ1; e�; the above inequality
becomes

kBxk � 2

� .˛ C 1/
kpk˝.r/C M1;

for all x 2 S: This shows that B is uniformly bounded on S:
Next, we show that B is an equicontinuous set in C1: Let �1; �2 2 Œ1; e� with

�1 < �2 and x 2 S: Then, we have

j.Bx/.�2/ � .Bx/.�1/j

� kpk˝.r/
� .˛/

ˇ̌
ˇ̌
ˇ
Z �2

1

�
log

�2

s

�˛�1 1
s

ds �
Z �1

1

�
log

�1

s

�˛�1 1
s

ds

ˇ̌
ˇ̌
ˇ

Ckpk˝.r/j.log �2/˛�1 � .log �1/˛�1j
� .˛/

Z e

1

�
log

e

s

�˛�1 1
s

ds



9.6 Nonlocal BVPs for Hybrid Hadamard Fractional Differential Equations. . . 323

� kpk˝.r/
� .˛ C 1/

h
2.log.�2=�1//

˛ C j.log �2/
˛ � .log �1/

˛j
i

Ckpk˝.r/j.log �2/˛�1 � .log �1/˛�1j
� .˛ C 1/

:

Obviously the right hand side of the above inequality tends to zero, independently
of x 2 S as �2 � �1 ! 0: Therefore, it follows from the Arzelá-Ascoli Theorem that
B is a completely continuous operator on S:

Step 3. Here we show that hypothesis (c) of Theorem 1.7 is satisfied. Let x 2 E1
and y 2 S be arbitrary elements such that x D A xBy: Then, we have

jx.t/j D jA x.t/jjBy.t/j

D jf .t; x.t//j
ˇ̌
ˇ̌
ˇ
 

1

� .˛/

Z t

1

�
log

t

s

�˛�1 g.s; y.s//

s
ds

C.log t/˛�1
"

m.y/

f .e;m.y//
� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 g.s; y.s//

s
ds

#!ˇ̌
ˇ̌
ˇ

� Œjf .t; x.t// � f .t; 0/j C jf .t; 0/j� �
ˇ̌
ˇ̌
ˇ
 

1

� .˛/

Z t

1

�
log

t

s

�˛�1 g.s; y.s//

s
ds

C.log t/˛�1
"

m.y/

f .e;m.y//
� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 g.s; y.s//

s
ds

#!ˇ̌
ˇ̌
ˇ

� Œ	.t/jx.t/j C F0�

"
M1 C kpk˝.r/

� .˛/

Z t

1

�
log

t

s

�˛�1 1
s

ds

Ckpk˝.r/
� .˛/

Z e

1

�
log

e

s

�˛�1 1
s

ds

#

� Œk	kjx.t/j C F0�

"
2

� .˛ C 1/
kpk˝.r/C M1

#
; F0 D sup

t2Œ1;e�
jf .t; 0/j:

Thus

jx.t/j � k	kjx.t/j
"

2

� .˛ C 1/
kpk˝.r/C M1

#
C F0

"
2

� .˛ C 1/
kpk˝.r/C M1

#
;
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which, on taking supremum for t 2 Œ1; e�; yields

kxk �
F0

"
2

� .˛ C 1/
kpk˝.r/C M1

#

1 � k	k
"

2

� .˛ C 1/
kpk˝.r/C M1

# � r;

that is, x 2 S:

Step 4. Now, we show that Mk < 1; i.e., (d) of Theorem 1.7 holds.

This is obvious by (9.6.3) in view of k D k	k and M D kB.S/k D supfkBxk W
x 2 Sg � 2

� .˛ C 1/
kpk˝.r/C M1:

Thus all the conditions of Theorem 1.7 are satisfied and hence the operator
equation x D A xBx has a solution in S: In consequence, the problem (9.27) has a
solution on Œ1; e�: This completes the proof. �

Example 9.6 Consider the boundary value problem

8̂
ˆ̂<
ˆ̂̂:

D3=2

�
x.t/

jx.t/ sin tj C 1

�
D 1

4
cos x.t/; 1 < t < e;

x.1/ D 0; x.e/ D 1

16
sin x.�/; � 2 .0; 1/:

(9.35)

Let f .t; x/ D jx sin tj C 1; g.t; x/ D 1

4
cos x: Then (9.3.1) and (9.3.2) hold with

	.t/ D 1 and p.t/ D 1

4
;˝.r/ D 1 respectively. Since

2

� .˛ C 1/
kpk˝.r/C M1 D

2

3
p
�

C 1

16
< 1; the problem (9.35) has a solution on Œ1; e� by Theorem 9.6.

9.6.2 Existence Result: The Multivalued Case

Definition 9.2 A function x 2 C 2.Œ1; e�;R/ is called a solution of the prob-
lem (9.28) if there exists a function v 2 L1.Œ1; e�;R/ with v.t/ 2 F.t; x.t//; a.e.

on Œ1; e� such that D˛

�
x.t/

f .t; x.t//

�
D v.t/; a.e. on Œ1; e� and x.1/ D 0; x.e/ D m.x/:

Theorem 9.7 Assume that (9.3.1), (9.6.1) and the following conditions hold:

(9.7.1) F W Œ1; e� � R ! Pcp;cv.R/ is L1-Carathéodory multivalued map;



9.6 Nonlocal BVPs for Hybrid Hadamard Fractional Differential Equations. . . 325

(9.7.2) there exists a continuous function � 2 C.Œ1; e�;RC/ such that

kF.t; x/kP WD supfjyj W y 2 F.t; x/g � �.t/ for each .t; x/ 2 Œ1; e� � RI

(9.7.3) k	k
"

2

� .˛ C 1/
k�k C M1

#
<
1

2
:

Then the problem (9.28) has at least one solution on Œ1; e�:

Proof To transform the problem (9.28) into a fixed point problem, define an operator
F W E1 ! P.E1/ as

F .x/ D

8̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂:

h 2 E1 W

h.t/ D

8̂
ˆ̂̂<
ˆ̂̂̂
:

f .t; x.t//

 
1

� .˛/

Z t

1

�
log

t

s

�˛�1 v.s/
s

ds

C.log t/˛�1
"

m.x/

f .e;m.x//
� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 v.s/
s

ds

#!
;

9>>>>>>=
>>>>>>;

for v 2 SF;x: Now, we define two operators A W E1 ! E1 by

A x.t/ D f .t; x.t//; t 2 Œ1; e�; (9.36)

and B W E1 ! P.E1/ by

B.x/ D

8̂
ˆ̂̂̂
<
ˆ̂̂̂
:̂

h 2 E1 W

h.t/ D

8̂
ˆ̂<
ˆ̂̂:

1

� .˛/

Z t

1

�
log

t

s

�˛�1 v.s/
s

ds

C.log t/˛�1
"

m.x/

f .e;m.x//
� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 v.s/
s

ds

#
:

9>>>>>=
>>>>>;

(9.37)

Observe that F .x/ D A xBx: For the sake of clarity, we split the proof into
different steps.

Step 1. A is Lipschitz on E1 (see Step 1 of Theorem 9.6), so (a) of Theorem 1.8
holds.

Step 2. The multivalued operator B is compact and upper semicontinuous on E1;
i.e., (b) of Theorem 1.8 holds.

First, we show that B has convex values. Let u1; u2 2 Bx: Then there are v1; v2 2
SF;x such that

ui.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 vi.s/

s
ds

C.log t/˛�1
"

m.x/

f .e;m.x//
� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 vi.s/

s
ds

#
;
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i D 1; 2; t 2 Œ1; e�: For any � 2 Œ0; 1�; we have

�u1.t/C .1 � �/u2.t/

D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 Œ�v1.s/C .1 � �/v2.s/�
s

ds

C.log t/˛�1
"

m.x/

f .e;m.x//
� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 Œ�v1.s/C .1 � �/v2.s/�
s

ds

#
:

Since �v1.t/ C .1 � �/v2.t/ 2 F.t; x.t// for all t 2 Œ1; e�; therefore �u1.t/ C .1 �
�/u2.t/ 2 Bx and consequently Bx is convex for each x 2 C1:As a result B defines
a multivalued operator B W E1 ! Pcv.E1/:

Next, we show that B maps bounded sets into bounded sets in E1: To do so,
let Q be a bounded set in E1: Then there exists a real number r > 0 such that
kxk � r;8x 2 Q:

Now for each h 2 Bx; there exists a v 2 SF;x such that

h.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 v.s/
s

ds

C.log t/˛�1
"

m.x/

f .e;m.x//
� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 v.s/
s

ds

#
:

Then, for each t 2 Œ1; e�; we have

jh.t/j D
ˇ̌
ˇ̌
ˇ
1

� .˛/

Z t

1

�
log

t

s

�˛�1 v.s/
s

ds

C.log t/˛�1
"

m.x/

f .e;m.x//
� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 v.s/
s

ds

#ˇ̌
ˇ̌
ˇ

� 2

� .˛ C 1/
k�k C M1:

This further implies that

khk � 2

� .˛ C 1/
k�k C M1;

and so B.E1/ is uniformly bounded.
Next, we show that B maps bounded sets into equicontinuous sets. Let Q be, as

above, a bounded set and h 2 Bx for some x 2 Q: Then there exists a v 2 SF;x such
that
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h.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 v.s/
s

ds

C.log t/˛�1
"

m.x/

f .e;m.x//
� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 v.s/
s

ds

#
; t 2 Œ1; e�:

Then, for any �1; �2 2 Œ1; e� with �1 < �2, we have

jh.�2/ � h.�1/j � k�k
� .˛/

ˇ̌
ˇ̌
ˇ
Z �2

1

�
log

�2

s

�˛�1 1
s

ds �
Z �1

1

�
log

�1

s

�˛�1 1
s

ds

ˇ̌
ˇ̌
ˇ

Ck�kj.log �2/˛�1 � .log �1/˛�1j
� .˛/

Z e

1

�
log

e

s

�˛�1 1
s

ds

� k�k
� .˛ C 1/

h
2.log.�2=�1//

˛ C j.log �2/
˛ � .log �1/

˛j
i

Ck�kj.log �2/˛�1 � .log �1/˛�1j
� .˛ C 1/

:

Obviously the right hand side of the above inequality tends to zero, independently
of x 2 Q as �2 � �1 ! 0: Therefore it follows by the Arzelá-Ascoli Theorem that
B W E1 ! P.E1/ is completely continuous.

In our next step, we show that B is upper semicontinuous. By Lemma 1.1, B
will be upper semicontinuous if we establish that it has a closed graph. Since B
is already shown to be completely continuous, we just need to prove that B has a
closed graph.

Let xn ! x�; hn 2 B.xn/ and hn ! h�: Then, we need to show that h� 2 B:
Associated with hn 2 B.xn/; there exists vn 2 SF;xn such that for each t 2 Œ1; e�;

hn.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 vn.s/

s
ds

C.log t/˛�1
"

m.x/

f .e;m.x//
� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 vn.s/

s
ds

#
:

Thus it suffices to show that there exists v� 2 SF;x�
such that for each t 2 Œ1; e�;

h�.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 v�.s/
s

ds

C.log t/˛�1
"

m.x/

f .e;m.x//
� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 v�.s/
s

ds

#
:
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Let us consider the linear operator � W L1.Œ1; e�;R/ ! E1 given by

f 7! �.v/.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 v.s/
s

ds

C.log t/˛�1
"

m.x/

f .e;m.x//
� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 v.s/
s

ds

#
:

Observe that

khn.t/ � h�.t/k D
�����

1

� .˛/

Z t

1

�
log

t

s

�˛�1 .vn.s/ � v�.s//
s

ds

�.log t/˛�1 1

� .˛/

Z e

1

�
log

e

s

�˛�1 .vn.s/ � v�.s//
s

ds

����� ! 0;

as n ! 1: Thus, it follows by Lemma 1.2 that � ı SF;x is a closed graph operator.
Further, we have hn.t/ 2 �.SF;xn/: Since xn ! x�; therefore, we have

h�.t/ D 1

� .˛/

Z t

1

�
log

t

s

�˛�1 v�.s/
s

ds

C.log t/˛�1
"

m.x/

f .e;m.x//
� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 v�.s/
s

ds

#
;

for some v� 2 SF;x�
.

In consequence, we have that the operator B is compact and upper semicontinu-
ous operator on E1:

Step 3. Now, we show that 2Mk < 1; i.e., (c) of Theorem 1.8 holds.

This is obvious by (9.7.3) as k D k	k and M D kB.E1/k D supfjBx W x 2 E1g �
2

� .˛ C 1/
k�k C M1:

Thus all the conditions of Theorem 1.8 are satisfied and hence its direct
application implies that either the conclusion (i) or the conclusion (ii) holds. We
show that the conclusion (ii) is not possible.

Let NE D fu 2 C1j�u 2 A uBu; � > 1g and u 2 NE . Then, for � > 1; we have
�u 2 A uBu: Then there exists v 2 SF;x such that for any � > 1; we have

u.t/ D ��1Œf .t; u.t/�
 

1

� .˛/

Z t

1

�
log

t

s

�˛�1 v.s/
s

ds

C.log t/˛�1
"

m.u/

f .e;m.u//
� 1

� .˛/

Z e

1

�
log

e

s

�˛�1 v.s/
s

ds

#
;
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for all t 2 Œ1; e�: Then, we have

ju.t/j � ��1jf .t; u.t/j
 

1

� .˛/

Z t

1

�
log

t

s

�˛�1 jv.s/j
s

ds

C.log t/˛�1
"ˇ̌
ˇ̌
ˇ

m.u/

f .e;m.u//

ˇ̌
ˇ̌
ˇC 1

� .˛/

Z e

1

�
log

e

s

�˛�1 jv.s/j
s

ds

#!

� Œjf .t; u.t/ � f .t; 0/j C jf .t; 0/j�
 

1

� .˛/

Z t

1

�
log

t

s

�˛�1 jv.s/j
s

ds

C.log t/˛�1
"ˇ̌
ˇ̌
ˇ

m.u/

f .e;m.u//

ˇ̌
ˇ̌
ˇC 1

� .˛/

Z e

1

�
log

e

s

�˛�1 jv.s/j
s

ds

#!

� Œk	kkuk C F0�

"
2

� .˛ C 1/
k�k C M1

#
; F0 D sup

t2Œ1;e�
jF.t; 0/j:

Thus we obtain

kuk �
F0

"
2

� .˛ C 1/
k�k C M1

#

1 � k	k
"

2

� .˛ C 1/
k�k C M1

# WD M;

which implies that the condition (ii) of Theorem 1.8 does not hold as

k	k
h 2

� .˛ C 1/
k�k C M1

i
<

1

2
: Therefore the operator equation x D A xBx

and consequently problem (9.28) has a solution on Œ1; e�: This completes the
proof. �

Example 9.7 Consider the boundary value problem

8̂
ˆ̂<
ˆ̂̂:

D3=2

"
x.t/

1
12

e1�t tan�1 x C 2

#
2 F.t; x.t//; 1 < t < e;

x.1/ D 0; x.e/ D 1

16
sin x.�/; 0 < � < 1;

(9.38)

where F W Œ1; e� � R ! P.R/ is a multivalued map given by

t ! F.t; x/ D
� jxj3
10.jxj3 C 3/

;
j sin xj

3.j sin xj C 1/
C 1

3

�
:
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By the condition (9.3.1), 	.t/ D e1�t=12 with k	k D 1=12: For Qf 2 F; we have

jQf j � max

� jxj3
10.jxj3 C 3/

;
j sin xj

3.j sin xj C 1/
C 1

3

�
� 2

3
; x 2 R

and

kF.t; x/k D supfjyj W y 2 F.t; x/g � 2

3
D �.t/; x 2 R:

Clearly k	k
"

2

� .˛ C 1/
k�k C M1

#
D 1

12

"
16

9
p
�

C 1

16

#
' 0:088131 <

1=2: Hence all the conditions of Theorem 9.7 are satisfied and accordingly, the
problem (9.38) has a solution on Œ1; e�:

9.7 Notes and Remarks

Existence results for initial and boundary value problems of hybrid fractional
differential equations and inclusions of Hadamard type were studied in this chapter,
via fixed point theorems involving the product of two operators. The content of this
chapter is based on the papers [10, 14, 16, 21, 22] and [18].



Chapter 10
Positive Solutions for Hadamard Fractional
Differential Equations on Infinite Domain

10.1 Introduction

Boundary value problems on semi-infinite/infinite intervals often appear in applied
mathematics and physics. Examples include unsteady flow of gas through a semi-
infinite porous medium, the drain flow problems, etc. More details and works
concerning the existence of solutions for boundary value problems on infinite
intervals for differential, difference and integral equations may be found in the
monographs [2, 132]. For details on fractional order boundary value problems
on infinite domain, we refer the reader to a series of papers [110, 163, 180–
182, 184, 185].

10.2 Positive Solutions for Hadamard Fractional Differential
Equations on Semi-Infinite Domain

In this section, we aim to investigate the existence criteria for positive solutions of
fractional differential equations of Hadamard type with integral boundary condition
on semi-infinite intervals. Precisely, we consider the following boundary value
problem:

D˛u.t/C a.t/f .u.t// D 0; 1 < ˛ � 2; t 2 .1;1/; (10.1)

u.1/ D 0; D˛�1u.1/ D
mX

iD1
�iI

ˇi u.�/; (10.2)

where D˛ denotes the Hadamard fractional derivative of order ˛, � 2 .1;1/ and
Iˇi is the Hadamard fractional integral of order ˇi > 0, i D 1; 2; : : : ;m and �i � 0,
i D 1; 2; : : : ;m are given constants.

© Springer International Publishing AG 2017
B. Ahmad et al., Hadamard-Type Fractional Differential Equations,
Inclusions and Inequalities, DOI 10.1007/978-3-319-52141-1_10
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10.3 Auxiliary Results

Lemma 10.1 Let h 2 CŒ1;1/ with 0 <
R1
1

h.s/ ds
s < 1; and

˝ D � .˛/ �
mX

iD1

�i� .˛/

� .˛ C ˇi/
.log �/˛Cˇi�1 > 0: (10.3)

Then the unique solution of the following fractional differential equation

D˛u.t/C h.t/ D 0; t 2 .1;1/; ˛ 2 .1; 2/; (10.4)

subject to the boundary conditions

u.1/ D 0; D˛�1u.1/ D
mX

iD1
�iI

ˇi u.�/; (10.5)

is given by the integral equation

u.t/ D
Z 1

1

G.t; s/h.s/
ds

s
; (10.6)

where

G.t; s/ D g.t; s/C
mX

iD1

�i.log t/˛�1

˝� .˛ C ˇi/
gi.�; s/; (10.7)

and

g.t; s/ D 1

� .˛/

8<
:
.log t/˛�1 �

�
log

t

s

�˛�1
; 1 � s � t < 1;

.log t/˛�1; 1 � t � s < 1;

(10.8)

gi.�; s/ D
8<
:
.log �/˛Cˇi�1 �

�
log

�

s

�˛Cˇi�1
; 1 � s � � < 1;

.log �/˛Cˇi�1; 1 � � � s < 1:
(10.9)

Proof Applying the Hadamard fractional integral of order ˛ on both sides of (10.4),
we get

u.t/ D c1.log t/˛�1 C c2.log t/˛�2 � 1

� .˛/

Z t

1

�
log

t

s

�˛�1
h.s/

ds

s
; (10.10)

where c1; c2 2 R.



10.3 Auxiliary Results 333

The first condition of (10.5) implies that c2 D 0. Therefore,

u.t/ D c1.log t/˛�1 � 1

� .˛/

Z t

1

�
log

t

s

�˛�1
h.s/

ds

s
: (10.11)

In accordance with Lemma 1.6, we have

D˛�1u.t/ D c1� .˛/ �
Z t

1

h.s/
ds

s
;

which, together with the second condition of (10.5), leads to

c1 D 1

˝

 Z 1

1

h.s/
ds

s
�

mX
iD1

�i

� .˛ C ˇi/

Z �

1

�
log

�

s

�˛Cˇi�1
h.s/

ds

s

!
;

(10.12)

where˝ is defined by (10.3). Inserting the value of c1 in (10.11), the solution of the
problem (10.4)–(10.5) is

u.t/ D .log t/˛�1
Z 1

1

h.s/

� .˛/

ds

s
C

mX
iD1

�i.log t/˛�1

˝� .˛ C ˇi/
.log �/˛Cˇi�1

Z 1

1

h.s/
ds

s

�
mX

iD1

�i.log t/˛�1

˝� .˛ C ˇi/

Z �

1

�
log

�

s

�˛Cˇi�1
h.s/

ds

s

� 1

� .˛/

Z t

1

�
log

t

s

�˛�1
h.s/

ds

s

D 1

� .˛/

Z t

1

�
.log t/˛�1 �

�
log

t

s

�˛�1�
h.s/

ds

s
C 1

� .˛/

Z 1

t
.log t/˛�1h.s/

ds

s

C
mX

iD1

�i.log t/˛�1

˝� .˛ C ˇi/

Z �

1

�
.log �/˛Cˇi�1 �

�
log

�

s

�˛Cˇi�1�
h.s/

ds

s

C
mX

iD1

�i.log t/˛�1

˝� .˛ C ˇi/

Z 1

�

.log �/˛Cˇi�1h.s/
ds

s

D
Z 1

1

g.t; s/h.s/
ds

s
C

mX
iD1

�i.log t/˛�1

˝� .˛ C ˇi/

Z 1

1

gi.�; s/h.s/
ds

s

D
Z 1

1

G.t; s/h.s/
ds

s
:

The proof is completed. �
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Lemma 10.2 The Green’s function G.t; s/ defined by (10.7) satisfies the following
properties:

.C1/ G.t; s/ is a continuous function for .t; s/ 2 Œ1;1/ � Œ1;1/;

.C2/ G.t; s/ � 0 for all s; t 2 Œ1;1/;

.C3/
G.t; s/

1C .log t/˛�1 � 1

� .˛/
C

mX
iD1

�igi.�; s/

˝� .˛ C ˇi/
for all s; t 2 Œ1;1/;

.C4/ min
��t�k�

G.t; s/

1C .log t/˛�1 �
mX

iD1

�i.log �/˛�1gi.�; s/

˝� .˛ C ˇi/ .1C .log �/˛�1/
for k > 1 and

s 2 Œ1;1/:

Proof It is easy to check that .C1/ and .C2/ hold.
To prove .C3/, for s; t 2 Œ1;1/; we have

G.t; s/

1C .log t/˛�1 D g.t; s/

1C .log t/˛�1 C
mX

iD1

�i.log t/˛�1gi.�; s/

˝� .˛ C ˇi/ .1C .log t/˛�1/

� 1

� .˛/
� .log t/˛�1

1C .log t/˛�1 C
mX

iD1

�i.log t/˛�1gi.�; s/

˝� .˛ C ˇi/ .1C .log t/˛�1/

� 1

� .˛/
C

mX
iD1

�igi.�; s/

˝� .˛ C ˇi/
:

To prove .C4/, from g.t; s/ � 0 and gi.�; s/ � 0, i D 1; 2; : : : ;m for all s; t 2
Œ1;1/, k > 1; we have

min
��t�k�

G.t; s/

1C .log t/˛�1

D min
��t�k�

"
g.t; s/

1C .log t/˛�1 C
mX

iD1

�i.log t/˛�1gi.�; s/

˝� .˛ C ˇi/ .1C .log t/˛�1/

#

� min
��t�k�

g.t; s/

1C .log t/˛�1 C min
��t�k�

mX
iD1

�i.log t/˛�1gi.�; s/

˝� .˛ C ˇi/ .1C .log t/˛�1/

� min
��t�k�

mX
iD1

�i.log t/˛�1gi.�; s/

˝� .˛ C ˇi/ .1C .log t/˛�1/

�
mX

iD1

�i.log �/˛�1gi.�; s/

˝� .˛ C ˇi/ .1C .log �/˛�1/
;

for s 2 Œ1;1/. The proof is completed. �
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In the forthcoming analysis, we will use the space E defined by

E D
(

u 2 C.Œ1;1/;R/ W sup
t2Œ1;1/

ju.t/j
1C .log t/˛�1 < 1

)

equipped with the norm

kukE D sup
t2Œ1;1/

ju.t/j
1C .log t/˛�1 :

Lemma 10.3 .E; k � kE/ is a Banach space.

Proof Let fung1
nD1 be any Cauchy sequence in the space .E; k � kE/. Then, 8" > 0,

9N > 0 such that

kun � umkE D sup
t2Œ1;1/

jun.t/ � um.t/j
1C .log t/˛�1 < ";

for n;m > N. Therefore, for any fixed t0 2 Œ1;1/, fun.t0/g1
nD1 is a Cauchy sequence

in R. In this way, we can associate to each t 2 Œ1;1/ a unique u.t/. Letting n ! 1,
we have ju.t/ � um.t/j � " for all m > N and t 2 Œ1;1/. It is easy to show
that um ! u in E as m ! 1. Therefore, we deduce that .E; k � kE/ is a Banach
space. �

Lemma 10.4 Let U � E be a bounded set. Then U is relatively compact in E if the
following conditions hold:

(i) for any u 2 U,
u.t/

1C .log t/˛�1 is equicontinuous on any compact interval of

Œ1;1/;
(ii) for any " > 0, there exists a constant T D T."/ > 0 such that

ˇ̌
ˇ̌ u.t1/

1C .log t1/˛�1 � u.t2/

1C .log t2/˛�1

ˇ̌
ˇ̌ < "; (10.13)

for any t1; t2 � T and u 2 U.

Proof Evidently, it is sufficient to prove that U is totally bounded. In what follows,
we divide the proof into two steps.

Step 1. Let us consider the case t 2 Œ1;T�.
Define

UŒ1;T� D fu.t/ W u.t/ 2 U; t 2 Œ1;T�g:

Clearly UŒ1;T� equipped with the norm kuk1 D sup
t2Œ1;T�

ju.t/j
1C .log t/˛�1 is a Banach

space. The condition .i/; combined with the Arzelá-Ascoli Theorem, indicates that
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UŒ1;T� is relatively compact. Hence UŒ1;T� is totally bounded, namely, for any " > 0,
there exist finitely many balls B".ui/ such that

UŒ1;T� �
n[

iD1
B".ui/;

where

B".ui/ D
(

u.t/ 2 UŒ1;T� W ku � uik1 D sup
t2Œ1;T�

ˇ̌
ˇ̌ u.t/

1C .log t/˛�1
� ui.t/

1C .log t/˛�1

ˇ̌
ˇ̌ < "

)
:

Step 2. Define

Ui D ˚
u.t/ 2 U W uŒ1;T� 2 B".ui/

�
:

It is clear that UŒ1;T� � S
1�i�n UiŒ1;T�. Now, let us take ui 2 Ui so that U can be

covered by the balls B3".ui/, i D 1; 2; : : : ; n; where

B3".ui/ D fu.t/ 2 U W ku � uikE < 3"g :

In fact, for u.t/ 2 U, the arguments in Step 1 imply that there exist i such that
uŒ1;T� 2 B".ui/. Hence, for t 2 Œ1;T�, we have

ˇ̌
ˇ̌ u.t/

1C .log t/˛�1 � ui.t/

1C .log t/˛�1

ˇ̌
ˇ̌ < ": (10.14)

For t 2 ŒT;C1/, (10.13) and (10.14) yields

ˇ̌
ˇ̌ u.t/

1C .log t/˛�1 � ui.t/

1C .log t/˛�1

ˇ̌
ˇ̌

�
ˇ̌
ˇ̌ u.t/

1C .log t/˛�1 � u.T/

1C .log T/˛�1

ˇ̌
ˇ̌C

ˇ̌
ˇ̌ u.T/

1C .log T/˛�1 � ui.T/

1C .log T/˛�1

ˇ̌
ˇ̌

C
ˇ̌
ˇ̌ ui.T/

1C .log T/˛�1 � ui.t/

1C .log t/˛�1

ˇ̌
ˇ̌

< "C "C " D 3": (10.15)

The relations (10.14) and (10.15) show that ku.t/ � ui.t/kE < 3". Therefore, U
is totally bounded and Lemma 10.4 is proved. �

We define the cone P � E by

P D fu 2 E W u.t/ � 0 on Œ1;1/g;
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and the operator T W P ! E by

Tu.t/ D
Z 1

1

G.t; s/a.s/f .u.s//
ds

s
; t 2 Œ1;1/; (10.16)

where G.t; s/ is defined by (10.7).

Lemma 10.5 Assume that:

(10.5.1) f 2 C.Œ0;1/; Œ0;1// such that f .u/ ¤ 0 on any subinterval of .0;1/ and
f
�
.1C .log t/˛�1/u

�
is bounded on Œ0;1/I

(10.5.2) a : Œ1;1/ ! Œ0;1/ is not identically zero on any closed subinterval of
Œ1;1/ and

0 <

Z 1

1

a.s/
ds

s
< 1:

Then T W P ! P is completely continuous.

Proof We divide the proof into four steps.

Step 1: We show that T is uniformly bounded on P.

From the definition of E, we can choose r0 such that supn2N kunkE < r0. If
Br0 D sup

˚
f ..1C .log t/˛�1/u/; u 2 Œ1; r0�

�
and ˚ is any bounded subset of P,

then there exists r > 0 such that kukE � r for all u 2 ˚ . From .C3/, it follows that

kTukE D sup
t2Œ1;1/

1

1C .log t/˛�1

ˇ̌
ˇ̌
Z 1

1

G.t; s/a.s/f .u.s//
ds

s

ˇ̌
ˇ̌

�
Z 1

1

 
1

� .˛/
C

mX
iD1

�igi.�; s/

˝� .˛ C ˇi/

!
a.s/f .u.s//

ds

s

�
 

1

� .˛/
C

mX
iD1

�i.log �/˛Cˇi�1

˝� .˛ C ˇi/

!
Br

Z 1

1

a.s/
ds

s
< 1;

for u 2 ˚ . Therefore T˚ is uniformly bounded.

Step 2: We show that T is equicontinuous on any compact interval of Œ1;1/:

For any S > 1, t1; t2 2 Œ1; S� with t1 < t2 and u 2 ˚; we have

ˇ̌
ˇ̌ Tu.t2/

1C .log t2/˛�1 � Tu.t1/

1C .log t1/˛�1

ˇ̌
ˇ̌

D
ˇ̌
ˇ̌
Z 1

1

G.t2; s/

1C .log t2/˛�1 a.s/f .u.s//
ds

s
�
Z 1

1

G.t1; s/

1C .log t1/˛�1 a.s/f .u.s//
ds

s

ˇ̌
ˇ̌

�
ˇ̌
ˇ̌
Z 1

1

�
g.t2; s/

1C .log t2/˛�1 � g.t1; s/

1C .log t1/˛�1

�
a.s/f .u.s//

ds

s

ˇ̌
ˇ̌
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C
ˇ̌
ˇ̌
ˇ
Z 1

1

�
.log t2/˛�1

1C .log t2/˛�1 � .log t1/˛�1

1C .log t1/˛�1

� mX
iD1

�igi.�; s/

˝� .˛ C ˇi/
a.s/f .u.s//

ds

s

ˇ̌
ˇ̌
ˇ

�
Z 1

1

ˇ̌
ˇ̌ g.t2; s/

1C .log t2/˛�1 � g.t1; s/

1C .log t2/˛�1

ˇ̌
ˇ̌ a.s/f .u.s//

ds

s

C
Z 1

1

ˇ̌
ˇ̌ g.t1; s/

1C .log t2/˛�1 � g.t1; s/

1C .log t1/˛�1

ˇ̌
ˇ̌ a.s/f .u.s//

ds

s

C
Z 1

1

ˇ̌
ˇ̌ .log t2/˛�1

1C .log t2/˛�1 � .log t1/˛�1

1C .log t1/˛�1

ˇ̌
ˇ̌ mX

iD1

�igi.�; s/

˝� .˛ C ˇi/
a.s/f .u.s//

ds

s

D
Z 1

1

ˇ̌
ˇ̌ g.t2; s/

1C .log t2/˛�1 � g.t1; s/

1C .log t2/˛�1

ˇ̌
ˇ̌ a.s/f .u.s//

ds

s

C
Z 1

1

.log t2/˛�1 � .log t1/˛�1

.1C .log t2/˛�1/.1C .log t1/˛�1/
g.t1; s/a.s/f .u.s//

ds

s

C
Z 1

1

.log t2/˛�1 � .log t1/˛�1

.1C .log t2/˛�1/.1C .log t1/˛�1/

mX
iD1

�igi.�; s/

˝� .˛ C ˇi/
a.s/f .u.s//

ds

s
:

Observe that

Z 1

1

ˇ̌
ˇ̌ g.t2; s/

1C .log t2/˛�1 � g.t1; s/

1C .log t2/˛�1

ˇ̌
ˇ̌ a.s/f .u.s//

ds

s

D
Z t1

1

ˇ̌
ˇ̌ g.t2; s/

1C .log t2/˛�1 � g.t1; s/

1C .log t2/˛�1

ˇ̌
ˇ̌ a.s/f .u.s//

ds

s

C
Z t2

t1

ˇ̌
ˇ̌ g.t2; s/

1C .log t2/˛�1 � g.t1; s/

1C .log t2/˛�1

ˇ̌
ˇ̌ a.s/f .u.s//

ds

s

C
Z 1

t2

ˇ̌
ˇ̌ g.t2; s/

1C .log t2/˛�1 � g.t1; s/

1C .log t2/˛�1

ˇ̌
ˇ̌ a.s/f .u.s//

ds

s

� 1

� .˛/

Z t1

1

.log t2/˛�1 � .log t1/˛�1 C .log t2
s /
˛�1 � .log t1

s /
˛�1

1C .log t2/˛�1 a.s/f .u.s//
ds

s

C 1

� .˛/

Z t2

t1

.log t2/˛�1 � .log t1/˛�1 C .log t2
s /
˛�1

1C .log t2/˛�1 a.s/f .u.s//
ds

s

C 1

� .˛/

Z 1

t2

.log t2/˛�1 � .log t1/˛�1

1C .log t2/˛�1 a.s/f .u.s//
ds

s

! 0 uniformly as t1 ! t2: (10.17)
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Similarly, we have

Z 1

1

.log t2/˛�1 � .log t1/˛�1

.1C .log t2/˛�1/.1C .log t1/˛�1/
g.t1; s/a.s/f .u.s//

ds

s
! 0; (10.18)

uniformly as t1 ! t2, and

Z
1

1

.log t2/˛�1 � .log t1/˛�1

.1C .log t2/˛�1/.1C .log t1/˛�1/

mX
iD1

�igi.�; s/

˝� .˛ C ˇi/
a.s/f .u.s//

ds

s
! 0; (10.19)

uniformly as t1 ! t2.
Hence, from (10.17), (10.18) and (10.19), we get

ˇ̌
ˇ̌ Tu.t2/

1C .log t2/˛�1 � Tu.t1/

1C .log t1/˛�1

ˇ̌
ˇ̌ ! 0 uniformly as t1 ! t2:

Thus T˚ is equicontinuous on any compact interval of Œ1;1/.

Step 3: We show that T is equiconvergent at 1.

For any u 2 ˚ , we have

Z 1

1

a.s/f .u.s//
ds

s
� Br

Z 1

1

a.s/
ds

s
< 1;

and

lim
t!1

ˇ̌
ˇ̌ .Tu/.t/

1C .log t/˛�1

ˇ̌
ˇ̌

D lim
t!1

ˇ̌
ˇ̌ 1

1C .log t/˛�1

Z
1

1

G.t; s/a.s/f .u.s//
ds

s

ˇ̌
ˇ̌

� lim
t!1

Z
1

1

 
1

� .˛/
� .log t/˛�1

1C .log t/˛�1
C .log t/˛�1

1C .log t/˛�1
�

mX
iD1

�igi.�; s/

˝� .˛ C ˇi/

!
a.s/f .u.s//

ds

s

�
Z

1

1

 
1

� .˛/
C

mX
iD1

�igi.�; s/

˝� .˛ C ˇi/

!
a.s/f .u.s//

ds

s

�
 

1

� .˛/
C

mX
iD1

�i.log �/˛Cˇi�1

˝� .˛ C ˇi/

!
Br

Z
1

1

a.s/
ds

s

< 1:

Hence, T˚ is equiconvergent at infinity.
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Step 4: We show that T is continuous.

Let un ! u as n ! 1 in P. Recall that

Z 1

1

a.s/f .u.s//
ds

s
< 1:

Hence Lebesgue’s dominated convergence theorem and the continuity of f guaran-
tee that

Z 1

1

a.s/f .un.s//
ds

s
!
Z 1

1

a.s/f .u.s//
ds

s
; as n ! 1:

Therefore, we get

kTun � TukE

D sup
t2Œ1;1/

1

1C .log t/˛�1 jTun � Tuj

D sup
t2Œ1;1/

ˇ̌
ˇ̌
Z 1

1

G.t; s/

1C .log t/˛�1 a.s/ Œf .un.s// � f .u.s//�
ds

s

ˇ̌
ˇ̌

�
 

1

� .˛/
C

mX
iD1

�i.log �/˛Cˇi�1

˝� .˛ C ˇi/

! ˇ̌
ˇ̌
Z 1

1

a.s/f .un.s//
ds

s
�
Z 1

1

a.s/f .u.s//
ds

s

ˇ̌
ˇ̌

! 0; as n ! 1:

So, T is continuous.
Using Lemma 10.4, we deduce that T W P ! P is completely continuous. The

proof is completed. �

10.4 Existence of at Least Three Positive Solutions

In this section, we use the Leggett-Williams fixed point theorem to prove the
existence of at least three positive solutions for the problem (10.1)–(10.2).

For convenience, we denote

M D
 

1

� .˛/
C

mX
iD1

�i.log �/˛Cˇi�1

˝� .˛ C ˇi/

!Z 1

1

a.s/
ds

s
> 0;

m D
mX

iD1

�i.log �/2˛Cˇi�2

˝� .˛ C ˇi/.1C .log �/˛�1/

Z k�

�

a.s/
ds

s
> 0:
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Theorem 10.1 Suppose that the conditions (10.5.1) and (10.5.2) hold. Let 0 < a <
b < d � c and suppose that f satisfies the following conditions:

(10.1.1) f ..1C .log t/˛�1/u/ <
c

M
for all .t; u/ 2 Œ1;1/ � Œ0; c�;

(10.1.2) f ..1C .log t/˛�1/u/ >
b

m
for all .t; u/ 2 Œ�; k�� � Œb; c�;

(10.1.3) f ..1C .log t/˛�1/u/ <
a

M
for all .t; u/ 2 Œ1;1/ � Œ0; a�.

Then the problem (10.1)–(10.2) has at least three positive solutions u1, u2 and u3
satisfying

ku1kE < a; b < �.u2/

and

a < ku3kE with �.u3/ < b:

Proof We will show that the conditions of the Leggett-Williams fixed point theorem
are satisfied for the operator T defined by (10.16). We define a nonnegative
functional on E by

�.u/ D min
��t�k�

u.t/

1C .log t/˛�1 :

For u 2 Pc, we have kukE � c, that is,

0 � u.t/

1C .log t/˛�1 � c for t 2 Œ1;1/:

Then, assumption (10.1.1) implies that

f .u/ <
c

M
for .t; u/ 2 Œ1;1/ � Œ0; c�:

Therefore,

kTukE D sup
t2Œ1;1/

1

1C .log t/˛�1

ˇ̌
ˇ̌
Z 1

1

G.t; s/a.s/f .u.s//
ds

s

ˇ̌
ˇ̌

<

 
1

� .˛/
C

mX
iD1

�i.log �/˛Cˇi�1

˝� .˛ C ˇi/

!
c

M

Z 1

1

a.s/
ds

s
D c:

Hence, T W Pc ! Pc and by Lemma 10.5, T is completely continuous. Using
the preceding arguments, it follows from condition (10.1.3) that if u 2 Pa, then
kTukE < a. Therefore, condition .ii/ of Theorem 1.20 holds.
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Let

u�.t/ D b C c

2
.1C .log t/˛�1/; t 2 Œ1;1/:

It obvious that u�.t/ 2 P and ku�k D b C c

2
< c. From the definition of �.u/,

we have

�.u�/ D b C c

2
> b:

Hence, we get

u� 2 fx 2 P.�; b; d/ W �.x/ > bg ¤ ;:

Moreover, for u 2 P.�; b; d/, it follow that

b � u.t/

1C .log t/˛�1 � c for t 2 Œ�; k��:

Then, assumption (10.1.2) implies that

f .u/ >
b

m
for .t; u/ 2 Œ�; k�� � Œb; c�:

So, we have

�.Tu/ D min
��t�k�

Tu.t/

1C .log t/˛�1

�
Z 1

1

min
��t�k�

G.t; s/

1C .log t/˛�1 a.s/f .u.s//
ds

s

�
mX

iD1

�i.log �/˛�1

˝� .˛ C ˇi/.1C .log �/˛�1/

Z 1

1

gi.�; s/a.s/f .u.s//
ds

s

�
mX

iD1

�i.log �/˛�1

˝� .˛ C ˇi/.1C .log �/˛�1/

Z k�

�

gi.�; s/a.s/f .u.s//
ds

s

>

mX
iD1

�i.log �/2˛Cˇi�2

˝� .˛ C ˇi/.1C .log �/˛�1/
b

m

Z k�

�

a.s/
ds

s

D b:

Thus �.Tu/ > b for all u 2 P.�; b; d/. This shows that condition .i/ of Theorem 1.20
holds.
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Finally, we assume that u 2 P.�; b; c/ with kTukE > d: Then kukE � c and

b � u.t/

1C .log t/˛�1 � c and from assumption (10.1.2), we can have �.Tu/ > b. So,

condition .iii/ of Theorem 1.20 is satisfied. As a consequence of Theorem 1.20, the
problem (10.1)–(10.2) has at least three positive solutions u1, u2 and u3 such that

ku1kE < a; b < �.u2/ and a < ku3kE with �.u3/ < b:

The proof is completed. �

Example 10.1 Consider the following Hadamard fractional differential equation
with nonlocal boundary conditions on an unbounded domain:

8̂
<
:̂

D3=2u.t/C e�tf .u.t// D 0; t 2 .1;1/;

u.1/ D 0; D1=2u.1/ D 1

10
I3=4u

�
5

2

�
C �I5=2u

�
5

2

�
C 1

3
I7=2u

�
5

2

�
;

(10.20)
where

f .u.t// D

8̂
ˆ̂̂̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂:

cos2
��

4

5
� u

�
�

�
C 1

2
; u 2

�
0;
4

5

�
;

cos2
��

4

5
� u

�
�

�
C 1

2
C 200 arctan

�
u � 4

5

�
; u 2

�
4

5
;
7

5

�
;

cos2
��

4

5
� u

�
�

�
C 1

2
C 200 arctan

�
u � 4

5

�

C 1

3
sin2

�
u � 7

5

�
; u 2

�
7

5
;1

�
:

Set m D 3, ˛ D 3=2, � D 5=2, k D 6, a.t/ D e�t, �1 D 1=10, �2 D � ,
�3 D 1=3, ˇ1 D 3=4, ˇ2 D 5=2, ˇ3 D 7=2: Using the given data, it is found that
˝ 	 0:450449; M 	 0:487034 and m 	 0:013302: Choose a D 4=5, b D 7=5 and
c D 160: Then f satisfies

f ..1C .log t/
1
2 /u/ � 1:5 < 1:6426 	 a

M
; .t; u/ 2 Œ1;1/ �

�
0;
4

5

�
;

f ..1C .log t/
1
2 /u/ � 219:4760 > 105:2492 	 b

m
; .t; u/ 2

�
5

2
; 15

�
�
�
7

5
; 160

�
;

f ..1C .log t/
1
2 /u/ � 315:9926 < 328:5189 	 c

M
; .t; u/ 2 Œ1;1/ � Œ0; 160� :

Thus, by an application of Theorem 10.1, the problem (10.20) has at least three
positive solutions u1, u2, u3 such that

sup
t2Œ1;1/

ju1.t/j
1C .log t/

1
2

<
4

5
;

7

5
< min

t2Œ 52 ;15�
u2.t/

1C .log t/
1
2
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and

4

5
< sup

t2Œ1;1/

ju3.t/j
1C .log t/

1
2

with min
t2Œ 52 ;15�

u3.t/

1C .log t/
1
2

<
7

5
:

10.5 Existence of at Least One Positive Solution

In this section, we use the Guo-Krasnoselskii fixed point theorem (Theorem 1.21)
to prove the existence of at least one positive solution.

Theorem 10.2 Suppose that the conditions (10.5.1) and (10.5.2) hold. Let
r2 > r1 > 0, �1 2 .m�1;1/, �2 2 .0;M�1/ and that f satisfies the following
conditions:

(10.2.1) f ..1C .log t/˛�1/u/ � �1r1 for all .t; u/ 2 Œ1;1/ � Œ0; r1�;
(10.2.2) f ..1C .log t/˛�1/u/ � �2r2 for all .t; u/ 2 Œ1;1/ � Œ0; r2�.
Then the problem (10.1)–(10.2) has at least one positive solution u; such that

r1 < kukE < r2:

Proof We will show that the condition .i/ of Theorem 1.21 is satisfied. By
Lemma 10.5, the operator T W P ! P is completely continuous.

Let ˚1 D fu 2 E W kukE < r1g: Then, for any u 2 P \ @˚1, we have

0 � u.t/

1C .log t/˛�1 � r1; for all t 2 Œ1;1/:

Then assumption (10.2.1) implies that

f .u/ � �1r1 for .t; u/ 2 Œ1;1/ � Œ0; r1�:

Therefore, for t 2 Œ1;1/, we get

kTukE D sup
t2Œ1;1/

1

1C .log t/˛�1

ˇ̌
ˇ̌
Z 1

1

G.t; s/a.s/f .u.s//
ds

s

ˇ̌
ˇ̌

� min
t2Œ�;k��

Z 1

1

G.t; s/

1C .log t/˛�1 a.s/f .u.s//
ds

s

�
Z 1

1

min
t2Œ�;k��

G.t; s/

1C .log t/˛�1 a.s/f .u.s//
ds

s

�
mX

iD1

�i.log �/2˛Cˇi�2

˝� .˛ C ˇi/.1C .log �/˛�1/
�1r1

Z k�

�

a.s/
ds

s

� r1 D kukE; for u 2 P \ @˚1: (10.21)
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Let ˚2 D fu 2 E W kukE < r2g: Then, for any u 2 P \ @˚2, it follows that

0 � u.t/

1C .log t/˛�1 � r2; for all t 2 Œ1;1/:

For t 2 Œ1;1/, the assumption (10.2.2) yields

kTukE D sup
t2Œ1;1/

1

1C .log t/˛�1

ˇ̌
ˇ̌
Z 1

1

G.t; s/a.s/f .u.s//
ds

s

ˇ̌
ˇ̌

�
Z 1

1

 
1

� .˛/
C

mX
iD1

�igi.�; s/

˝� .˛ C ˇi/

!
a.s/f .u.s//

ds

s

�
 

1

� .˛/
C

mX
iD1

�i.log �/˛Cˇi�1

˝� .˛ C ˇi/

!
�2r2

Z 1

1

a.s/
ds

s

� r2 D kukE; for u 2 P \ @˚2: (10.22)

Hence, from (10.21), (10.22) and condition .i/ of Theorem 1.21, it follows that
T has a fixed point in P \ .˚2 n ˚1/. Therefore, the problem (10.1)–(10.2) has at
least one positive solution such that

r1 < kukE < r2:

The proof is completed. �

Similar to the previous theorem, we can establish the following result.

Theorem 10.3 Assume that the conditions (10.5.1) and (10.5.2) hold. Let r2 > r1 >
0, �1 2 .m�1;1/, �2 2 .0;M�1/ and that f satisfies the following conditions:

(10.3.1) f ..1C .log t/˛�1/u/ � �2r1 for all .t; u/ 2 Œ1;1/ � Œ0; r1�;
(10.3.2) f ..1C .log t/˛�1/u/ � �1r2 for all .t; u/ 2 Œ1;1/ � Œ0; r2�.
Then the problem (10.1)–(10.2) has at least one positive solution u; such that

r1 < kukE < r2:

Example 10.2 Consider the following Hadamard fractional differential equation
with nonlocal boundary conditions on unbounded domain:

8̂
ˆ̂<
ˆ̂̂:

D4=3u.t/C t�2f .u.t// D 0; t 2 .1;1/;

u.0/ D 0;

D1=3u.1/ D 2I
p
�u .3/C e�1I1=2u .3/C sin.11/I9=7u .3/C

p
�

2
I11=3u .3/ ;

(10.23)
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where

f .u.t// D

8̂
ˆ̂̂̂
<
ˆ̂̂̂
:̂

2e�u C 1

5
cos2

�u�

2

�
C 22; u 2 Œ0; 2� ;

2e�u C 1

5
cos2

�u�

2

�
C 19C 8

�
arctan .u � 2/

C 3 sin2
�
.u C 1/�

6

�
; u 2 Œ2;1/ :

Letting m D 4, ˛ D 4=3, � D 3, k D 4, a.t/ D t�2, �1 D 2, �2 D e�1,
�3 D sin.11/, �4 D p

�=2, ˇ1 D p
� , ˇ2 D 1=2, ˇ3 D 9=7, ˇ4 D 11=3, we obtain

˝ 	 0:199034: By direct calculation, we can get M 	 2:512136; m 	 0:103271:

Choose r1 D 2, r2 D 100, �1 D 10 and �2 D 3=10 and note that

f ..1C .log t/
1
3 /u/ � 22 � 20 D �1r1; .t; u/ 2 Œ1;1/ � Œ0; 2� ;

f ..1C .log t/
1
3 /u/ � 28:2 � 30 D �2r2; .t; u/ 2 Œ1;1/ � Œ0; 100� :

Thus, the conclusion of Theorem 10.2 applies and hence the problem (10.23) has at
least one positive solution u such that

2 � sup
t2Œ1;1/

ju.t/j
1C .log t/

1
3

� 100:

10.6 Notes and Remarks

In this chapter, we studied the existence of positive solutions for Hadamard frac-
tional differential equations on infinite intervals. As we know, Œ1;1/ is noncompact,
so a special Banach space was introduced. However, this Banach space was found to
be unsuitable for Hadamard fractional differential equations. In order to overcome
this difficulty, a variant of Banach space was introduced in [164] so that we may
establish some inequalities, which guarantee that the functionals defined on Œ1;1/

have better properties. Applying first the well-known Leggett-Williams fixed point
theorem, we obtained the existence of at least three distinct nonnegative solutions
under appropriate conditions. As a second result, we proved the existence of at least
one positive solution for the given problem by using Guo-Krasnoselskii’s fixed point
theorem. The content of this chapter is taken from the paper [164].



Chapter 11
Fractional Integral Inequalities via Hadamard’s
Fractional Integral

11.1 Introduction

Inequalities have emerged as one of the most powerful and far-reaching tools for
the development of many branches of mathematics. The topic of mathematical
inequalities plays quite an important role in the study of classical differential and
integral equations [113, 134–137]. Fractional inequalities are also important in
studying the existence, uniqueness and other properties of fractional differential
equations. Recently many authors have studied integral inequalities by using
Riemann-Liouville and Caputo derivative, for instance, see [35, 44, 65–67, 72] and
the references therein. More recently, some results on fractional integral inequalities
involving Hadamard fractional integral have also appeared [59, 60, 147].

In this chapter, we derive some new fractional integral inequalities via Hadamard
fractional integral with the aid of Young and weighted AM-GM inequalities. The
obtained results correspond to several interesting situations and produce some
important new inequalities as special cases. A Grüss type Hadamard fractional
integral inequality is also established. Moreover, we obtain some new integral
inequalities involving Hadamard integral with “maxima”.

11.2 Hadamard Fractional Integral Inequalities

In this subsection, we discuss some inequalities involving an integrable function
bounded by integrable functions.

Theorem 11.1 Let f be an integrable function on Œ1;1/. Assume that:

(11.1.1) there exist two integrable functions '1; '2 on Œ1;1/ such that

'1.t/ � f .t/ � '2.t/; for all t 2 Œ1;1/:

© Springer International Publishing AG 2017
B. Ahmad et al., Hadamard-Type Fractional Differential Equations,
Inclusions and Inequalities, DOI 10.1007/978-3-319-52141-1_11
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Then, for t > 1, ˛; ˇ > 0, we have

HJˇ'1.t/HJ˛f .t/C HJ˛'2.t/HJˇf .t/

� HJ˛'2.t/HJˇ'1.t/C HJ˛f .t/HJˇf .t/: (11.1)

Proof From (11.1.1), for all � � 1, � � 1, we have

.'2.�/ � f .�// .f .�/ � '1.�// � 0;

which can alternatively be written as

'2.�/f .�/C '1.�/f .�/ � '1.�/'2.�/C f .�/f .�/: (11.2)

Multiplying both sides of (11.2) by
�

log
t

�

�˛�1
=.�� .˛//, � 2 .1; t/, and then

integrating with respect to � on .1; t/, we obtain

f .�/
1

� .˛/

Z t

1

�
log

t

�

�˛�1
'2.�/

d�

�
C '1.�/

1

� .˛/

Z t

1

�
log

t

�

�˛�1
f .�/

d�

�

� '1.�/
1

� .˛/

Z t

1

�
log

t

�

�˛�1
'2.�/

d�

�
C f .�/

1

� .˛/

Z t

1

�
log

t

�

�˛�1
f .�/

d�

�
;

which yields

f .�/HJ˛'2.t/C '1.�/HJ˛f .t/ � '1.�/HJ˛'2.t/C f .�/HJ˛f .t/: (11.3)

Multiplying both sides of (11.3) by

�
log

t

�

�ˇ�1
=.�� .ˇ//, � 2 .1; t/, and then

integrating with respect to � on .1; t/, we get

HJ˛'2.t/
1

� .ˇ/

Z t

1

�
log

t

�

�ˇ�1
f .�/

d�

�

C HJ˛f .t/
1

� .ˇ/

Z t

1

�
log

t

�

�ˇ�1
'1.�/

d�

�

� HJ˛'2.t/
1

� .ˇ/

Z t

1

�
log

t

�

�ˇ�1
'1.�/

d�

�

C HJ˛f .t/
1

� .ˇ/

Z t

1

�
log

t

�

�ˇ�1
f .�/

d�

�
:

Hence, we deduce the inequality (11.1). This completes the proof. �
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As special cases of Theorems 11.1, we obtain the following results.

Corollary 11.1 Let f be an integrable function on Œ1;1/ satisfying m � f .t/ � M;
for all t 2 Œ1;1/ and m;M 2 R. Then, for t > 1 and ˛; ˇ > 0, we have

m
.log t/ˇ

� .ˇ C 1/
HJ˛f .t/C M

.log t/˛

� .˛ C 1/
HJˇf .t/

� mM
.log t/˛Cˇ

� .˛ C 1/� .ˇ C 1/
C HJ˛f .t/HJˇf .t/:

Corollary 11.2 Let f be an integrable function on Œ1;1/. Assume that there exists
an integrable function '.t/ on Œ1;1/ and a constant M > 0 such that

'.t/ � M � f .t/ � '.t/C M;

for all t 2 Œ1;1/. Then, for t > 1 and ˛; ˇ > 0, we have

HJˇ'.t/HJ˛f .t/C HJ˛'.t/HJˇf .t/C M.log t/ˇ

� .ˇ C 1/
HJ˛'.t/

C M.log t/˛

� .˛ C 1/
HJˇf .t/C M2.log t/˛Cˇ

� .˛ C 1/� .ˇ C 1/

� HJ˛'.t/HJˇ'.t/C HJ˛f .t/HJˇf .t/

C M.log t/ˇ

� .ˇ C 1/
HJ˛f .t/C M.log t/˛

� .˛ C 1/
HJˇ'.t/:

Theorem 11.2 Let f be an integrable function on Œ1;1/ and �1; �2 > 0 are such
that 1=�1 C 1=�2 D 1. Suppose that (11.1.1) holds. Then, for t > 1, ˛; ˇ > 0, we
have

1

�1

.log t/ˇ

� .ˇ C 1/
HJ˛

�
.'2 � f /�1

�
.t/C 1

�2

.log t/˛

� .˛ C 1/
HJˇ

�
.f � '1/�2

�
.t/

C HJ˛'2.t/HJˇ'1.t/C HJ˛f .t/HJˇf .t/

� HJ˛'2.t/HJˇf .t/C HJ˛f .t/HJˇ'1.t/: (11.4)

Proof Setting x D '2.�/ � f .�/ and y D f .�/ � '1.�/, �; � > 1, in the well-known
Young’s inequality:

1

�1
x�1 C 1

�2
y�2 � xy; 8x; y � 0; �1; �2 > 0;

1

�1
C 1

�2
D 1;
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we get

1

�1
.'2.�/ � f .�//�1 C 1

�2
.f .�/ � '1.�//�2

� .'2.�/ � f .�//.f .�/ � '1.�//: (11.5)

Multiplying both sides of (11.5) by
�

log
t

�

�˛�1 �
log

t

�

�ˇ�1
=.��� .˛/� .ˇ//,

�; � 2 .1; t/, and then integrating with respect to � and � from 1 to t, we have

1

�1
HJˇ.1/.t/HJ˛.'2 � f /�1.t/C 1

�2
HJ˛.1/.t/HJˇ.f � '1/�2.t/

� HJ˛.'2 � f /.t/HJˇ.f � '1/.t/;

which implies (11.4). �

Corollary 11.3 Let f be an integrable function on Œ1;1/ satisfying m � f .t/ � M;
for all t 2 Œ1;1/ and m;M 2 R. Then, for t > 1 and ˛; ˇ > 0, we have

.m C M/2
.log t/˛Cˇ

� .˛ C 1/� .ˇ C 1/
C .log t/ˇ

� .ˇ C 1/
HJ˛f 2.t/

C .log t/˛

� .˛ C 1/
HJˇf 2.t/C 2HJ˛f .t/HJˇf .t/

� 2.m C M/

�
.log t/ˇ

� .ˇ C 1/
HJ˛f .t/C .log t/˛

� .˛ C 1/
HJˇf .t/

�
:

Theorem 11.3 Let f be an integrable function on Œ1;1/ and �1; �2 > 0 are such
that �1C�2 D 1. In addition, suppose that (11.1.1) holds. Then, for t > 1, ˛; ˇ > 0,
we have

�1
.log t/ˇ

� .ˇ C 1/
HJ˛'2.t/C �2

.log t/˛

� .˛ C 1/
HJˇf .t/

� HJ˛.'2 � f /�1.t/HJˇ.f � '1/�2.t/C �1
.log t/ˇ

� .ˇ C 1/
HJ˛f .t/

C �2
.log t/˛

� .˛ C 1/
HJˇ'1.t/: (11.6)

Proof Letting x D '2.�/ � f .�/ and y D f .�/ � '1.�/, �; � > 1 in the well-known
Weighted AM-GM inequality:

�1x C �2y � x�1y�2 ; 8x; y � 0; �1; �2 > 0; �1 C �2 D 1;
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we have

�1.'2.�/ � f .�//C �2.f .�/ � '1.�//
� .'2.�/ � f .�//�1.f .�/ � '1.�//�2 : (11.7)

Multiplying both sides of (11.7) by
�

log
t

�

�˛�1 �
log

t

�

�ˇ�1
=.��� .˛/� .ˇ//,

�; � 2 .1; t/, and then integrating with respect to � and � from 1 to t, we obtain

�1HJˇ.1/.t/HJ˛.'2 � f /.t/C �2HJ˛.1/.t/HJˇ.f � '1/.t/
� HJ˛.'2 � f /�1.t/HJˇ.f � '1/�2.t/:

Therefore, we deduce inequality (11.6). �

Corollary 11.4 Let f be an integrable function on Œ1;1/ satisfying m � f .t/ � M;
for all t 2 Œ1;1/ and m;M 2 R. Then, for t > 1 and ˛; ˇ > 0, we have

M
.log t/˛Cˇ

� .˛ C 1/� .ˇ C 1/
C .log t/˛

� .˛ C 1/
HJˇf .t/

� m
.log t/˛Cˇ

� .˛ C 1/� .ˇ C 1/
C .log t/ˇ

� .ˇ C 1/
HJ˛f .t/

C 2HJ˛ .M � f /
1
2 .t/HJˇ .f � m/

1
2 .t/:

Lemma 11.1 ([95]) Assume that a � 0, p � q � 0, and p ¤ 0. Then

a
q
p �

�
q

p
k

q�p
p a C p � q

p
k

q
p

�
; for any k > 0:

Theorem 11.4 Let f be an integrable function on Œ1;1/ and there exist constants
p � q � 0, p ¤ 0. In addition, assume that (11.1.1) holds. Then, for any k > 0,
t > 1, ˛, ˇ > 0, the following two inequalities hold:

.A1/ HJ˛.'2 � f /
q
p .t/C q

p
k

q�p
p HJ˛f .t/ � q

p
k

q�p
p HJ˛'2.t/C p � q

p
k

q
p
.log t/˛

� .˛ C 1/
:

.B1/ HJ˛.f � '1/
q
p .t/C q

p
k

q�p
p HJ˛'1.t/ � q

p
k

q�p
p HJ˛f .t/C p � q

p
k

q
p
.log t/˛

� .˛ C 1/
:

Proof By condition (11.1.1) and Lemma 11.1, for p � q � 0, p ¤ 0, it follows that

.'2.�/ � f .�//
q
p � q

p
k

q�p
p .'2.�/ � f .�//C p � q

p
k

q
p ; (11.8)

for any k > 0. Multiplying both sides of (11.8) by
�

log
t

�

�˛�1
=.�� .˛//, � 2 .1; t/,

and integrating the resulting identity with respect to � from 1 to t, we find that
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HJ˛.'2 � f /
q
p � q

p
k

q�p
p .HJ˛'2.t/ � HJ˛f .t//C p � q

p
k

q
p
.log t/˛

� .˛ C 1/
;

which leads to inequality .A1/. Inequality .B1/ can be proved by employing similar
arguments. �

Corollary 11.5 Let f be an integrable function on Œ1;1/ satisfying m � f .t/ � M;
for all t 2 Œ1;1/ and m;M 2 R. Then, for t > 1 and ˛ > 0, we have

.A2/ 2HJ˛.M � f /1=2.t/C HJ˛f .t/ � .M C 1/
.log t/˛

� .˛ C 1/
:

.B2/ 2HJ˛.f � m/1=2.t/C m
.log t/˛

� .˛ C 1/
� HJ˛f .t/C .log t/˛

� .˛ C 1/
:

Theorem 11.5 Let f and g be two integrable functions on Œ1;1/. Suppose
that (11.1.1) holds and moreover, we assume that:

(11.5.1) there exist integrable functions  1 and  2 on Œ1;1/ such that

 1.t/ � g.t/ �  2.t/; for all t 2 Œ1;1/:

Then, for t > 0, ˛, ˇ > 0, the following inequalities hold:

.A3/ HJˇ 1.t/HJ˛f .t/CHJ˛'2.t/HJˇg.t/ � HJˇ 1.t/HJ˛'2.t/CHJ˛f .t/HJˇg.t/:

.B3/ HJˇ'1.t/HJ˛g.t/CHJ˛ 2.t/HJˇf .t/ � HJˇ'1.t/HJ˛ 2.t/CHJˇf .t/HJ˛g.t/:

.C3/ HJˇ 2.t/HJ˛'2.t/CHJ˛f .t/HJˇg.t/ � HJ˛'2.t/HJˇg.t/CHJˇ 2.t/HJ˛f .t/:

.D3/ HJ˛'1.t/HJˇ 1.t/CHJ˛f .t/HJˇg.t/ � HJ˛'1.t/HJˇg.t/CHJˇ 1.t/HJ˛f .t/:

Proof To establish .A3/, from (11.1.1) and (11.5.1) for t 2 Œ1;1/, we have

.'2.�/ � f .�// .g.�/ �  1.�// � 0:

Therefore

'2.�/g.�/C  1.�/f .�/ �  1.�/'2.�/C f .�/g.�/: (11.9)

Multiplying both sides of (11.9) by
�

log
t

�

�˛�1
=.�� .˛//, � 2 .1; t/, we get

g.�/

�
log t

�

�˛�1

�� .˛/
'2.�/C  1.�/

�
log t

�

�˛�1

�� .˛/
f .�/

�  1.�/

�
log t

�

�˛�1

�� .˛/
'2.�/C g.�/

�
log t

�

�˛�1

�� .˛/
f .�/: (11.10)
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Integrating both sides of (11.10) with respect to � on .1; t/, we obtain

g.�/
1

� .˛/

Z t

1

�
log

t

�

�˛�1
'2.�/

d�

�
C  1.�/

1

� .˛/

Z t

1

�
log

t

�

�˛�1
f .�/

d�

�

�  1.�/
1

� .˛/

Z t

1

�
log

t

�

�˛�1
'2.�/

d�

�
C g.�/

1

� .˛/

Z t

1

�
log

t

�

�˛�1
f .�/

d�

�
:

Thus we have

g.�/HJ˛'2.t/C  1.�/HJ˛f .t/ �  1.�/HJ˛'2.t/C g.�/HJ˛f .t/: (11.11)

Multiplying both sides of (11.11) by

�
log

t

�

�ˇ�1
=.�� .ˇ//, � 2 .1; t/, we have

HJ˛'2.t/

�
log t

�

�ˇ�1

�� .ˇ/
g.�/C HJ˛f .t/

�
log t

�

�ˇ�1

�� .ˇ/
 1.�/

� HJ˛'2.t/

�
log t

�

�ˇ�1

�� .ˇ/
 1.�/C HJ˛f .t/

�
log t

�

�ˇ�1

�� .ˇ/
g.�/: (11.12)

Integrating (11.12) with respect to � on .1; t/, we get the desired inequality .A3/.
We can establish .B3/–.D3/ in a similar manner by using the following

inequalities:

.B3/ . 2.�/ � g.�// .f .�/ � '1.�// � 0:

.C3/ .'2.�/ � f .�// .g.�/ �  2.�// � 0:

.D3/ .'1.�/ � f .�// .g.�/ �  1.�// � 0:

�

As a special case of Theorem 11.5, we have the following corollary.

Corollary 11.6 Let f and g be two integrable functions on Œ1;1/: Assume that:

(11.6.1) there exist real constants m;M; n;N such that

m � f .t/ � M and n � g.t/ � N; for all t 2 Œ1;1/:

Then, for t > 1, ˛, ˇ > 0, we have

.A4/
n.log t/ˇ

� .ˇ C 1/
HJ˛f .t/ C M.log t/˛

� .˛ C 1/
HJˇg.t/ � nM.log t/˛Cˇ

� .˛ C 1/� .ˇ C 1/
C

HJ˛f .t/HJˇg.t/:

.B4/
m.log t/ˇ

� .ˇ C 1/
HJ˛g.t/ C N.log t/˛

� .˛ C 1/
HJˇf .t/ � mN.log t/˛Cˇ

� .˛ C 1/� .ˇ C 1/
C

HJˇf .t/HJ˛g.t/:
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.C4/
MN.log t/˛Cˇ

� .˛ C 1/� .ˇ C 1/
C HJ˛f .t/HJˇg.t/ � M.log t/˛

� .˛ C 1/
HJˇg.t/ C

N.log t/ˇ

� .ˇ C 1/
HJ˛f .t/:

.D4/
mn.log t/˛Cˇ

� .˛ C 1/� .ˇ C 1/
C HJ˛f .t/HJˇg.t/ � m.log t/˛

� .˛ C 1/
HJˇg.t/ C

n.log t/ˇ

� .ˇ C 1/
HJ˛f .t/:

Theorem 11.6 Let f and g be two integrable functions on Œ1;1/ and �1; �2 > 0

satisfy the relation 1=�1 C 1=�2 D 1. Suppose that (11.1.1) and (11.5.1) hold. Then,
for t > 1, ˛, ˇ > 0, the following inequalities hold:

.A5/
1

�1

.log t/ˇ

� .ˇ C 1/
HJ˛.'2 � f /�1.t/C 1

�2

.log t/˛

� .˛ C 1/
HJˇ. 2 � g/�2.t/

� HJ˛.'2 � f /.t/HJˇ. 2 � g/.t/:

.B5/
1

�1
HJ˛.'2 � f /�1.t/HJˇ. 2 � g/�1.t/C 1

�2
HJ˛. 2 � g/�2.t/HJˇ.'2 � f /�2.t/

� HJ˛.'2 � f /. 2 � g/.t/HJˇ.'2 � f /. 2 � g/.t/:

.C5/
1

�1

.log t/ˇ

� .ˇ C 1/
HJ˛.f � '1/�1.t/C 1

�2

.log t/˛

� .˛ C 1/
HJˇ.g �  1/�2.t/

� HJ˛.f � '1/.t/HJˇ.g �  1/.t/:
.D5/

1

�1
HJ˛.f � '1/�1.t/HJˇ.g � 1/�1.t/C 1

�2
HJ˛.g � 1/�2.t/HJˇ.f � '1/�2.t/

� HJ˛.f � '1/.g �  1/.t/HJˇ.f � '1/.g �  1/.t/:
Proof The inequalities .A5/–.D5/ can be obtained by choosing the following
parameters in the Young’s inequality:

.A5/ x D '2.�/ � f .�/; y D  2.�/ � g.�/:

.B5/ x D .'2.�/ � f .�//. 2.�/ � g.�//; y D . 2.�/ � g.�//.'2.�/ � f .�//:

.C5/ x D f .�/ � '1.�/; y D g.�/ �  1.�/:

.D5/ x D .f .�/ � '1.�//.g.�/ �  1.�//; y D .g.�/ �  1.�//.f .�/ � '1.�//:

�

Theorem 11.7 Let f and g be two integrable functions on Œ1;1/ and �1; �2 > 0

are such that �1 C �2 D 1. Suppose that (11.1.1) and (11.5.1) hold. Then, for t > 1,
˛, ˇ > 0, the following inequalities hold:

.A6/ �1
.log t/ˇ

� .ˇ C 1/
HJ˛'2.t/C �2

.log t/˛

� .˛ C 1/
HJˇ 2.t/

� HJ˛.'2�f /�1.t/HJˇ. 2�g/�2.t/C�1 .log t/ˇ

� .ˇ C 1/
HJ˛f .t/C�2 .log t/˛

� .˛ C 1/
HJˇg.t/:

.B6/ �1HJ˛'2.t/HJˇ 2.t/C �1HJ˛f .t/HJˇg.t/

C�2HJ˛ 2.t/HJˇ'2.t/C �2HJ˛g.t/HJˇf .t/
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� HJ˛.'2 � f /�1. 2 � g/�2.t/HJˇ. 2 � g/�1.'2 � f /�2.t/

C�1HJ˛'2.t/HJˇg.t/C �1HJ˛f .t/HJˇ 2.t/

C�2HJ˛ 2.t/HJˇf .t/C �2HJ˛g.t/HJˇ'2.t/

.C6/ �1
.log t/ˇ

� .ˇ C 1/
HJ˛f .t/C �2

.log t/˛

� .˛ C 1/
HJˇg.t/

� HJ˛.f �'1/�1 .t/HJˇ.g� 1/�2 .t/C�1 .log t/ˇ

� .ˇ C 1/
HJ˛'1.t/C�2 .log t/˛

� .˛ C 1/
HJˇ 1.t/:

.D6/ �1HJ˛f .t/HJˇg.t/C �1HJ˛'1.t/HJˇ 1.t/

C�2HJ˛g.t/HJˇf .t/C �2HJ˛ 1.t/HJˇ'1.t/

� HJ˛.f � '1/�1.g �  1/�2.t/HJˇ.g �  1/�1.f � '1/�2.t/
C�1HJ˛f .t/HJˇ 1.t/C �1HJ˛'1.t/HJˇg.t/

C�2HJ˛g.t/HJˇ'1.t/C �2HJ˛ 1.t/HJˇf .t/:

Proof The inequalities .A6/-.D6/ can be established by choosing the following
parameters in the Weighted AM-GM:

.A6/ x D '2.�/ � f .�/; y D  2.�/ � g.�/:

.B6/ x D .'2.�/ � f .�//. 2.�/ � g.�//; y D . 2.�/ � g.�//.'2.�/ � f .�//:

.C6/ x D f .�/ � '1.�/; y D g.�/ �  1.�/:

.D6/ x D .f .�/ � '1.�//.g.�/ �  1.�//; y D .g.�/ �  1.�//.f .�/ � '1.�//:
�

Theorem 11.8 Let f and g be two integrable functions on Œ1;1/ and there exist
constants p � q � 0, p ¤ 0: Assume that (11.1.1) and (11.5.1) hold. Then, for any
k > 0, t > 1, ˛, ˇ > 0, the following inequalities hold:

.A7/ HJ˛.'2 � f /
q
p . 2 � g/

q
p .t/C q

p
k

q�p
p HJ˛'2g.t/C q

p
k

q�p
p HJ˛f 2.t/

� q

p
k

q�p
p HJ˛'2 2.t/C q

p
k

q�p
p HJ˛fg.t/C p � q

p
k

q
p
.log t/˛

� .˛ C 1/
:

.B7/ HJ˛.'2 � f /
q
p .t/HJˇ. 2 � g/

q
p .t/

Cq

p
k

q�p
p HJ˛'2.t/HJˇg.t/C q

p
k

q�p
p HJ˛f .t/HJˇ 2.t/

� q

p
k

q�p
p HJ˛'2.t/HJˇ 2.t/C q

p
k

q�p
p HJ˛f .t/HJˇg.t/

Cp � q

p
k

q
p

.log t/˛Cˇ

� .˛ C 1/� .ˇ C 1/
:

.C7/ HJ˛.f � '1/
q
p .g �  1/

q
p .t/C q

p
k

q�p
p HJ˛f 1.t/C q

p
k

q�p
p HJ˛'1g.t/

� q

p
k

q�p
p HJ˛fg.t/C q

p
k

q�p
p HJ˛'1 1.t/C p � q

p
k

q
p
.log t/˛

� .˛ C 1/
:
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.D7/ HJ˛.f � '1/
q
p .t/HJˇ.g �  1/

q
p .t/

Cq

p
k

q�p
p HJ˛f .t/HJˇ 1.t/C q

p
k

q�p
p HJ˛'1.t/HJˇg.t/

� q

p
k

q�p
p HJ˛f .t/HJˇg.t/C q

p
k

q�p
p HJ˛'1.t/HJˇ 1.t/

Cp � q

p
k

q
p

.log t/˛Cˇ

� .˛ C 1/� .ˇ C 1/
:

Proof The inequalities .A7/–.D7/ can be proved by choosing the following param-
eters in Lemma 11.1:

.A7/ a D .'2.�/ � f .�//. 2.�/ � g.�//:

.B7/ a D .'2.�/ � f .�//. 2.�/ � g.�//:

.C7/ a D .f .�/ � '1.�//.g.�/ �  1.�//:

.D7/ a D .f .�/ � '1.�//.g.�/ �  1.�//:
�

Lemma 11.2 Let f be an integrable function on Œ1;1/ and '1, '2 be two integrable
functions on Œ1;1/. Assume that the condition (11.1.1) holds. Then, for t > 1,
˛ > 0, we have

.log t/˛

� .˛ C 1/
HJ˛f 2.t/ � .HJ˛f .t//2

D .HJ˛'2.t/ � HJ˛f .t// .HJ˛f .t/ � HJ˛'1.t//

� .log t/˛

� .˛ C 1/
HJ˛ ..'2 � f /.f � '1/.t//

C .log t/˛

� .˛ C 1/
HJ˛'1f .t/ � HJ˛'1.t/HJ˛f .t/ (11.13)

C .log t/˛

� .˛ C 1/
HJ˛'2f .t/ � HJ˛'2.t/HJ˛f .t/

C HJ˛'1.t/HJ˛'2.t/ � .log t/˛

� .˛ C 1/
HJ˛'1'2.t/:

Proof For any � > 1 and � > 1, we have

.'2.�/ � f .�// .f .�/ � '1.�//C .'2.�/ � f .�// .f .�/ � '1.�//
� .'2.�/ � f .�// .f .�/ � '1.�// � .'2.�/ � f .�// .f .�/ � '1.�//

D f 2.�/C f 2.�/ � 2f .�/f .�/C '2.�/f .�/C '1.�/f .�/ � '1.�/'2.�/
C '2.�/f .�/C '1.�/f .�/ � '1.�/'2.�/ � '2.�/f .�/C '1.�/'2.�/

� '1.�/f .�/ � '2.�/f .�/C '1.�/'2.�/ � '1.�/f .�/: (11.14)
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Multiplying (11.14) by
�

log
t

�

�˛�1
=.�� .˛//, � 2 .1; t/, t > 1 and integrating the

resulting identity with respect to � from 1 to t, we get

.'2.�/ � f .�// .HJ˛f .t/ � HJ˛'1.t//C .HJ˛'2.t/ � HJ˛f .t// .f .�/ � '1.�//

� HJ˛ ..'2 � f / .f � '1/ .t// � .'2.�/ � f .�// .f .�/ � '1.�// .log t/˛

� .˛ C 1/

D HJ˛f 2.t/C f 2.�/
.log t/˛

� .˛ C 1/
� 2f .�/HJ˛f .t/C '2.�/HJ˛f .t/C f .�/HJ˛'1.t/

� '2.�/HJ˛'1.t/C f .�/HJ˛'2.t/C '1.�/HJ˛f .t/ � '1.�/HJ˛'2.t/

� HJ˛'2f .t/C HJ˛'1'2.t/ � HJ˛'1f .t/ � '2.�/f .�/ .log t/˛

� .˛ C 1/

C '1.�/'2.�/
.log t/˛

� .˛ C 1/
� '1.�/f .�/ .log t/˛

� .˛ C 1/
: (11.15)

Multiplying (11.15) by

�
log

t

�

�˛�1
=.�� .˛//, � 2 .1; t/, t > 1 and then integrating

with respect to � from 1 to t, we obtain

.HJ˛'2.t/ � HJ˛f .t// .HJ˛f .t/ � HJ˛'1.t//

C .HJ˛'2.t/ � HJ˛f .t// .HJ˛f .t/ � HJ˛'1.t//

� HJ˛ ..'2 � f / .f � '1/ .t// .log t/˛

� .˛ C 1/

� HJ˛ ..'2 � f / .f � '1/ .t// .log t/˛

� .˛ C 1/

D .log t/˛

� .˛ C 1/
HJ˛f 2.t/C .log t/˛

� .˛ C 1/
HJ˛f 2.t/ � 2HJ˛f .t/HJ˛f .t/

C HJ˛'2.t/HJ˛f .t/C HJ˛'1.t/HJ˛f .t/ � HJ˛'1.t/HJ˛'2.t/

C HJ˛'2.t/HJ˛f .t/C HJ˛'1.t/HJ˛f .t/ � HJ˛'1.t/HJ˛'2.t/

� .log t/˛

� .˛ C 1/
HJ˛'2f .t/C .log t/˛

� .˛ C 1/
HJ˛'1'2.t/ � .log t/˛

� .˛ C 1/
HJ˛'1f .t/

� .log t/˛

� .˛ C 1/
HJ˛'2f .t/C .log t/˛

� .˛ C 1/
HJ˛'1'2.t/

� .log t/˛

� .˛ C 1/
HJ˛'1f .t/; (11.16)

which implies (11.13). �
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Corollary 11.7 Let f be an integrable function on Œ1;1/ satisfying m � f .t/ � M;
for all t 2 Œ1;1/: Then, for all t > 1; ˛ > 0; we have

.log t/˛

� .˛ C 1/
HJ˛f 2.t/ � .HJ˛f .t//2

D
�

M
.log t/˛

� .˛ C 1/
� HJ˛f .t/

��
HJ˛f .t/ � m

.log t/˛

� .˛ C 1/

�

� .log t/˛

� .˛ C 1/
HJ˛ ..M � f .t//.f .t/ � m// :

(11.17)

Theorem 11.9 Let f and g be two integrable functions on Œ1;1/ and '1, '2, 1 and
 2 are integrable functions on Œ1;1/ satisfying the conditions (11.1.1) and (11.5.1)
on Œ1;1/. Then, for all t > 1, ˛ > 0, we have

ˇ̌
ˇ̌ .log t/˛

� .˛ C 1/
HJ˛fg.t/ � HJ˛f .t/HJ˛g.t/

ˇ̌
ˇ̌ � jT.f ; '1; '2/j1=2 jT.g;  1;  2/j1=2 ;

(11.18)
where T.u; v;w/ is defined by

T.u; v;w/ D .HJ˛w.t/ � HJ˛u.t// .HJ˛u.t/ � HJ˛v.t//

C .log t/˛

� .˛ C 1/
HJ˛vu.t/ � HJ˛v.t/HJ˛u.t/

C .log t/˛

� .˛ C 1/
HJ˛wu.t/ � HJ˛w.t/HJ˛u.t/

C HJ˛v.t/HJ˛w.t/ � .log t/˛

� .˛ C 1/
HJ˛vw.t/: (11.19)

Proof Let f and g be two integrable functions defined on Œ1;1/ satisfying (11.1.1)
and (11.5.1). Define

H.�; �/ WD .f .�/ � f .�// .g.�/ � g.�// ; �; � 2 .1; t/; t > 1: (11.20)

Multiplying both sides of (11.20) by
�

log
t

�

�˛�1 �
log

t

�

�˛�1
=.��� 2.˛//, �; � 2

.1; t/ and integrating the resulting identity with respect to � and � from 1 to t, we
get

1

2� 2.˛/

Z t

1

Z t

1

�
log

t

�

�˛�1 �
log

t

�

�˛�1
H.�; �/

d�

�

d�

�

D .log t/˛

� .˛ C 1/
HJ˛fg.t/ � HJ˛f .t/HJ˛g.t/: (11.21)
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Applying the Cauchy-Schwarz inequality to (11.21), we obtain

�
.log t/˛

� .˛ C 1/
HJ˛fg.t/ � HJ˛f .t/HJ˛g.t/

�2

D
 

1

2� 2.˛/

Z t

1

Z t

1

�
log

t

�

�˛�1 �
log

t

�

�˛�1
H.�; �/

d�

�

d�

�

!2

�
 

1

2� 2.˛/

Z t

1

Z t

1

�
log

t

�

�˛�1 �
log

t

�

�˛�1
.f .�/ � f .�//2

d�

�

d�

�

!
(11.22)

�
 

1

2� 2.˛/

Z t

1

Z t

1

�
log

t

�

�˛�1 �
log

t

�

�˛�1
.g.�/ � g.�//2

d�

�

d�

�

!

D
�
.log t/˛

� .˛ C 1/
HJ˛f 2.t/ � .HJ˛f .t//2

��
.log t/˛

� .˛ C 1/
HJ˛g2.t/ � .HJ˛g.t//2

�
:

Since .'2.t/ � f .t//.f .t/ � '1.t// � 0 and . 2.t/ � g.t//.g.t/ �  1.t// � 0 for
t 2 Œ1;1/, we have

.log t/˛

� .˛ C 1/
HJ˛.'2 � f /.f � '1/.t/ � 0;

and

.log t/˛

� .˛ C 1/
HJ˛. 2 � g/.g �  1/.t/ � 0:

Then, from Lemma 11.2, we get

.log t/˛

� .˛ C 1/
HJ˛f 2.t/ � .HJ˛f .t//2

� .HJ˛'2.t/ � HJ˛f .t// .HJ˛f .t/ � HJ˛'1.t//

C .log t/˛

� .˛ C 1/
HJ˛'1f .t/ � HJ˛'1.t/HJ˛f .t/ (11.23)

C .log t/˛

� .˛ C 1/
HJ˛'2f .t/ � HJ˛'2.t/HJ˛f .t/

CHJ˛'1.t/HJ˛'2.t/ � .log t/˛

� .˛ C 1/
HJ˛'1'2.t/

D T.f ; '1; '2/;
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and

.log t/˛

� .˛ C 1/
HJ˛g2.t/ � .HJ˛g.t//2

� .HJ˛ 2.t/ � HJ˛g.t// .HJ˛g.t/ � HJ˛ 1.t//

C .log t/˛

� .˛ C 1/
HJ˛ 1g.t/ � HJ˛ 1.t/HJ˛g.t/ (11.24)

C .log t/˛

� .˛ C 1/
HJ˛ 2g.t/ � HJ˛ 2.t/HJ˛g.t/

CHJ˛ 1.t/HJ˛ 2.t/ � .log t/˛

� .˛ C 1/
HJ˛ 1 2.t/

D T.g;  1;  2/:

From (11.22)–(11.24), we obtain (11.18). �

Remark 11.1 If T.f ; '1; '2/ D T.f ;m;M/ and T.g;  1;  2/ D T.g; p;P/,
m;M; p;P 2 R; then the inequality (11.18) reduces to the following Grüss type
Hadamard fractional integral inequality:

ˇ̌
ˇ̌ .log t/˛

� .˛ C 1/
HJ˛fg.t/ � HJ˛f .t/HJ˛g.t/

ˇ̌
ˇ̌ �

�
1

2

.log t/˛

� .˛ C 1/

�2
.M � m/.P � p/:

11.3 On Mixed Type Riemann-Liouville and Hadamard
Fractional Integral Inequalities

In this section, we obtain some new inequalities of mixed type for Riemann-
Liouville and Hadamard fractional integrals for the functions, which are bounded
by integrable functions and are not necessarily increasing or decreasing like the
synchronous functions.

Theorem 11.10 Let f be an integrable function on Œa;1/, a > 0. Assume that:

(11.10.1) there exist two integrable functions '1; '2 on Œa;1/ such that

'1.t/ � f .t/ � '2.t/; for all t 2 Œa;1/; a > 0: (11.25)

Then, for 0 < a < t < 1 and ˛; ˇ > 0; the following two inequalities hold:

.E1/ HJ˛a'2.t/I
ˇ
a f .t/C HJ˛a f .t/Iˇa '1.t/ � HJ˛a'2.t/I

ˇ
a '1.t/C HJ˛a f .t/Iˇa f .t/,

.F1/ I˛a '2.t/HJˇa f .t/C I˛a f .t/HJˇa'1.t/ � I˛a '2.t/HJˇa'1.t/C I˛a f .t/HJˇa f .t/.
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Proof From (11.10.1), for all �; � > a; we have

.'2.�/ � f .�//.f .�/ � '1.�// � 0;

which implies that

'2.�/f .�/C '1.�/f .�/ � '1.�/'2.�/C f .�/f .�/: (11.26)

Multiplying both sides of (11.26) by .log.t=�//˛�1=.�� .˛//, � 2 .a; t/; and then
integrating with respect to � on .a; t/; we obtain

f .�/
1

� .˛/

Z t

a

�
log

t

�

�˛�1
'2.�/

d�

�
C '1.�/

1

� .˛/

Z t

a

�
log

t

�

�˛�1
f .�/

d�

�

� '1.�/
1

� .˛/

Z t

a

�
log

t

�

�˛�1
'2.�/

d�

�
C f .�/

1

� .˛/

Z t

a

�
log

t

�

�˛�1
f .�/

d�

�
;

which yields

f .�/ HJ˛a'2.t/C '1.�/ HJ˛a f .t/ � '1.�/ HJ˛a'2.t/C f .�/ HJ˛a f .t/: (11.27)

Multiplying both sides of (11.27) by .t � �/ˇ�1=� .ˇ/, � 2 .a; t/; and then
integrating with respect to � on .a; t/; we get

HJ˛a'2.t/
1

� .ˇ/

Z t

a
.t � �/ˇ�1f .�/d�C HJ˛a f .t/

1

� .ˇ/

Z t

a
.t � �/ˇ�1'1.�/d�

� HJ˛a'2.t/
1

� .ˇ/

Z t

a
.t � �/ˇ�1 '1.�/d�C HJ˛a f .t/

1

� .ˇ/

Z t

a
.t � �/ˇ�1 f .�/d�:

(11.28)

Hence, we get the desired inequality in .E1/. The inequality .F1/ can be obtained
by using similar arguments. �

Corollary 11.8 Let f be an integrable function on Œa;1/, a > 0 satisfying m �
f .t/ � M; for all t 2 Œa;1/ and m;M 2 R: Then, for 0 < a < t < 1 and ˛; ˇ > 0;
the following two inequalities hold:

.E2/ M
.log t

a /
˛

� .˛ C 1/
Iˇa f .t/ C m

.t � a/ˇ

� .ˇ C 1/
HJ˛a f .t/ � mM

.log t
a /
˛.t � a/ˇ

� .˛ C 1/� .ˇ C 1/
C

HJ˛a f .t/Iˇa f .t/,

.F2/ M
.t � a/˛

� .˛ C 1/
HJˇa f .t/ C m

.log t
a /
ˇ

� .ˇ C 1/
I˛a f .t/ � mM

.t � a/˛.log t
a /
ˇ

� .˛ C 1/� .ˇ C 1/
C

I˛a f .t/HJˇa f .t/.
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Theorem 11.11 Let f be an integrable function on Œa;1/, a > 0 and there
exist �1; �2 > 0 such that 1=�1 C 1=�2 D 1: In addition, suppose that the
condition (11.10.1) holds. Then, for 0 < a < t < 1 and ˛, ˇ > 0; the following
two inequalities hold:

.E3/ HJ˛a'2.t/I
ˇ
a '1.t/C HJ˛a f .t/Iˇa f .t/C 1

�1

.t � a/ˇ

� .ˇ C 1/
HJ˛a .'2 � f /�1.t/

C 1

�2

.log t
a /
˛

� .˛ C 1/
Iˇa .f � '1/�2.t/

� HJ˛a'2.t/I
ˇ
a f .t/C HJ˛a f .t/Iˇa '1.t/,

.F3/ I˛a '2.t/HJˇa'1.t/C I˛a f .t/HJˇa f .t/C 1

�1

.log t
a /
ˇ

� .ˇ C 1/
I˛a .'2 � f /�1.t/

C 1

�2

.t � a/˛

� .˛ C 1/
HJˇa .f � '1/�2.t/

� I˛a '2.t/HJˇa f .t/C I˛a f .t/HJˇa'1.t/.

Proof Firstly, we recall the well-known Young’s inequality:

1

�1
x�1 C 1

�2
y�2 � xy; 8x; y � 0; �1; �2 > 0;

where 1=�1C1=�2 D 1: By setting x D '2.�/�f .�/ and y D f .�/�'1.�/, �; � > a;
in the above inequality, we have

1

�1
.'2.�/� f .�//�1 C 1

�2
.f .�/� '1.�//

�2 � .'2.�/� f .�//.f .�/� '1.�//: (11.29)

Multiplying both sides of (11.29) by .log.t=�//˛�1.t � �/ˇ�1=�� .˛/� .ˇ/, �; � 2
.a; t/; we get

1

�1

.log t=�/˛�1.t � �/ˇ�1

�� .˛/� .ˇ/
.'2.�/ � f .�//�1

C 1

�2

.log t=�/˛�1.t � �/ˇ�1

�� .˛/� .ˇ/
.f .�/ � '1.�//�2 (11.30)

� .log t=�/˛�1

�� .˛/
.'2.�/ � f .�//

.t � �/ˇ�1

� .ˇ/
.f .�/ � '1.�//:

Double integrating (11.30) with respect to � and � from a to t; we obtain

1

�1
HJ˛a .'2 � f /�1.t/Iˇa .1/.t/C 1

�2
HJ˛a .1/.t/I

ˇ
a .f � '1/�2.t/

� HJ˛a .'2 � f /.t/Iˇa .f � '1/.t/;

which proves the result in .E3/. By using the similar method, we obtain the
inequality in .F3/. �
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Corollary 11.9 Let f be an integrable function on Œa;1/, a > 0 satisfying m �
f .t/ � M; �1 D �2 D 2 for all t 2 Œa;1/ and m;M 2 R. Then, for 0 < a < t < 1
and ˛; ˇ > 0; the following two inequalities hold:

.E4/ .m C M/2
.log t

a /
˛.t � a/ˇ

� .˛ C 1/� .ˇ C 1/
C .t � a/ˇ

� .ˇ C 1/
HJ˛a f 2.t/C .log t

a /
˛

� .˛ C 1/
Iˇa f 2.t/C

2HJ˛a f .t/Iˇa f .t/

� 2.m C M/

�
.log t

a /
˛

� .˛ C 1/
Iˇa f .t/C .t � a/ˇ

� .ˇ C 1/
HJ˛a f .t/

�
,

.F4/ .m C M/2
.t � a/˛.log t

a /
ˇ

� .˛ C 1/� .ˇ C 1/
C .t � a/˛

� .˛ C 1/
HJˇa f 2.t/C .log t

a /
ˇ

� .ˇ C 1/
I˛a f 2.t/C

2HJˇa f .t/I˛a f .t/

� 2.m C M/

 
.log t

a /
ˇ

� .ˇ C 1/
I˛a f .t/C .t � a/˛

� .˛ C 1/
HJˇa f .t/

!
.

Theorem 11.12 Let f be an integrable function on Œa;1/, a > 0 and �1; �2 > 0

satisfying �1C�2 D 1: In addition, suppose that the condition (11.10.1) holds. Then,
for 0 < a < t < 1, and ˛, ˇ > 0; the following two inequalities hold:

.E5/ �1
.t � a/ˇ

� .ˇ C 1/
HJ˛a'2.t/C �2

.log t
a /
˛

� .˛ C 1/
Iˇa f .t/

� HJ˛a .'2 � f /�1.t/Iˇa .f � '1/�2.t/C �1
.t � a/ˇ

� .ˇ C 1/
HJ˛a f .t/C �2

.log t
a /
˛

� .˛ C 1/
Iˇa '1.t/,

.F5/ �1
.log t

a /
ˇ

� .ˇ C 1/
I˛a '2.t/C �2

.t � a/˛

� .˛ C 1/
HJˇa f .t/

� I˛a .'2 � f /�1.t/HJˇa .f � '1/�2.t/C �1
.log t

a /
ˇ

� .ˇ C 1/
I˛a f .t/C �2

.t � a/˛

� .˛ C 1/
HJˇa'1.t/.

Proof Let us consider the well-known Weighted AM-GM inequality

�1x C �2y � x�1y�2 ; 8x; y � 0; �1; �2 > 0;

where �1 C �2 D 1: Setting x D '2.�/� f .�/ and y D f .�/� '1.�/; �; � > a; in the
above inequality, we have

�1.'2.�/ � f .�//C �2.f .�/ � '1.�//
� .'2.�/ � f .�//�1.f .�/ � '1.�//�2 : (11.31)

Multiplying both sides of (11.31) by .log.t=�//˛�1.t � �/ˇ�1=.�� .˛/� .ˇ//, �; � 2
.a; t/; we obtain

�1
.log.t=�//˛�1.t � �/ˇ�1

�� .˛/� .ˇ/
.'2.�/ � f .�//
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C �2
.log.t=�//˛�1.t � �/ˇ�1

�� .˛/� .ˇ/
.f .�/ � '1.�// (11.32)

� .log t=�/˛�1

�� .˛/
.'2.�/ � f .�//�1

.t � �/ˇ�1

� .ˇ/
.f .�/ � '1.�//�2 :

Double integration of (11.32) with respect to � and � from a to t; we obtain

�1HJ˛a .'2 � f /.t/Iˇa .1/.t/C �2HJ˛a .1/.t/I
ˇ
a .f � '1/.t/

� HJ˛a .'2 � f /�1.t/Iˇa .f � '1/�2.t/:

Therefore, we deduce the inequality in .E5/: By using the similar method, we obtain
the inequality in .F5/. �

Corollary 11.10 Let f be an integrable function on Œa;1/, a > 0 satisfying m �
f .t/ � M, �1 D �2 D 1=2 for all 0 < a < t < 1 and m;M 2 R: Then, for
0 < a < t < 1 and ˛; ˇ > 0; the following two inequalities hold:

.E6/ M
.log t

a /
˛.t � a/ˇ

� .˛ C 1/� .ˇ C 1/
C .log t

a /
˛

� .˛ C 1/
Iˇa f .t/

� m
.log t

a /
˛.t � a/ˇ

� .˛ C 1/� .ˇ C 1/
C .t � a/ˇ

� .ˇ C 1/
HJ˛a f .t/C2HJ˛a .M�f /1=2.t/Iˇa .f �m/1=2.t/,

.F6/ M
.t � a/˛.log t

a /
ˇ

� .˛ C 1/� .ˇ C 1/
C .t � a/˛

� .˛ C 1/
HJˇa f .t/

� m
.t � a/˛.log t

a /
ˇ

� .˛ C 1/� .ˇ C 1/
C .log t

a /
ˇ

� .ˇ C 1/
I˛a f .t/C2I˛a .M � f /1=2.t/HJˇa .f �m/1=2.t/.

Theorem 11.13 Let f be an integrable function on Œa;1/, a > 0 and there exist
constants p � q � 0, p ¤ 0: In addition, assume that the condition (11.10.1) holds.
Then, for any k > 0, 0 < a < t < 1, ˛ > 0; the following two inequalities hold:

.E7/ HJ˛a .'2 � f /q=p.t/I˛a .f �'1/q=p.t/Cq

p
k.q�p/=p

�
HJ˛a'2.t/I

˛
a '1.t/C HJ˛a f .t/I˛a f .t/

�

� q

p
k.q�p/=p

�
HJ˛a'2.t/I

˛
a f .t/CHJ˛a f .t/I˛a '1.t/

�Cp � q

p
kq=p .t � a/˛.log t

a /
˛

� 2.˛ C 1/
,

.F7/ I˛a .'2 � f /q=p.t/HJ˛a .f � '1/q=p.t/Cq

p
k.q�p/=p

�
I˛a '2.t/HJ˛a'1.t/CI˛a f .t/HJ˛a f .t/

�

� q

p
k.q�p/=p

�
I˛a '2.t/HJ˛a f .t/C I˛a f .t/HJ˛a'1.t/

�C p � q

p
kq=p .t � a/˛.log t

a /
˛

� 2.˛ C 1/
.

Proof From the assumption (11.10.1) and Lemma 11.1, for p � q � 0, p ¤ 0; it
follows that

..'2.�/ � f .�//.f .�/ � '1.�///q=p

� q

p
k.q�p/=p.'2.�/ � f .�//.f .�/ � '1.�//C p � q

p
kq=p; (11.33)
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for any k > 0: Multiplying both sides of (11.33) by .log.t=�//˛�1=.�� .˛//, � 2
.a; t/; and integrating the resulting identity with respect to � from a to t, we have

.f .�/ � '1.�//q=p
HJ˛a .'2 � f /q=p.t/

� q

p
k.q�p/=p.f .�/ � '1.�//HJ˛a .'2 � f /.t/C p � q

p
kq=p .log t

a /
˛

� .˛ C 1/
:

(11.34)

Multiplying both sides of (11.34) by .t � �/˛�1=� .˛/, � 2 .a; t/; and integrating
the resulting identity with respect to � from a to t, we obtain

HJ˛a .'2 � f /q=p.t/I˛a .f � '1/.t/q=p

� q

p
k.q�p/=p

HJ˛a .'2 � f /.t/I˛a .f � '1/.t/C p � q

p
kq=p .t � a/˛.log t

a /
˛

� 2.˛ C 1/
;

which leads to the inequality in .E6/: Applying the similar arguments, we get the
inequality in .F6/. �

Corollary 11.11 Let f be an integrable function on Œa;1/, a > 0 satisfying m �
f .t/ � M for all t 2 Œa;1/; q D 1, p D 2, k D 1 and m;M 2 R. Then, for
0 < a < t < 1 and ˛ > 0; the following two inequalities hold:

.E8/ 2HJ˛a .M � f /1=2.t/I˛a .f � m/1=2.t/C HJ˛a f .t/I˛a f .t/

� M.log t
a /
˛

� .˛ C 1/
I˛a f .t/C m.t � a/˛

� .˛ C 1/
HJ˛a f .t/C .1 � mM/

.t � a/˛.log t
a /
˛

� 2.˛ C 1/
,

.F8/ 2I˛a .M � f /1=2.t/HJ˛a .f � m/1=2.t/C I˛a f .t/HJ˛a f .t/

� M.t � a/˛

� .˛ C 1/
HJ˛a f .t/C m.log t

a /
˛

� .˛ C 1/
I˛a f .t/C .1 � mM/

.t � a/˛.log t
a /
˛

� 2.˛ C 1/
.

11.4 Chebyshev Type Inequalities for Riemann-Liouville
and Hadamard Fractional Integrals

In this section, we establish fractional integral inequalities of Chebyshev type
involving the integral of the product of two functions and the product of two
integrals. We make use of the following lemma in the forthcoming results.

Lemma 11.3 Let f be an integrable function on Œa;1/, a > 0 and '1, '2 are two
integrable functions on Œa;1/: Assume that the condition (11.10.1) holds. Then, for
0 < a < t < 1, and ˛; ˇ > 0; we have
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.E9/
.t � a/˛

� .˛ C 1/
HJ˛a f 2.t/C .log t

a /
˛

� .˛ C 1/
I˛a f 2.t/ � 2HJ˛a f .t/I˛a f .t/

D HJ˛a .f � '1/.t/I˛a .'2 � f /.t/C HJ˛a .'2 � f /.t/I˛a .f � '1/.t/

C .t � a/˛

� .˛ C 1/

�
HJ˛a .'1f C '2f � '1'2/.t/ � HJ˛a ..'2 � f /.f � '1//.t/

�

C .log t
a /
˛

� .˛ C 1/

�
I˛a .'1f C '2f � '1'2/.t/ � I˛a ..'2 � f /.f � '1//.t/

�

C HJ˛a'1.t/I
˛
a .'2 � f /.t/C HJ˛a'2.t/I

˛
a .'1 � f /.t/ � HJ˛a f .t/I˛a .'1 C '2/.t/;

.F9/
.t � a/ˇ

� .ˇ C 1/
HJ˛a f 2.t/C .log t

a /
˛

� .˛ C 1/
Iˇa f 2.t/ � 2HJ˛a f .t/Iˇa f .t/

D HJ˛a .f � '1/.t/Iˇa .'2 � f /.t/C HJ˛a .'2 � f /.t/Iˇa .f � '1/.t/

C .t � a/ˇ

� .ˇ C 1/

�
HJ˛a .'1f C '2f � '1'2/.t/ � HJ˛a ..'2 � f /.f � '1//.t/

�

C .log t
a /
˛

� .˛ C 1/

�
Iˇa .'1f C '2f � '1'2/.t/ � Iˇa ..'2 � f /.f � '1//.t/

�

C HJ˛a'1.t/I
ˇ
a .'2 � f /.t/C HJ˛a'2.t/I

ˇ
a .'1 � f /.t/ � HJ˛a f .t/Iˇa .'1 C '2/.t/.

Proof For any 0 < a < �; � < t < 1, we have

.'2.�/ � f .�//.f .�/ � '1.�//C .'2.�/ � f .�//.f .�/ � '1.�//
� .'2.�/ � f .�//.f .�/ � '1.�// � .'2.�/ � f .�//.f .�/ � '1.�//

D f 2.�/C f 2.�/ � 2f .�/f .�/C '2.�/f .�/C '1.�/f .�/ � '1.�/'2.�/ (11.35)

C '2.�/f .�/C '1.�/f .�/ � '1.�/'2.�/ � '2.�/f .�/C '1.�/'2.�/

� '1.�/f .�/ � '2.�/f .�/C '1.�/'2.�/ � '1.�/f .�/:
Multiplying (11.35) by .log.t=�//˛�1=.�� .˛//, � 2 .a; t/, 0 < a < t < 1; and
integrating the resulting identity with respect to � from a to t, we get

.'2.�/ � f .�//.HJ˛a f .t/ � HJ˛a'1.t//C .HJ˛a'2.t/ � HJ˛a f .t//.f .�/ � '1.�//

� HJ˛a ..'2 � f /.f � '1//.t/ � .'2.�/ � f .�//.f .�/ � '1.�//
.log t

a /
˛

� .˛ C 1/

D HJ˛a f 2.t/C f 2.�/
.log t

a /
˛

� .˛ C 1/
� 2f .�/HI˛a f .t/C '2.�/HI˛a f .t/ (11.36)

C f .�/HJ˛a'1.t/ � '2.�/HJ˛a'1.t/C f .�/HJ˛a'2.t/C '1.�/HJ˛a f .t/ � '1.�/HJ˛a'2.t/

� HJ˛a'2f .t/C HJ˛a'1'2.t/ � HJ˛a'1f .t/ � '2.�/f .�/
.log t

a /
˛

� .˛ C 1/

C '1.�/'2.�/
.log t

a /
˛

� .˛ C 1/
� '1.�/f .�/

.log t
a /
˛

� .˛ C 1/
:
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Multiplying (11.36) by .t��/˛�1=� .˛/, � 2 .a; t/, 0 < a < t < 1; and integrating
the resulting identity with respect to � from a to t, we obtain

.HJ˛a f .t/ � HJ˛a'1.t//.I
˛
a '2.t/ � I˛a f .t//C .HJ˛a'2.t/ � HJ˛a f .t//.I˛a f .t/ � I˛a '1.t//

� HJ˛a ..'2 � f /.f � '1//.t/ .t � a/˛

� .˛ C 1/
� I˛a ..'2 � f /.f � '1//.t/

.log t
a /
˛

� .˛ C 1/

D HJ˛a f 2.t/
.t � a/˛

� .˛ C 1/
C I˛a f 2.t/

.log t
a /
˛

� .˛ C 1/
� 2HJ˛a f .t/I˛a f .t/

C HJ˛a f .t/I˛a '2.t/C HJ˛a'1.t/I
˛
a f .t/ � HJ˛a'1.t/I

˛
a '2.t/

C HJ˛a'2.t/I
˛
a f .t/C HJ˛a f .t/I˛a '1.t/ � HJ˛a'2.t/I

˛
a '1.t/

� HJ˛a'2f .t/
.t � a/˛

� .˛ C 1/
C HJ˛a'1'2.t/

.t � a/˛

� .˛ C 1/
� HJ˛a'1f .t/

.t � a/˛

� .˛ C 1/

� I˛a '2f .t/
.log t

a /
˛

� .˛ C 1/
C I˛a '1'2.t/

.log t
a /
˛

� .˛ C 1/
� I˛a '1f .t/

.log t
a /
˛

� .˛ C 1/
:

Therefore, .E9/ is proved. .F9/ can be derived by using the similar arguments. �

Theorem 11.14 Let f and g be two integrable functions on Œa;1/, a > 0 and '1,
'2,  1 and  2 are integrable functions on Œa;1/ satisfying the conditions (11.10.1)
and

(11.14.1) there exist integrable functions  1 and  2 on Œa;1/ such that

 1.t/ � g.t/ �  2.t/ for 0 < a < t < 1:

Then, for all 0 < a < t < 1 and ˛ > 0; the following inequality holds:

ˇ̌
ˇ .t � a/˛

� .˛ C 1/
HJ˛a fg.t/C .log t

a /
˛

� .˛ C 1/
I˛a fg.t/ � HJ˛a f .t/I˛a g.t/ � I˛a f .t/HJ˛a g.t/

ˇ̌
ˇ

� jK.f ; '1; '2/j1=2 jK.g;  1;  2/j1=2 ; (11.37)

where K.u; v;w/ is defined by

K.u; v;w/ D .t � a/˛

� .˛ C 1/
HJ˛a .uw C uv � vw/.t/

C .log t
a /
˛

� .˛ C 1/
I˛a .uw C uv � vw/.t/ � 2HJ˛a u.t/I˛a u.t/:
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Proof Let f and g be two integrable functions defined on Œa;1/ satisfying (11.10.1)
and (11.14.1), respectively. We define a function H for 0 < a < t < 1 as follows

H.�; �/ WD .f .�/ � f .�//.g.�/ � g.�//; �; � 2 .a; t/: (11.38)

Multiplying both sides of (11.38) by .log.t=�//˛�1.t � �/˛�1=.�� 2.˛//, �; � 2
.a; t/; and double integrating the resulting identity with respect to � and � from
a to t, we get

1

� 2.˛/

Z t

a

Z t

a

�
log

t

�

�˛�1
.t � �/˛�1 H.�; �/d�

d�

�

D .t � a/˛

� .˛ C 1/
HJ˛a fg.t/C .log t

a /
˛

� .˛ C 1/
I˛a fg.t/ � HJ˛a f .t/I˛a g.t/ � I˛a f .t/HJ˛a g.t/:

(11.39)

Applying the Cauchy-Schwarz inequality to (11.39), we have

�
.t � a/˛

� .˛ C 1/
HJ˛a fg.t/C .log t

a /
˛

� .˛ C 1/
I˛a fg.t/ � HJ˛a f .t/I˛a g.t/ � I˛a f .t/HJ˛a g.t/

�2

�
 

1

� 2.˛/

Z t

a

Z t

a

�
log

t

�

�˛�1
.t � �/˛�1 .f .�/ � f .�//2d�

d�

�

!

�
�

1

� 2.˛/

Z t

a

Z t

a

�
log

t

�

�˛�1
.t � �/˛�1 .g.�/ � g.�//2d�

d�

�

�

D
 
.t � a/˛

� .˛ C 1/
HJ˛a f 2.t/C .log t

a /
˛

� .˛ C 1/
I˛a f 2.t/ � 2HJ˛a f .t/I˛a f .t/

!

�
 
.t � a/˛

� .˛ C 1/
HJ˛a g2.t/C .log t

a /
˛

� .˛ C 1/
I˛a g2.t/ � 2HJ˛a g.t/I˛a g.t/

!
: (11.40)

Since .'2.t/ � f .t//.f .t/ � '1.t// � 0 and . 2.t/ � f .t//.f .t/ �  1.t// � 0 for
t 2 Œa;1/; we get

.t � a/˛

� .˛ C 1/
HJ˛a ..'2 � f /.f � '1//.t/ � 0;

.log t
a /
˛

� .˛ C 1/
I˛a ..'2 � f /.f � '1//.t/ � 0;

.t � a/˛

� .˛ C 1/
HJ˛a .. 2 � g/.g �  1//.t/ � 0;

.log t
a /
˛

� .˛ C 1/
I˛a .. 2 � g/.g �  1//.t/ � 0:
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Thus, from Lemma 11.3, we obtain

.t � a/˛

� .˛ C 1/
HJ˛a f 2.t/C .log t

a /
˛

� .˛ C 1/
I˛a f 2.t/ � 2HJ˛a f .t/I˛a f .t/

� HJ˛a .f � '1/.t/I˛a .'2 � f /.t/C HJ˛a .'2 � f /.t/I˛a .f � '1/.t/

C .t � a/˛

� .˛ C 1/
HJ˛a .'2f C '1f � '1'2/.t/

C .log t
a /
˛

� .˛ C 1/
I˛a .'2f C '1f � '1'2/.t/ (11.41)

C HJ˛a'1.t/I
˛
a .'2 � f /.t/C HJ˛a'2.t/I

˛
a .'1 � f /.t/ � HJ˛a f .t/I˛a .'1 C '2/.t/

D .t � a/˛

� .˛ C 1/
HJ˛a .'2f C '1f � '1'2/.t/

C .log t
a /
˛

� .˛ C 1/
I˛a .'2f C '1f � '1'2/.t/ � 2HJ˛a f .t/I˛a f .t/

D K.f ; '1; '2/;

and

.t � a/˛

� .˛ C 1/
HJ˛a g2.t/C .log t

a /
˛

� .˛ C 1/
I˛a g2.t/ � 2HJ˛a g.t/I˛a g.t/

� HJ˛a .g �  1/.t/I˛a . 2 � g/.t/C HJ˛a . 2 � g/.t/I˛a .g �  1/.t/

C .t � a/˛

� .˛ C 1/
HJ˛a . 2g C  1g �  1 2/.t/

C .log t
a /
˛

� .˛ C 1/
I˛a . 2g C  1g �  1 2/.t/ (11.42)

C HJ˛a 1.t/I
˛
a . 2 � g/.t/C HJ˛a 2.t/I

˛
a . 1 � g/.t/ � HJ˛a g.t/I˛a . 1 C  2/.t/;

D .t � a/˛

� .˛ C 1/
HJ˛a .'2g C '1g � '1'2/.t/

C .log t
a /
˛

� .˛ C 1/
I˛a .'2g C '1g � '1'2/.t/ � 2HJ˛a g.t/I˛a g.t/

D K.g;  1;  2/:

From (11.40), (11.41) and (11.42), it follows that the required inequality in (11.37)
holds true. �
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Corollary 11.12 If K.f ; '1; '2/ D K.f ;m;M/ and K.g;  1;  2/ D K.g; p;P/,
m; M; p; P 2 R; then the inequality (11.37) reduces to the following fractional
integral inequality:

ˇ̌
ˇ̌ .t � a/˛

� .˛ C 1/
HJ˛a fg.t/C .log t

a /
˛

� .˛ C 1/
I˛a fg.t/ � HJ˛a f .t/I˛a g.t/ � I˛a f .t/HJ˛a g.t/

ˇ̌
ˇ̌

�1
4

("�
HJ˛a f .t/ � I˛a f .t/C M

.t � a/˛

� .˛ C 1/
� m

.log t
a /
˛

� .˛ C 1/

�2

C
�

I˛a f .t/ � HJ˛a f .t/C M
.log t

a /
˛

� .˛ C 1/
� m

.t � a/˛

� .˛ C 1/

�2 #1=2

�
"�

HJ˛a g.t/ � I˛a g.t/C P
.t � a/˛

� .˛ C 1/
� p

.log t
a /
˛

� .˛ C 1/

�2

C
�

HJ˛a g.t/ � I˛a g.t/C p
.t � a/˛

� .˛ C 1/
� P

.log t
a /
˛

� .˛ C 1/

�2 #1=2)
:

Theorem 11.15 Let f and g be two integrable functions on Œa;1/, a > 0.
Assume that there exist four integrable functions '1; '2;  1 and  2 satisfying the
conditions (11.10.1) and (11.14.1) on Œa;1/. Then, for all 0 < a < t < 1 and
˛; ˇ > 0; the following inequality holds:

ˇ̌
ˇ .t � a/ˇ

� .ˇ C 1/
HJ˛a fg.t/C .log t

a /
˛

� .˛ C 1/
Iˇa fg.t/ � HJ˛a f .t/Iˇa g.t/ � Iˇa f .t/HJ˛a g.t/

ˇ̌
ˇ

� jK1.f ; '1; '2/j1=2 jK1.g;  1;  2/j1=2 ; (11.43)

where K1.u; v;w/ is defined by

K1.u; v;w/ D .t � a/ˇ

� .ˇ C 1/
HJ˛a .uw C uv � vw/.t/

C .log t
a /
˛

� .˛ C 1/
Iˇa .uw C uv � vw/.t/ � 2HJ˛a u.t/Iˇa u.t/:

Proof Multiplying both sides of (11.38) by .log.t=�//˛�1.t ��/ˇ�1=.�� .˛/� .ˇ//,
�; � 2 .a; t/; and then double integrating with respect to � and � from a to t; we get

1

� .˛/� .ˇ/

Z t

a

Z t

a

�
log

t

�

�˛�1
.t � �/ˇ�1 H.�; �/d�

d�

�

D .t � a/ˇ

� .˛ C 1/
HJ˛a fg.t/C .log t

a /
˛

� .˛ C 1/
Iˇa fg.t/ � HJ˛a f .t/Iˇa g.t/ � Iˇa f .t/HJ˛a g.t/:

(11.44)
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Applying the Cauchy-Schwarz inequality to double integrals, we have

ˇ̌
ˇ̌ .t � a/˛

� .˛ C 1/
HJ˛a fg.t/C .log t

a /
˛

� .˛ C 1/
I˛a fg.t/ � HJ˛a f .t/I˛a g.t/ � I˛a f .t/HJ˛a g.t/

ˇ̌
ˇ̌

�
"

1

� .˛/� .ˇ/

Z t

a

Z t

a

�
log

t

�

�˛�1
.t � �/ˇ�1 f 2.�/d�

d�

�

C 1

� .˛/� .ˇ/

Z t

a

Z t

a

�
log

t

�

�˛�1
.t � �/ˇ�1 f 2.�/d�

d�

�

� 2

� .˛/� .ˇ/

Z t

a

Z t

a

�
log

t

�

�˛�1
.t � �/ˇ�1 f .�/f .�/d�

d�

�

#1=2

�
"

1

� .˛/� .ˇ/

Z t

a

Z t

a

�
log

t

�

�˛�1
.t � �/ˇ�1 g2.�/d�

d�

�

C 1

� .˛/� .ˇ/

Z t

a

Z t

a

�
log

t

�

�˛�1
.t � �/ˇ�1 g2.�/d�

d�

�

� 2

� .˛/� .ˇ/

Z t

a

Z t

a

�
log

t

�

�˛�1
.t � �/ˇ�1 g.�/g.�/d�

d�

�

#1=2
:

Therefore, we get

ˇ̌
ˇ̌ .t � a/˛

� .˛ C 1/
HJ˛a fg.t/C .log t

a /
˛

� .˛ C 1/
I˛a fg.t/ � HJ˛a f .t/I˛a g.t/ � I˛a f .t/HJ˛a g.t/

ˇ̌
ˇ̌

�
"
.t � a/ˇ

� .ˇ C 1/
HJ˛a f 2.t/C

�
log t

�

�˛
� .˛ C 1/

Iˇa f 2.t/ � 2HJ˛a f .t/Iˇa f .t/

#1=2

�
"
.t � a/ˇ

� .ˇ C 1/
HJ˛a g2.t/C

�
log t

�

�˛
� .˛ C 1/

Iˇa g2.t/ � 2HJ˛a g.t/Iˇa g.t/

#1=2
:

Thus, from Lemma 11.3, we have

.t � a/ˇ

� .ˇ C 1/
HJ˛a f 2.t/C .log t

a /
˛

� .˛ C 1/
Iˇa f 2.t/ � 2HJ˛a f .t/Iˇa f .t/

� HJ˛a .f � '1/.t/Iˇa .'2 � f /.t/C HJ˛a .'2 � f /.t/Iˇa .f � '1/.t/

C .t � a/ˇ

� .ˇ C 1/
HJ˛a .'2f C '1f � '1'2/.t/
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C .log t
a /
˛

� .˛ C 1/
Iˇa .'2f C '1f � '1'2/.t/ (11.45)

C HJ˛a'1.t/I
ˇ
a .'2 � f /.t/C HJ˛a'2.t/I

ˇ
a .'1 � f /.t/ � HJ˛a f .t/Iˇa .'1 C '2/.t/

D .t � a/ˇ

� .ˇ C 1/
HJ˛a .'2f C '1f � '1'2/.t/

C .log t
a /
˛

� .˛ C 1/
Iˇa .'2f C '1f � '1'2/.t/ � 2HJ˛a f .t/Iˇa f .t/

D K1.f ; '1; '2/;

and

.t � a/ˇ

� .ˇ C 1/
HJ˛a g2.t/C .log t

a /
˛

� .˛ C 1/
Iˇa g2.t/ � 2HJ˛a g.t/Iˇa g.t/

� HJ˛a .g �  1/.t/Iˇa . 2 � g/.t/C HJ˛a . 2 � g/.t/Iˇa .g �  1/.t/

C .t � a/ˇ

� .ˇ C 1/
HJ˛a . 2g C  1g �  1 2/.t/

C .log t
a /
˛

� .˛ C 1/
Iˇa . 2g C  1g �  1 2/.t/ (11.46)

C HJ˛a 1.t/I
ˇ
a . 2 � g/.t/C HJ˛a 2.t/I

ˇ
a . 1 � g/.t/ � HJ˛a g.t/Iˇa . 1 C  2/.t/

D .t � a/ˇ

� .ˇ C 1/
HJ˛a .'2g C '1g � '1'2/.t/

C .log t
a /
˛

� .˛ C 1/
Iˇa .'2g C '1g � '1'2/.t/ � 2HJ˛a g.t/Iˇa g.t/

D K1.g;  1;  2/:

From (11.39), (11.45) and (11.46), we obtain the desired inequality in (11.43). �

Corollary 11.13 If K.f ; '1; '2/ D K.f ;m;M/ and K.g;  1;  2/ D K.g; p;P/,
m; M; p; P 2 R; then inequality (11.37) reduces to the following fractional integral
inequality:

ˇ̌
ˇ̌ .t � a/ˇ

� .ˇ C 1/
HJ˛a fg.t/C .log t

a /
˛

� .˛ C 1/
Iˇa fg.t/ � HJ˛a f .t/Iˇa g.t/ � Iˇa f .t/HJ˛a g.t/

ˇ̌
ˇ̌

�1
4

("�
HJ˛a f .t/ � Iˇa f .t/C M

.t � a/ˇ

� .ˇ C 1/
� m

.log t
a /
˛

� .˛ C 1/

�2
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C
�

Iˇa f .t/ � HJ˛a f .t/C M
.log t

a /
˛

� .˛ C 1/
� m

.t � a/ˇ

� .ˇ C 1/

�2 #1=2

�
"�

HJ˛a g.t/ � I˛a g.t/C P
.t � a/ˇ

� .ˇ C 1/
� p

.log t
a /
˛

� .˛ C 1/

�2

C
�

HJ˛a g.t/ � Iˇa g.t/C p
.t � a/ˇ

� .ˇ C 1/
� P

.log t
a /
˛

� .˛ C 1/

�2 #1=2)
:

11.4.1 Applications

In this subsection, we demonstrate a method for constructing four bounding
functions, and use them to give some estimates for Chebyshev type inequalities
involving Riemann-Liouville and Hadamard fractional integrals for two unknown
functions.

From the definitions, for 0 < a D t0 < t1 < t2 < � � � < tp < tpC1 D T ,
we define two notations of sub-integrals for Riemann-Liouville and Hadamard
fractional integrals as

I˛tj;tjC1
f .T/ D 1

� .˛/

Z tjC1

tj

.T � �/˛�1f .�/d�; j D 0; 1; : : : ; p: (11.47)

and

HJ˛tj;tjC1
f .T/ D 1

� .˛/

Z tjC1

tj

�
log

T

�

�˛�1
f .�/

d�

�
; j D 0; 1; : : : ; p: (11.48)

Note that

I˛a f .T/ D
pX

jD0
I˛tj;tjC1

f .T/

D 1

� .˛/

Z t1

a
.T � �/˛�1f .�/d� C 1

� .˛/

Z t2

t1

.T � �/˛�1f .�/d�

C � � � C 1

� .˛/

Z T

tp

.T � �/˛�1f .�/d�;
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and

HJ˛a f .T/ D
pX

jD0
J˛tj;tjC1

f .T/

D 1

� .˛/

Z t1

a

�
log

T

�

�˛�1
f .�/d� C 1

� .˛/

Z t2

t1

�
log

T

�

�˛�1
f .�/d�

C � � � C 1

� .˛/

Z T

tp

�
log

T

�

�˛�1
f .�/d�:

Let u be a unit step function defined by

u.t/ D

1; t > 0;
0; t � 0;

(11.49)

and let ua.t/ be the Heaviside unit step function defined by

ua.t/ D u.t � a/ D

1; t > a;
0; t � a:

(11.50)

Let '1 be a piecewise continuous functions on Œ0;T� defined by

'1.t/ D m1.u0.t/ � ut1 .t//C m2.ut1 .t/ � ut2 .t//C : : :C mpC1utp.t/

D m1u0.t/C .m2 � m1/ut1 .t/C : : :C .mpC1 � mp/utp.t/

D
pX

jD0
.mjC1 � mj/utj.t/; (11.51)

where m0 D 0 and 0 < a D t0 < t1 < t2 < � � � < tp < tpC1 D T:
Analogously, we define the functions '2;  1 and  2 as

'2.t/ D
pX

jD0
.MjC1 � Mj/utj.t/; (11.52)

 1.t/ D
pX

jD0
.njC1 � nj/utj.t/; (11.53)

 2.t/ D
pX

jD0
.NjC1 � Nj/utj.t/; (11.54)
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Fig. 11.1 Functions f , '1 and '2

where n0 D N0 D M0 D 0: If there is an integrable function f on Œa;T� satisfying
condition (11.10.1), then we get mjC1 � f .t/ � MjC1 for each t 2 .tj; tjC1�,
j D 0; 1; 2; : : : ; p: In particular, for p D 4; the time history of f has been shown
in Fig. 11.1.

Proposition 11.1 Let f and g be two integrable functions on Œa;T�, a > 0.
Assume that the functions '1; '2;  1 and  2 defined by (11.51), (11.52), (11.53)
and (11.54) respectively, satisfy (11.10.1) and (11.14.1). Then, for ˛ > 0; the
following inequality holds:ˇ̌

ˇ̌ .t � a/˛

� .˛ C 1/
HJ˛a fg.t/C .log t

a /
˛

� .˛ C 1/
I˛a fg.t/ � HJ˛a f .t/I˛a g.t/ � I˛a f .t/HJ˛a g.t/

ˇ̌
ˇ̌

(11.55)

� jK�.f ; '1; '2/j1=2 jK�.g;  1;  2/j1=2 ;
where

K�.u; v;w/.T/

� .T � a/˛

� .˛ C 1/

pX
jD0

(
w HJ˛ti;tjC1

u.T/C v HJ˛ti;tjC1
u.T/ � vw

��
log

T

tj

�˛
�
�

log
T

tjC1

�˛� )

C .log T
a /
˛

� .˛ C 1/

pX
jD0

(
wI˛ti;tjC1

u.T/C vI˛ti;tjC1
u.T/ � vw

	
.T � tj/

˛ � .T � tjC1/˛

 )

� 2
0
@

pX
jD0

HJ˛ti;tjC1
u.T/

1
A
0
@

pX
jD0

I˛ti;tjC1
u.T/

1
A :
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Proof Since

I˛tj;tjC1
.1/.T/ D 1

� .˛/

Z tjC1

tj

.T � �/˛�1 d�

D 1

� .˛ C 1/

	�
T � tj

�˛ � �
T � tjC1

�˛

;

HJ˛tj;tjC1
.1/.T/ D 1

� .˛/

Z tjC1

tj

�
log

T

�

�˛�1 d�

�

D 1

� .˛ C 1/

��
log

T

tj

�˛
�
�

log
T

tjC1

�˛�
;

we have

I˛a .'1'2/.T/ D
pX

jD0

mjC1MjC1
� .˛ C 1/

	�
T � tj

�˛ � �
T � tjC1

�˛

;

HJ˛tj;tjC1
. 1 2/.T/ D

pX
jD0

njC1NjC1
� .˛ C 1/

��
log

T

tj

�˛
�
�

log
T

tjC1

�˛�
:

Therefore, two functionals K�.f ; '1; '2/.T/ and K�.g;  1;  2/.T/ can be
expressed as

K�.f ; '1; '2/.T/ � .t � a/˛

� .˛ C 1/

pX
jD0

(
MjC1J˛ti;tjC1

f .T/C mjC1J˛ti;tjC1
f .T/

� mjC1MjC1
��

log
T

tj

�˛
�
�

log
T

tjC1

�˛� )

C .log t
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˛

� .˛ C 1/

pX
jD0
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MjC1I˛ti;tjC1

f .T/C mjC1I˛ti;tjC1
f .T/

� mjC1MjC1
	
.T � tj/

˛ � .T � tjC1/˛

 )

� 2
0
@ pX

jD0
HJ˛ti;tjC1

f .T/

1
A
0
@ pX

jD0
I˛ti;tjC1

f .T/

1
A ;
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and

K�.g;  1;  2/.T/ � .t � a/˛

� .˛ C 1/

pX
jD0

(
NjC1J˛ti;tjC1

g.T/C njC1J˛ti;tjC1
g.T/

� njC1MjC1
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log
T
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�˛
�
�

log
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tjC1

�˛� )

C .log t
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� .˛ C 1/

pX
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(
NjC1I˛ti;tjC1

g.T/C njC1I˛ti;tjC1
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� njC1NjC1
	
.T � tj/

˛ � .T � tjC1/˛

 )

� 2
0
@ pX

jD0
HJ˛ti;tjC1

g.T/

1
A
0
@ pX

jD0
I˛ti;tjC1

g.T/

1
A :

By applying Theorem 11.14, we obtain the required inequality (11.55). �

Proposition 11.2 Let f and g be two integrable functions on Œa;T�, a > 0. Assume
that the functions '1; '2;  1 and  2 defined by (11.51), (11.52), (11.53) and (11.54),
respectively, satisfy (11.10.1) and (11.14.1). Then, for ˛; ˇ > 0; the following
inequality holds:

ˇ̌
ˇ̌ .t � a/ˇ

� .ˇ C 1/
HJ˛a fg.t/C .log t

a /
˛

� .˛ C 1/
Iˇa fg.t/ � HJ˛a f .t/Iˇa g.t/ � Iˇa f .t/HJ˛a g.t/

ˇ̌
ˇ̌

(11.56)

� jK�
1 .f ; '1; '2/j1=2 jK�

1 .g;  1;  2/j1=2 ;

where

K�

1 .u; v;w/.T/

� .T � a/ˇ

� .ˇ C 1/

pX
jD0

(
w HJ˛ti ;tjC1

u.T/C v HJ˛ti ;tjC1
u.T/� vw

��
log

T

tj

�˛
�
�

log
T

tjC1

�˛� )

C .log T
a /
˛

� .˛ C 1/

pX
jD0

(
wIˇti;tjC1

u.T/C vIˇti;tjC1
u.T/� vw

	
.T � tj/

ˇ � .T � tjC1/
ˇ

 )

� 2

0
@ pX

jD0

HJ˛ti ;tjC1
u.T/

1
A
0
@ pX

jD0

Iˇti;tjC1
u.T/

1
A :
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Proof By direct computations, we have

K�
1 .f ; '1; '2/.T/ � .t � a/ˇ

� .ˇ C 1/

pX
jD0

(
MjC1J˛ti;tjC1

f .T/C mjC1J˛ti;tjC1
f .T/

� mjC1MjC1
��

log
T

tj

�˛
�
�

log
T

tjC1

�˛� )

C .log t
a /
˛

� .˛ C 1/

pX
jD0

(
MjC1I˛ti;tjC1

f .T/C mjC1Iˇti;tjC1
f .T/

� mjC1MjC1
	
.T � tj/

ˇ � .T � tjC1/ˇ

 )

� 2
0
@ pX

jD0
HJ˛ti;tjC1

f .T/

1
A
0
@ pX

jD0
Iˇti;tjC1

f .T/

1
A ;

and

K�
1 .g;  1;  2/.T/ � .t � a/ˇ

� .ˇ C 1/

pX
jD0

(
NjC1J˛ti;tjC1

g.T/C njC1J˛ti;tjC1
g.T/

� njC1MjC1
��

log
T

tj

�˛
�
�

log
T

tjC1

�˛� )

C .log t
a /
˛

� .˛ C 1/

pX
jD0

(
NjC1Iˇti;tjC1

g.T/C njC1Iˇti;tjC1
g.T/

� njC1NjC1
	
.T � tj/

ˇ � .T � tjC1/ˇ

 )

� 2
0
@ pX

jD0
HJ˛ti;tjC1

g.T/

1
A
0
@ pX

jD0
Iˇti;tjC1

g.T/

1
A :

By applying Theorem 11.15, the required inequality (11.56) follows. �
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11.5 Certain Chebyshev Type Integral Inequalities Involving
Hadamard’s Fractional Operators

In this section, we obtain certain new integral inequalities which provide an esti-
mation for the fractional integral of a product of the individual function fractional
integrals, involving Hadamard fractional integral operators.

Theorem 11.16 Let p be a positive function, and f and g be two differentiable
functions on Œ1;1/. If f 0 2 Lr.Œ1;1//; g0 2 Ls.Œ1;1//; r > 1; r�1 C s�1 D 1:

Then, for all t > 1 and ˛ > 0,

2 jHJ˛ fp.t/gH J˛ fp.t/f .t/g.t/g � HJ˛ fp.t/f .t/g HJ˛ fp.t/g.t/gj

� jjf 0jjr jjg0jjs
� 2.˛/

Z t

1

Z t

1

�
log

t

�

�˛�1 �
log

t

�

�˛�1 p.�/p.�/

� �
j� � �j d�d�

� ˇ̌ˇ̌
f 0 ˇ̌ˇ̌

r

ˇ̌ˇ̌
g0 ˇ̌ˇ̌

s t .HJ˛ fp.t/g/2 :
(11.57)

Proof We define

H .�; �/ D .f .�/ � f .�// .g.�/ � g.�// ; (11.58)

and

F.t; �/ D
�
log t

�

�˛�1

� � .˛/
; � 2 .1; t/ ; t > 1: (11.59)

Notice that the function F.t; �/ remains positive, for all � 2 .1; t/; t > 1. Multiplying
both sides of (11.58) by F.t; �/p.�/ and integrating with respect to � from 1 to t, we
get

1

� .˛/

Z t

1

�
log

t

�

�˛�1 p.�/

�
H .�; �/d�

D HJ˛ fp.t/f .t/g.t/g � f .�/HJ˛ fp.t/g.t/g
�g.�/HJ˛ fp.t/f .t/g C f .�/g.�/HJ˛ fp.t/g :

(11.60)

Next, multiplying both sides of (11.60) by F.t; �/p.�/, and integrating with respect
to � from 1 to t, we obtain

1

� 2.˛/

Z t

1

Z t

1

�
log

t

�

�˛�1 �
log

t

�

�˛�1 p.�/p.�/

� �
H .�; �/d�d�

D 2 .HJ˛ fp.t/gH J˛ fp.t/f .t/g.t/g �H J˛ fp.t/f .t/gH J˛ fp.t/g.t/g/ :
(11.61)
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In view of (11.58), we have

H .�; �/ D
Z �

�

Z �

�

f 0.y/g0.z/dydz:

Using the following Hölder’s inequality for r > 1 and r�1 C s�1 D 1:

ˇ̌
ˇ̌
Z �

�

Z �

�

f .y/g.z/dydz

ˇ̌
ˇ̌ �

ˇ̌
ˇ̌
Z �

�

Z �

�

jf .y/jr dydz

ˇ̌
ˇ̌r

�1 ˇ̌
ˇ̌
Z �

�

Z �

�

jg.z/js dydz

ˇ̌
ˇ̌s

�1

;

we obtain

jH .�; �/j �
ˇ̌
ˇ̌
Z �

�

Z �

�

ˇ̌
f 0.y/

ˇ̌r
dydz

ˇ̌
ˇ̌r

�1 ˇ̌
ˇ̌
Z �

�

Z �

�

ˇ̌
g0.z/

ˇ̌s
dydz

ˇ̌
ˇ̌s

�1

: (11.62)

Since

ˇ̌
ˇ̌Z �

�

Z �

�

ˇ̌
f 0.y/

ˇ̌r
dydz

ˇ̌
ˇ̌r

�1

D j� � �jr�1

ˇ̌
ˇ̌Z �

�

ˇ̌
f 0.y/

ˇ̌r
dy

ˇ̌
ˇ̌r

�1

and

ˇ̌
ˇ̌
Z �

�

Z �

�

ˇ̌
g0.z/

ˇ̌s
dydz

ˇ̌
ˇ̌s

�1

D j� � �js�1

ˇ̌
ˇ̌
Z �

�

ˇ̌
g0.z/

ˇ̌s
dz

ˇ̌
ˇ̌s

�1

;

the inequality (11.62) reduces to

jH .�; �/j � j� � �j
ˇ̌
ˇ̌Z �

�

ˇ̌
f 0.y/

ˇ̌r
dy

ˇ̌
ˇ̌r

�1 ˇ̌
ˇ̌Z �

�

ˇ̌
g0.z/

ˇ̌s
dz

ˇ̌
ˇ̌s

�1

: (11.63)

Again, it follows from (11.61) that
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� 2.˛/

Z t

1

Z t

1

�
log

t

�

�˛�1 �
log

t

�

�˛�1 p.�/p.�/

� �
jH .�; �/j d�d�

� 1

� 2.˛/

Z t

1

Z t

1

�
log

t

�

�˛�1 �
log

t

�

�˛�1 p.�/p.�/

� �
j� � �j �

�
ˇ̌
ˇ̌
Z �

�

ˇ̌
f 0.y/

ˇ̌r
dy

ˇ̌
ˇ̌r

�1 ˇ̌
ˇ̌
Z �

�

ˇ̌
g0.z/

ˇ̌s
dz

ˇ̌
ˇ̌s

�1

d�d�:

(11.64)

Applying Hölder’s inequality on the right-hand side of (11.64), we get

1

� 2.˛/

Z t

1

Z t

1

�
log

t
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�˛�1
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log
t

�

�˛�1 p.�/p.�/

� �
jH .�; �/j d�d�
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�
"

1

� r.˛/

Z t

1

Z t

1

�
log

t

�

�˛�1
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t

�

�˛�1 p.�/p.�/

� �
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�
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:

In view of the fact that ˇ̌
ˇ̌Z �

�

jf .y/jp dy

ˇ̌
ˇ̌ � jjf jjpp ;

we get
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�

log
t

�

�˛�1 p.�/p.�/

� �
jH .�; �/j d�d�

�
"

jjf 0jjr
r

� r.˛/

Z t

1

Z t

1

�
log

t

�

�˛�1
�

log
t

�

�˛�1 p.�/p.�/

� �
j� � �j d�d�

#r�1

�

�
"

jjg0jjs
s

� s.˛/

Z t

1

Z t

1

�
log

t

�

�˛�1
�

log
t

�

�˛�1 p.�/p.�/

� �
j� � �j d�d�

#s�1

:

(11.65)

From (11.65), we have
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(11.66)

Using the relation r�1 C s�1 D 1, the above inequality takes the form:
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�
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� �
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(11.67)

On the other hand, (11.61) gives

2 j HJ˛ fp.t/g HJ˛ fp.t/f .t/g.t/g � HJ˛ fp.t/f .t/g HJ˛ fp.t/g.t/gj

� 1

� 2.˛/

Z t

1

Z t

1

�
log

t

�

�˛�1
�

log
t

�

�˛�1 p.�/p.�/

� �
jH .�; �/j d�d�:

(11.68)

On making use of (11.67) and (11.68), the left-hand side of the inequality (11.57)
follows in a straightforward manner.
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To establish the right-hand side of the inequality (11.57), we observe that 1 �
� � t; 1 � � � t, and that

0 � j� � �j � t:

Evidently, from (11.67), we have
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1
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D ˇ̌ˇ̌
f 0 ˇ̌ˇ̌

r

ˇ̌ˇ̌
g0 ˇ̌ˇ̌

s t .HJ˛ fp.t/g/2 ;

which completes the proof of Theorem 11.16. �

Now, we establish the following integral inequality, which may be regarded as a
generalization of Theorem 11.16.

Theorem 11.17 Let p be a positive function and f and g be two differentiable
functions on Œ1;1/. If f 0 2 Lr.Œ1;1//; g0 2 Ls.Œ1;1//; r > 1; r�1 C s�1 D 1,
then

ˇ̌
HJ˛ fp.t/g HJˇ fp.t/f .t/g.t/g C HJˇ fp.t/g HJ˛ fp.t/f .t/g.t/g

� HJ˛ fp.t/f .t/g HJˇ fp.t/g.t/g � HJˇ fp.t/f .t/g HJ˛ fp.t/g.t/gˇ̌

� jjf 0jjr jjg0jjs
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log
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log
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g0 ˇ̌ˇ̌

s tHJ˛ fp.t/g HJˇ fp.t/g ;

for all t > 1; ˛ > 0 and ˇ > 0:

Proof The inequality (11.60) plays a pivotal role in proving this result. Multiplying

both sides of (11.60) by
�

log t
�

�ˇ�1
p.�/=.� � .ˇ//; � 2 .1; t/ ; t > 1; which

remains positive, and integrating with respect to � from 1 to t, we get
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� HJ˛ fp.t/f .t/g HJˇ fp.t/g.t/g � HJˇ fp.t/f .t/g HJ˛ fp.t/g.t/g :

(11.69)
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Now using (11.63) in (11.69), we get
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(11.70)
Applying the Hölder’s inequality on the right-hand side of (11.70), we obtain
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or
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(11.71)

In view of (11.69) and (11.71), and the properties of modulus, one can easily arrive
at the left-sided inequality of Theorem 11.17. Moreover, we have 1 � � � t; 1 �
� � t, and hence

0 � j� � �j � t:

Therefore, from (11.71), we get
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s t HJ˛ fp.t/gH Jˇ fp.t/g ;

which completes the proof of Theorem 11.17.

Remark 11.2 For ˇ D ˛, Theorem 11.17 immediately reduces to Theorem 11.16.
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11.5.1 Special Cases

As implications of our main results, we consider some consequent results of
Theorems 11.16 and 11.17 by suitably choosing the function p.t/. For instance,
taking p.t/ D .log t/�.� 2 Œ0;1/; t 2 .1;1//, the following results follow from
Theorems 11.16 and 11.17 respectively.

Corollary 11.14 Let f and g be two differentiable functions on Œ1;1/. If f 0 2
Lr.Œ1;1//; g0 2 Ls.Œ1;1//; r > 1; r�1 C s�1 D 1, then for all t > 1, � 2 Œ0;1/

and ˛ > 0,

2

ˇ̌
ˇ̌ � .1C �/

� .1C �C ˛/
.log t/�C˛

HJ˛
˚
.log t/�f .t/g.t/

�

� HJ˛
˚
.log t/�f .t/

�
HJ˛

˚
.log t/�g.t/

�ˇ̌

� jjf 0jjr jjg0jjs
� 2.˛/

Z t

1

Z t

1

�
log

t

�

�˛�1 �
log

t

�

�˛�1
.log �/�.log �/�

� �
j� � �j d�d�

� ˇ̌ˇ̌
f 0ˇ̌ˇ̌

r

ˇ̌ˇ̌
g0 ˇ̌ˇ̌

s t
� 2.1C �/

� 2.1C �C ˛/
.log t/2�C2˛:

Corollary 11.15 Let f and g be two differentiable functions on Œ1;1/. If f 0 2
Lr.Œ1;1//; g0 2 Ls.Œ1;1//; r > 1; r�1 C s�1 D 1, then

ˇ̌
ˇ̌ � .1C �/

� .1C �C ˛/
.log t/�C˛

HJˇ
˚
.log t/�f .t/g.t/

�

C � .1C �/

� .1C �C ˇ/
.log t/�Cˇ

HJ˛
˚
.log t/�f .t/g.t/

�

� HJ˛
˚
.log t/�f .t/

�
HJˇ

˚
.log t/�g.t/

�� HJˇ
˚
.log t/�f .t/

�
H J˛

˚
.log t/�g.t/

�ˇ̌

� jjf 0jjr jjg0jjs

� .˛/� .ˇ/

Z t

1

Z t

1

�
log

t

�

�˛�1
�

log
t

�

�ˇ�1
.log �/�.log �/�

� �
j� � �j d�d�

� jjf 0jjr jjg0jjs t
� 2.1C �/

� .1C �C ˛/� .1C �C ˇ/
.log t/2�C˛Cˇ;

for all t > 1; ˛ > 0, ˇ > 0 and � 2 Œ0;1/:

Further, if we put � D 0 in Corollaries 11.14 and 11.15 (or set p.t/ D 1 in
Theorems 11.16 and 11.17), we obtain the following results:

Corollary 11.16 Let f and g be two differentiable functions on Œ1;1/. If f 0 2
Lr.Œ1;1//; g0 2 Ls.Œ1;1//; r > 1; r�1 C s�1 D 1, then for all t > 1 and ˛ > 0,

2

ˇ̌
ˇ̌ .log t/˛

� .1C ˛/
HJ˛ f.f .t/g.t/g � HJ˛ ff .t/g HJ˛ f.g.t/g

ˇ̌
ˇ̌
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� jjf 0jjr jjg0jjs
� 2.˛/

Z t

1

Z t

1

�
log

t

�

�˛�1 �
log

t

�

�˛�1 j� � �j
� �

d�d�

� ˇ̌ˇ̌
f 0 ˇ̌ˇ̌

r

ˇ̌ˇ̌
g0 ˇ̌ˇ̌

s

t .log t/2˛

� 2.1C ˛/
:

Corollary 11.17 Let f and g be two differentiable functions on Œ1;1/. If f 0 2
Lr.Œ1;1//; g0 2 Ls.Œ1;1//; r > 1; r�1 C s�1 D 1, then

ˇ̌
ˇ̌ .log t/˛

� .1C ˛/
HJˇ f.f .t/g.t/g C .log t/ˇ

� .1C ˇ/
HJ˛ ff .t/g.t/g

� HJ˛ ff .t/g HJˇ f.g.t/g � HJˇ ff .t/gH J˛ fg.t/gˇ̌

� jjf 0jjr jjg0jjs
� .˛/� .ˇ/

Z t

1

Z t

1

�
log

t

�

�˛�1 �
log

t

�

�ˇ�1 j� � �j
� �

d�d�

� ˇ̌ˇ̌
f 0 ˇ̌ˇ̌

r

ˇ̌ˇ̌
g0 ˇ̌ˇ̌

s

t .log t/˛Cˇ

� .1C ˛/� .1C ˇ/
;

for all t > 1; ˛ > 0 and ˇ > 0.

11.6 Integral Inequalities with “maxima” and Their
Applications to Hadamard Type Fractional Differential
Equations

Differential equations with “maxima” are a special type of differential equations
that contain the maximum of the unknown function over a previous interval. Several
integral inequalities have been established in the case when maxima of the unknown
scalar function is involved in the integral, for instance, see [39, 92] and references
cited therein.

Recently in [158], some new types of integral inequalities on time scales with
“maxima” are established, which can be used as a handy tool in the investigation
of making estimates for bounds of solutions of dynamic equations on time scales
with “maxima”. In this section, we establish some new integral inequalities with
“maxima” involving Hadamard’s integral. The significance of our work lies in the
fact that “maxima” are taken on intervals Œˇt; t� which have non-constant length,
where 0 < ˇ < 1: In many papers, the “maxima” on Œt � h; t�; where h > 0; is a
given constant.
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11.6.1 Useful Lemmas

Throughout this subsection, we take t0 > 0. The following results in Lemmas 11.4
and 11.5 are obtained by reducing the time scale T D R, f .t/ D g.t/ 
 1, and
a.t/ D b.t/ 
 0 for all t 2 .t0;T/ in Theorems 3.3 and 3.2 ([160], pp. 8 and 6),
respectively.

Lemma 11.4 ([160]) Let the following conditions be satisfied:

(11.4.1) the functions p and q 2 C..t0;T/;RC/I
(11.4.2) the function 	 2 C

�
Œˇt0;T/ ;RC� with maxs2Œˇt0;t0� 	.s/ > 0, where

0 < ˇ < 1I
(11.4.3) the function u 2 C

�
Œˇt0;T/ ;RC� and satisfies the inequalities

u.t/ � 	.t/C
Z t

t0

�
p.s/u.s/C q.s/ max

�2Œˇs;s�
u.�/

�
ds; t 2 .t0;T/;

u.t/ � 	.t/; t 2 Œˇt0; t0� :

Then the following inequality holds:

u.t/ � 	.t/C h.t/ exp

�Z t

t0

Œp.s/C q.s/�ds

�
; t 2 .t0;T/;

where

h.t/ D max
s2Œˇt0;t0�

	.s/C
Z t

t0

�
p.s/	.s/C q.s/ max

�2Œˇs;s�
	.�/

�
ds; t 2 .t0;T/:

By splitting the initial function 	 into two functions, we deduce the following
corollary.

Corollary 11.18 Let the following conditions be satisfied:

(11.18.1) the functions p, q and v 2 C..t0;T/;RC/I
(11.18.2) the function w 2 C

�
Œˇt0; t0� ;RC� with maxs2Œˇt0;t0� w.s/ > 0 and

w.t0/ D v.t0/, where 0 < ˇ < 1I
(11.18.3) the function u 2 C

�
Œˇt0;T/ ;RC� satisfies the inequalities:

u.t/ � v.t/C
Z t

t0

�
p.s/u.s/C q.s/ max

�2Œˇs;s�
u.�/

�
ds; t 2 .t0;T/;

u.t/ � w.t/; t 2 Œˇt0; t0� :

Then

u.t/ � v.t/C h.t/ exp

�Z t

t0

Œp.s/C q.s/�ds

�
; t 2 .t0;T/;
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where

h.t/ D max
s2Œˇt0;t0�

w.s/C
Z t

t0

�
p.s/v.s/C q.s/ max

�2Œˇs;s�
m.�/

�
ds; t 2 .t0;T/;

with

m.t/ D
(
v.t/; t 2 .t0;T/;
w.t/; t 2 Œˇt0; t0� :

Lemma 11.5 ([160]) Let the condition (11.4.1) of Lemma 11.4 be satisfied. In
addition, assume that:

(11.5.1) the function k 2 C..t0;T/; .0;1// is nondecreasing;
(11.5.2) the function 	 2 C

�
Œˇt0; t0/ ;RC� for 0 < ˇ < 1I

(11.5.3) the function u 2 C
�
Œˇt0;T/ ;RC� satisfies the inequalities:

u.t/ � k.t/C
Z t

t0

�
p.s/u.s/C q.s/ max

�2Œˇs;s�
u.�/

�
ds; t 2 .t0;T/;

u.t/ � 	.t/; t 2 Œˇt0; t0� :

Then

u.t/ � Nk.t/ exp

�Z t

t0

Œp.s/C q.s/�ds

�
; t 2 .t0;T/;

where

N D max


1;

maxs2Œˇt0;t0� 	.s/

k.t0/

�
:

The following lemma is a consequence of Jensen’s inequality which can be found
in [104].

Lemma 11.6 ([104]) Let n 2 N, and let x1; : : : ; xn be non-negative real numbers.
Then, for � > 1,

 
nX

iD1
xi

!�
� n��1

nX
iD1

x�i :

11.6.2 Main Results

Theorem 11.18 Suppose that the following conditions are satisfied:

(11.18.1) the functions p and r 2 C..t0;T/;RC/I
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(11.18.2) the function 	 2 C
�
Œˇt0; t0� ;RC� with maxs2Œˇt0;t0� 	.s/ > 0, where

0 < ˇ < 1I
(11.18.3) for ˛ > 0, the function u 2 C

�
Œˇt0;T/ ;RC� with

u.t/ � r.t/C
Z t

t0

�
log

t

s

�˛�1
p.s/ max

�2Œˇs;s�
u.�/

ds

s
; t 2 .t0;T/; (11.72)

u.t/ � 	.t/; t 2 Œˇt0; t0� : (11.73)

Then, the following assertions hold:

.i/ If ˛ >
1

2
, then

u.t/ � t

�
c1r

2.t/C h1.t/ exp

�
2� .2˛ � 1/

t

Z t

t0

p2.s/ds

��1=2
; t 2 .t0;T/;

(11.74)

where

c1 D max
˚
2t�20 ; .ˇt0/

�2� ; (11.75)

and

h1.t/ D c1 max
s2Œˇt0;t0�

	2.s/C 2c1� .2˛ � 1/
t

�
Z t

t0

p2.s/ max
�2Œˇs;s�

m2
1.�/ds; t 2 .t0;T/; (11.76)

with

m1.t/ D
(

r.t/; t 2 .t0;T/;
	.t/; t 2 Œˇt0; t0� :

(11.77)

In addition, if r 2 C..t0;T/; .0;1// is a nondecreasing function, then

u.t/ �
p

c1N1tr.t/ exp

�
� .2˛ � 1/

t

Z t

t0

p2.s/ds

�
; t 2 .t0;T/; (11.78)

where

N1 D max


1;

maxs2Œˇt0;t0� 	
2.s/

r2.t0/

�
: (11.79)
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.ii/ If 0 < ˛ � 1

2
, then

u.t/ � t

2
4c2r

b.t/C h2.t/ exp

0
@
	
2� .˛2/


 1
˛

t

Z t

t0

pb.s/ds

1
A
3
5
1=b

; t 2 .t0;T/;

(11.80)

where b D 1C 1

˛
;

c2 D max
n
2
1
˛ t�b
0 ; .ˇt0/

�b
o
; (11.81)

and

h2.t/ D c2 max
s2Œˇt0;t0�

	b.s/C c2
	
2� .˛2/


1=˛
t

�
Z t

t0

pb.s/ max
�2Œˇs;s�

mb
1.�/ds; t 2 .t0;T/: (11.82)

Moreover, if r 2 C..t0;T/; .0;1// is a nondecreasing function, then

u.t/ � .c2N2/
1
b tr.t/ exp

 	
2� .˛2/


1=˛
bt

Z t

t0

pb.s/ds

!
; t 2 .t0;T/; (11.83)

where

N2 D max


1;

maxs2Œˇt0;t0� 	
b.s/

rb.t0/

�
: (11.84)

Proof .i/ ˛ >
1

2
. For t 2 .t0;T/, by using the Cauchy-Schwarz inequality

in (11.72), we get

u.t/� r.t/C
�Z t

t0

�
log

t

s

�2˛�2
ds

�1=2 "Z t

t0

p2.s/

�
max
�2Œˇs;s�

u.�/

�2 ds

s2

#1=2
: (11.85)

Observe that

Z t

t0

�
log

t

s

�2˛�2
ds D t

Z log t
t0

0

�2˛�2e��d� < � .2˛ � 1/t: (11.86)
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Substituting (11.86) in (11.85), we obtain

u.t/ � r.t/C Œ� .2˛ � 1/t�1=2
"Z t

t0

p2.s/

�
max
�2Œˇs;s�

u.�/

�2 ds

s2

#1=2
:

Applying Lemma 11.6 with n D 2, � D 2, we get the estimate

u2.t/ � 2r2.t/C 2� .2˛ � 1/t
Z t

t0

p2.s/

�
max
�2Œˇs;s�

u.�/

�2 ds

s2
; t 2 .t0;T/:

Setting v.t/ D t�2u2.t/ for t 2 .t0;T/, we have

v.t/ � 2t�2r2.t/C 2� .2˛ � 1/
t

Z t

t0

p2.s/

�
max
�2Œˇs;s�

u.�/

�2 ds

s2

� 2t�20 r2.t/C 2� .2˛ � 1/
t

Z t

t0

p2.s/ max
�2Œˇs;s�

�
��2u2.�/

�
ds

� c1r
2.t/C 2� .2˛ � 1/

t

Z t

t0

p2.s/ max
�2Œˇs;s�

v.�/ds; (11.87)

and for t 2 Œˇt0; t0�,

v.t/ � t�2	2.t/ � .ˇt0/
�2	2.t/ � c1	

2.t/: (11.88)

An application of Corollary 11.18 to (11.87) and (11.88) leads to

v.t/ � c1r
2.t/C h1.t/ exp

�
2� .2˛ � 1/

t

Z t

t0

p2.s/ds

�
; t 2 .t0;T/;

where c1 and h1 are defined by (11.75) and (11.76), respectively. Therefore, we
obtain the desired bound in (11.74).

Now, if r 2 C..t0;T/; .0;1// is a nondecreasing function, then, by
Lemma 11.5 with (11.87) and (11.88), it follows that

v.t/ � c1N1r
2.t/ exp

�
2� .2˛ � 1/

t

Z t

t0

p2.s/ds

�
; t 2 .t0;T/;

where N1 is defined by (11.79). Thus, we get the inequality in (11.78). This
completes the proof of the first part.

.ii/ For the case 0 < ˛ � 1

2
, let a D 1 C ˛ and b D 1 C 1

˛
: It is obvious that

1

a
C 1

b
D 1: Using the Hölder’s inequality in (11.72), for t 2 .t0;T/, we obtain

u.t/� r.t/C
�Z t

t0

�
log

t

s

�a.˛�1/
ds

�1=a
"Z t

t0

pb.s/

�
max
�2Œˇs;s�

u.�/

�b ds

sb

#1b

: (11.89)
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For the first integral in (11.89), repeating the process used to get (11.86), we
obtain Z t

t0

�
log

t

s

�a.˛�1/
ds < � .1 � a.1 � ˛// t: (11.90)

Obviously, 1 � a.1 � ˛/ D ˛2 > 0 and � .1 � a.1 � ˛// 2 R. Substitut-
ing (11.90) in (11.89), we get

u.t/ � r.t/C 	
� .˛2/t


1=a

"Z t

t0

pb.s/

�
max
�2Œˇs;s�

u.�/

�b ds

sb

#1=b

:

Applying Lemma 11.6 with n D 2, � D b, we get the following estimate

ub.t/ � 2b�1rb.t/C 2b�1 	� .˛2/t
b=a
Z t

t0

pb.s/

�
max
�2Œˇs;s�

u.�/

�b ds

sb

D 2
1
˛ rb.t/C 	

2� .˛2/t

1=˛ Z t

t0

pb.s/

�
max
�2Œˇs;s�

u.�/

�b ds

sb
; t 2 .t0;T/:

By taking v.t/ D t�bub.t/, we have

v.t/ � c2r
b.t/C

	
2� .˛2/


1=˛
t

Z t

t0

pb.s/ max
�2Œˇs;s�

v.�/ds; t 2 .t0;T/;

(11.91)

and

v.t/ � c2	
b.t/; t 2 Œˇt0; t0�: (11.92)

An application of Corollary 11.18 to (11.91) and (11.92) yields

v.t/ � c2r
b.t/C h2.t/ exp

 	
2� .˛2/


1=˛
t

Z t

t0

pb.s/ds

!
; t 2 .t0;T/;

where c2 and h2 are defined by (11.81) and (11.82), respectively. Thus, we get
the required inequality in (11.80).

Furthermore, if r 2 C..t0;T/; .0;1// is a nondecreasing function, then, by
applying Lemma 11.5 to (11.92) and (11.93), we get

v.t/ � c2N2r
b.t/ exp

 	
2� .˛2/


1=˛
t

Z t

t0

pb.s/ds

!
; t 2 .t0;T/;

where N2 is defined by (11.84). Therefore, the desired inequality in (11.83) is
established. This completes the proof. �
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Theorem 11.19 Suppose that the conditions (11.18.1) and (11.18.2) are satisfied.
In addition, we assume that:

(11.19.1) the function q 2 C..t0;T/;RC/I
(11.19.2) the function u 2 C

�
Œˇt0;T/ ;RC� with

u.t/ � r.t/C
Z t

t0

�
log

t

s

�˛�1 �
p.s/u.s/C q.s/ max

�2Œˇs;s�
u.�/

�
ds

s
; t 2 .t0;T/;

(11.93)

u.t/ � 	.t/; t 2 Œˇt0; t0� ; (11.94)

where ˛ > 0.

Then, the following assertions hold:

.a/ If ˛ >
1

2
, then

u.t/ � t

�
c3r

2.t/C h3.t/ exp

�
3� .2˛ � 1/

t

Z t

t0

h
p2.s/C q2.s/

i
ds

��1=2
; t 2 .t0;T/;

(11.95)

where

c3 D max
˚
3t�20 ; .ˇt0/

�2� ; (11.96)

and

h3.t/ D c3 max
s2Œˇt0;t0�

	2.s/C 3c3� .2˛ � 1/
t

�
Z t

t0

�
p2.s/r2.s/C q2.s/ max

�2Œˇs;s�
m2
1.�/

�
ds; t 2 .t0;T/;(11.97)

with m1 defined by (11.77).
Furthermore, if r 2 C..t0;T/; .0;1// is a nondecreasing function, then

u.t/ �
p

c3N1tr.t/ exp

�
3� .2˛ � 1/

2t

Z t

t0

	
p2.s/C q2.s/



ds

�
; t 2 .t0;T/;

(11.98)

where N1 is defined by (11.79).
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.b/ If 0 < ˛ � 1

2
, then

u.t/ � t

"
c4r

b.t/C h4.t/ exp

 	
3� .˛2/


1=˛
t

Z t

t0

h
pb.s/C qb.s/

i
ds

!#1=b

; t 2 .t0;T/;

(11.99)

where b D 1C 1

˛
;

c4 D max
˚
31=˛t�b

0 ; .ˇt0/
�b
�
; (11.100)

and

h4.t/ D c4 max
s2Œˇt0;t0�

	b.s/C c4
	
3� .˛2/


1=˛
t

�
Z t

t0

�
pb.s/rb.s/C qb.s/ max

�2Œˇs;s�
mb
1.�/

�
ds; t 2 .t0;T/:

(11.101)

In addition, if r 2 C..t0;T/; .0;1// is a nondecreasing function, then

u.t/ � .c4N2/
1
b tr.t/ exp

 	
3� .˛2/


1=˛
bt

Z t

t0

h
pb.s/C qb.s/

i
ds

!
; t 2 .t0;T/;

(11.102)

where N2 is defined by (11.84).

Proof .a/ ˛ >
1

2
. Using the Cauchy-Schwarz inequality in (11.93), for

t 2 .t0;T/, we have

u.t/ � r.t/C
�Z t

t0

�
log

t

s

�2˛�2
ds

�1=2 �Z t

t0
p2.s/u2.s/

ds

s2

�1=2

C
�Z t

t0

�
log

t

s

�2˛�2
ds

�1=2 "Z t

t0
q2.s/

�
max
�2Œˇs;s�

u.�/

�2 ds

s2

#1=2

� r.t/C Œ� .2˛ � 1/t�1=2
( �Z t

t0
p2.s/u2.s/

ds

s2

�1=2

C
"Z t

t0
q2.s/

�
max
�2Œˇs;s�

u.�/

�2 ds

s2

#1=2 )
:
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From Lemma 11.6 with n D 3, � D 2, we get

u2.t/ � 3r2.t/C 3� .2˛ � 1/t
"Z t

t0

p2.s/u2.s/
ds

s2

C
Z t

t0

q2.s/

�
max
�2Œˇs;s�

u.�/

�2 ds

s2

#
; t 2 .t0;T/:

Setting v.t/ D t�2u2.t/, we obtain

v.t/ � c3r
2.t/C 3� .2˛ � 1/

t

"Z t

t0
p2.s/v.s/ds C

Z t

t0
q2.s/ max

�2Œˇs;s�
v.�/ds

#
; t 2 .t0;T/;

(11.103)

and

v.t/ � c3	
2.t/; t 2 Œˇt0; t0�: (11.104)

Using Corollary 11.18 for (11.103) and (11.104), it follows that

v.t/ � c3r
2.t/C h3.t/ exp

�
3� .2˛ � 1/

t

Z t

t0

	
p2.s/C q2.s/



ds

�
; t 2 .t0;T/;

where c3 and h3 are defined by (11.96) and (11.97), respectively. Therefore, we
get the desired inequality in (11.95).

As a special case, if r 2 C..t0;T/; .0;1// is a nondecreasing function, then
by applying Lemma 11.5 with (11.103) and (11.104), we have

v.t/ � c3N1r
2.t/ exp

�
3� .2˛ � 1/

t

Z t

t0

	
p2.s/C q2.s/



ds

�
; t 2 .t0;T/:

where N1 is defined by (11.79). Thus, we get the required inequality in (11.98).
This completes the proof of the first part.

.b/ 0 < ˛ � 1

2
. Let a D 1 C ˛ and b D 1 C 1

˛
: Using the Hölder’s inequality

in (11.93) for t 2 .t0;T/, we obtain

u.t/ � r.t/C
�Z t

t0

�
log

t

s

�a.˛�1/
ds

�1=a
( �Z t

t0

pb.s/ub.s/
ds

sb

�1=b

C
"Z t

t0

qb.s/

�
max
�2Œˇs;s�

u.�/

�b ds

sb

#1=b )
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� r.t/C 	
� .˛2/t


1=a

( �Z t

t0

pb.s/ub.s/
ds

sb

�1=b

C
"Z t

t0

qb.s/

�
max
�2Œˇs;s�

u.�/

�b ds

sb

#1=b )
:

By Lemma 11.6 with n D 3, � D b, we get

ub.t/ � 3
1
˛ rb.t/C 	

3� .˛2/t

1=˛ "Z t

t0

pb.s/ub.s/
ds

sb

C
Z t

t0

qb.s/

�
max
�2Œˇs;s�

u.�/

�b ds

sb

#
; t 2 .t0;T/:

Taking v.t/ D t�bub.t/, we obtain

v.t/ � c4r
b.t/C

	
3� .˛2/


1=˛
t

"Z t

t0
pb.s/v.s/ds C

Z t

t0
qb.s/ max

�2Œˇs;s�
v.�/ds

#
; t 2 .t0;T/;

(11.105)

and

v.t/ � c4	
b.t/; t 2 Œˇt0; t0�: (11.106)

Applying Corollary 11.18 to (11.105) and (11.106), we have the following
estimate

v.t/ � c4r
b.t/C h4.t/ exp

 	
3� .˛2/


1=˛
t

Z t

t0

h
pb.s/d C qb.s/

i
ds

!
; t 2 .t0;T/;

where c4 and h4 are defined by (11.100) and (11.101), respectively. Hence, the
result (11.99) is proved.

As a special case, if r 2 C..t0;T/; .0;1// is a nondecreasing function, then by
using Lemma 11.5 together with (11.105) and (11.106), we get

v.t/ � c4N2r
b.t/ exp

 	
3� .˛2/


1=˛
t

Z t

t0

	
pb.s/d C qb.s/



ds

!
; t 2 .t0;T/;

where N2 is defined by (11.84). Thus, the required inequality in (11.102) is proved.
This completes the proof. �
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11.6.3 Applications to Hadamard Fractional Differential
Equations with “maxima”

In this subsection, the dependence of solutions on the given orders and the bound for
solutions of an initial value problem of Hadamard fractional differential equations
are investigated. We consider the following fractional differential equation with
“maxima”:

HD˛y.t/ D f

�
t; y.t/; max

s2Œˇt;t�
y.s/

�
; t 2 I D .t0;T/; (11.107)

HD˛�ky.t/jtDtC0
D �k; k D 1; 2; : : : ; n; n D �Œ�˛�; (11.108)

and initial function

y.t/ D 	.t/; t 2 Œˇt0; t0� ; (11.109)

where HD˛ represents the Hadamard fractional derivative of order ˛ .˛ > 0/, f 2
C.I � R � R;R/, 	 is a given continuous function on Œˇt0; t0�, 0 < ˇ < 1 and
�k; k D 1; 2; : : : ; n are constants.

The problem (11.107)–(11.109) describes a fractional order model in which some
parameters are often involved. The values of these parameters can be measured
only up to certain degree of accuracy. Hence, in (11.107)–(11.109), the orders of
fractional differential equation ˛ and the initial conditions ˛ � k may be subject to
some errors either by necessity or for convenience. Thus, it is important to know
how the solution of (11.107)–(11.109) changes when the values of ˛ and ˛ � k are
slightly altered.

Theorem 11.20 Let ˛ > 0 and ı > 0 be such that 0 � n � 1 < ˛ � ı < ˛ � n.
Also, let f W I � R � R ! R be a continuous function satisfying the assumption:

(11.20.1) there exist constants L1;L2 > 0 such that jf .t; u1; u2/ � f .t; v1; v2/j �
L1ju1 � v1j C L2ju2 � v2j, for each t 2 I and u1; u2; v1; v2 2 R.

If y and z are the solutions of the initial value problems (11.107)–(11.109) and

HD˛�ız.t/ D f

�
t; z.t/; max

s2Œˇt;t�
z.s/

�
; t 2 I; (11.110)

HD˛�ı�kz.t/jtDtC0
D �k; k D 1; 2; : : : ; n; n D �Œ�.˛ � ı/�; (11.111)

with initial function

z.t/ D 	.t/; t 2 Œˇt0; t0� ; (11.112)
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respectively, where �k are constants and 	 is a given continuous function on Œˇt0; t0�
such that 	.t/ 6
 	.t/ for all t 2 Œˇt0; t0�, then the following estimates hold for
t0 < t � h < T:

.I/ For ˛ � ı > 1

2
and t 2 I;

jz.t/ � y.t/j � t

"
c5A

2.t/C h5.t/

� exp

�
3� .2˛ � 2ı � 1/.L21 C L22/.t � t0/

� 2.˛/t

�#1=2
: (11.113)

.II/ For 0 < ˛ � ı � 1

2
and t 2 I;

jz.t/ � y.t/j � t

"
c6A

b.t/C h6.t/

� exp

0
@
	
3�

�
.˛ � ı/2�
 1

˛�ı .Lb
1 C Lb

2/.t � t0/

� b.˛/t

1
A
#1=b

; (11.114)

where

A.t/ D
ˇ̌
ˇ̌
ˇ̌

nX
jD1

�j

� .˛ � ı � j C 1/

�
log

t

t0

�˛�ı�j

�
nX

jD1

�j

� .˛ � j C 1/

�
log

t

t0

�˛�j
ˇ̌
ˇ̌
ˇ̌

C
ˇ̌
ˇ̌
ˇ
�

log
t

t0

�˛�ı �
1

� .˛ � ı C 1/
� 1

.˛ � ı/� .˛/
�ˇ̌ˇ̌
ˇ kf k

C
ˇ̌
ˇ̌
ˇ

1

.˛ � ı/� .˛/
�

log
t

t0

�˛�ı
� 1

� .˛ C 1/

�
log

t

t0

�˛ ˇ̌ˇ̌
ˇ kf k; (11.115)

kf k D sup
t0�t�h

ˇ̌
ˇ̌f
�

t; y.t/; max
s2Œˇt;t�

y.s/

�ˇ̌
ˇ̌ ;

b D 1C 1

˛ � ı ; c5 D max
˚
3t�20 ; .ˇt0/

�2� ; c6 D max
n
3

1
˛�ı t�b

0 ; .ˇt0/
�b
o
;

h5.t/ D c5 max
s2Œˇt0;t0�

ˇ̌
	.s/ � 	.s/ˇ̌2

C 3c5� .2˛ � 2ı � 1/
� 2.˛/t

Z t

t0

�
L21A

2.s/C L22 max
�2Œˇs;s�

m2
2.�/

�
ds;
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and

h6.t/ D c6 max
s2Œˇt0;t0�

ˇ̌
	.s/ � 	.s/ˇ̌b

C c6
	
3�

�
.˛ � ı/2�
 1

˛�ı

� b.˛/t

Z t

t0

�
Lb
1A

b.s/C Lb
2 max
�2Œˇs;s�

mb
2.�/

�
ds;

with a continuous function m2.t/ defined by

m2.t/ D
(

A.t/; t 2 I;ˇ̌
	.t/ � 	.t/ˇ̌ ; t 2 Œˇt0; t0� :

Proof The solutions y and z of the initial value problems (11.107)–(11.109)
and (11.110)–(11.112) satisfy the equations

y.t/ D
nX

jD1

�j

� .˛ � j C 1/

�
log

t

t0

�˛�j

C 1

� .˛/

Z t

t0

�
log

t

s

�˛�1
f

�
s; y.s/; max

�2Œˇs;s�
y.�/

�
ds

s
;

and

z.t/ D
nX

jD1

�j

� .˛ � ı � j C 1/

�
log

t

t0

�˛�ı�j

C 1

� .˛ � ı/
Z t

t0

�
log

t

s

�˛�ı�1
f

�
s; z.s/; max

�2Œˇs;s�
z.�/

�
ds

s
;

respectively. By the assumption (11.20.1), it follows that

jz.t/ � y.t/j

�
ˇ̌
ˇ̌
ˇ̌

nX
jD1

�j

� .˛ � ı � j C 1/

�
log

t

t0

�˛�ı�j

�
nX

jD1

�j

� .˛ � j C 1/

�
log

t

t0

�˛�j
ˇ̌
ˇ̌
ˇ̌

C
ˇ̌
ˇ̌
ˇ

1

� .˛ � ı/
Z t

t0

�
log

t

s

�˛�ı�1
f

�
s; z.s/; max

�2Œˇs;s�
z.�/

�
ds

s

� 1

� .˛/

Z t

t0

�
log

t

s

�˛�ı�1
f

�
s; z.s/; max

�2Œˇs;s�
z.�/

�
ds

s

ˇ̌
ˇ̌
ˇ



11.6 Integral Inequalities with “maxima” 399

C
ˇ̌
ˇ̌
ˇ
1

� .˛/

Z t

t0

�
log

t

s

�˛�ı�1
f

�
s; z.s/; max

�2Œˇs;s�
z.�/

�
ds

s

� 1

� .˛/

Z t

t0

�
log

t

s

�˛�ı�1
f

�
s; y.s/; max

�2Œˇs;s�
y.�/

�
ds

s

ˇ̌
ˇ̌
ˇ

C
ˇ̌
ˇ̌
ˇ
1

� .˛/

Z t

t0

�
log

t

s

�˛�ı�1
f

�
s; y.s/; max

�2Œˇs;s�
y.�/

�
ds

s

� 1

� .˛/

Z t

t0

�
log

t

s

�˛�1
f

�
s; y.s/; max

�2Œˇs;s�
y.�/

�
ds

s

ˇ̌
ˇ̌
ˇ

� A.t/C 1

� .˛/

Z t

t0

�
log

t

s

�˛�ı�1

�
�

L1 jz.s/ � y.s/j C L2

ˇ̌
ˇ̌ max
�2Œˇs;s�

z.�/ � max
�2Œˇs;s�

y.�/

ˇ̌
ˇ̌
�

ds

s

� A.t/C 1

� .˛/

Z t

t0

�
log

t

s

�˛�ı�1

�
�

L1 jz.s/ � y.s/j C L2 max
�2Œˇs;s�

jz.�/ � y.�/j
�

ds

s
; t 2 I;

where A.t/ is defined by (11.115), and

jz.t/ � y.t/j D ˇ̌
	.t/ � 	.t/ˇ̌ ; t 2 Œˇt0; t0�:

Applying Theorem 11.19 yields the desired inequalities (11.113) and (11.114). This
completes the proof. �

In the following theorem, we present the upper bounds for the solution of the
problem (11.107)–(11.109).

Theorem 11.21 Assume that:

(11.21.1) there exist functions 
; � 2 C.I;RC/ such that for t 2 I, u1; u2 2 R,

ˇ̌
f
�
t; u1; u2

�ˇ̌ � 
.t/ ju1j C �.t/ ju2j : (11.116)

If y is solution of the initial value problem (11.107)–(11.109) such that 	.t/ 6
 0 for
all t 2 Œˇt0; t0�, then the following estimates hold:
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.III/ Let ˛ >
1

2
. Then, for t 2 I;

jy.t/j � t

"
c3

0
@ nX

jD1

j�jj
� .˛ � j C 1/

�
log

t

t0

�˛�j
1
A
2

C h7.t/ exp

�
3� .2˛ � 1/
� 2.˛/t

Z t

t0

	

2.s/C �2.s/



ds

�#1=2
: (11.117)

.IV/ Let 0 < ˛ � 1

2
. Then, for t 2 I;

jy.t/j � t

"
c4j�1jb
� b.˛/

�
log

t

t0

�b.˛�1/

C h8.t/ exp

 	
3� .˛2/


1=˛
� b.˛/t

Z t

t0

	

2.s/C �2.s/



ds

!#1=b

; (11.118)

where b, c3, c4 are defined as in Theorem 11.19,

h7.t/ D c3 max
s2Œˇt0;t0�

	2.s/C 3c3� .2˛ � 1/
� 2.˛/t

�
Z t

t0

2
64
2.s/

0
@ nX

jD1

j�jj
� .˛ � j C 1/

�
log

s

t0

�˛�j
1
A
2

C �2.s/ max
�2Œˇs;s�

m2
3.�/

3
75 ds;

and

h8.t/ D c4 max
s2Œˇt0;t0�

j	.s/jb

C c4
	
3� .˛2/


1=˛
� b.˛/t

Z t

t0

"
j�1jb
b.s/

� b.˛/

�
log

s

t0

�b.˛�1/

C �b.s/ max
�2Œˇs;s�

mb
3.�/

#
ds;

with a continuous function m3.t/ defined by

m3.t/ D

8̂
<̂
ˆ̂:

nX
jD1

j�jj
� .˛ � j C 1/

�
log

t

t0

�˛�j

; t 2 I;

j	.t/j ; t 2 Œˇt0; t0� :
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Proof The solution y of the initial value problem (11.107)–(11.109) satisfies the
following equations

y.t/ D
nX

jD1

�j

� .˛ � j C 1/

�
log

t

t0

�˛�j

C 1

� .˛/

Z t

t0

�
log

t

s

�˛�1
f

�
s; y.s/; max

�2Œˇs;s�
y.�/

�
ds

s
; t 2 I;

y.t/ D 	.t/; t 2 Œˇt0; t0�:

For ˛ > 0, by using the assumption (11.21.1), it follows that

jy.t/j �
nX

jD1

j�jj
� .˛ � j C 1/

�
log

t

t0

�˛�j

C 1

� .˛/

Z t

t0

�
log

t

s

�˛�1 �

.s/jy.s/j C �.s/ max

�2Œˇs;s�
jy.�/j

�
ds

s
; t 2 I;

jy.t/j D j	.t/j; t 2 Œˇt0; t0�:

Then a direct application of Theorem 11.19 yields the estimates in inequali-
ties (11.117) and (11.118). This completes the proof. �

11.7 Notes and Remarks

We have obtained some integral inequalities involving Hadamard fractional integral
for integrable functions bounded by integrable functions. Some new inequali-
ties of mixed type for Riemann-Liouville and Hadamard fractional integrals are
also established. Then we switch our focus to fractional integral inequalities of
Chebyshev type for functions and integrals expressible in product form. This follows
new integral inequalities with “maxima” involving Hadamard integral. The papers
[124, 148, 150] and [161] are the sources of the work presented in this chapter.
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Carathéodory function, 2
Cauchy-Schawrz inequality, 359
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completely continuous, 1
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Dhage fixed point theorem, 7
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fractional functional differential equation, 13
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