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Gagliardo-Nirenberg-Sobolev Inequality:
An Induction Proof

Shibo Liu

Abstract. This paper presents an induction proof of the G-N-S inequality when p = 1, which
the author believes is much simpler and more transparent than other proofs found in the liter-
ature.

Let p € [1, n), then there is a constant C,, , > 0 such that

1/p

1/p*
( |u(x)|p* dx) <C, < |Vu(x)|pdx> , forallu e C(;(R”), (1)
R R

where C} (R") is the space of continuously differentiable functions on R” with compact
support, and p* = np/ (n — p) is the critical Sobolev exponent.

This is the Gagliardo-Nirenberg-Sobolev inequality, which is very fundamental in
the theory of Sobolev spaces and partial differential equations. It is well known that
(1) follows from applying the result for the case p = 1 to |u|” with some suitable
exponent y. Traditionally (see e.g., [2, pp. 277-278]), the inequality (1) for p = 1 is
proved by integrating

|u ()" < 1_[ (/
i=1 -

with respect to x; and applying the extended Holder inequality, then repeating this
procedure with respect to x,, x3, ..., X, successively. In every step the extended Holder
inequality is applied. This tedious procedure is not very transparent, and is not easy to
follow (especially for beginning graduate students).

Observe that the inequality (for p = 1) is a proposition about the dimension .
Therefore it should be natural to prove the result by induction on n. Surprisingly, we
could not find such a proof in the literature. Although the case 1 < p < n still depends
on an application of Holder’s inequality, the purpose of this note is to present the
induction proof that is simple and transparent in the case p = 1.

o0

1/(1—1)
[0;u (X1, .oy Xist, Yis Xig1s « ooy X)) dyi)

o0

Theorem 1. Letn > 1, u € C}(R"), then

n/(n—1)
lu ()" dx < < IVM(X)IdX) : 2

R” R"

Proof. Our induction proof starts with n = 2, which can be found in [1, p. 27]. We
present it here for the reader’s convenience. Since u € C, é (R™), we have

X1 X2
u(x):/ Blu(s,xz)ds=f ohu(xy, s)ds,

o0 —00

doi.org/10.1080/00029890.2023.2240683
MSC: 46E35

November 2023] GAGLIARDO-NIRENBERG-SOBOLEV INEQUALITY 859


http://dx.doi.org/10.1080/00029890.2023.2240683

for all x = (x;, x,) € R?, where 9, and 9, denote a shorthand for 9/dx; and 9/9x»,
respectively. Thus

u()® < (/Oo |11 (s, x2)| dS) (/oo |Oou (x1, S)IdS> :

Integrating both sides over R?, then applying the elementary pointwise bound |9;u(x)| <
|Vu(x)|, forall x € R? and j = 1, 2, yields

/ |u<x)|2dx5</ / |alu<s,x2>|dsdx2) (/ / |a2u(x1,s>|dsdx1)
R2 —00 J —00 —00 J —00
2
=< </ |Vu(x)|dx> .
RZ

This completes the proof of (2) for n = 2.
Assume that the result is true for n = m, namely

m/(m—1)
/|u(x)|m/<’"‘>dx5</ |Vu(x)|dx> ,  forueCy@®R™). (3)

To consider the case that n = m + 1, we write points in R”*! by (x, t), where x € R™
and ¢ € R. Then for u € Cj(R™),

s/ Vau(x, 5)) ds,

o0

t
lu(x, )] = ‘/ Omt1u(x, s)ds

o0

and

/ lu(x, )| dx 5/ dx/ |Vu(x,s)|ds=/ [Vu(y)|dy. 4
RrRM RrRm —00 Rm+l1

Here, to avoid confusion we use y to denote points in R+
Using the Holder inequality, (3) with u replaced by u(-, ) € Cj(R™), and (4), we
have

/Iu(x,t)l(’”“)/’"dx:f e, 1Y Jux, 1) dx

1/m (m—1)/m
5(/ |u<x,r>|dx) (/ |u<x,r)|'"/<'"“dx) 5)
1/m
s(f |w(y>|dy) (/ Wu(x,r)mx),
R+ m

where Vu(x, 1) is the gradient of u(-, t) at x. Obviously [Vu(x, )| < |Vu(x, )], thus
integrating both sides with respect to ¢ over R yields

00
[ o may = [ [ ueenimom a
Rm+1 —00 R™

1/m 00
5(/ |Vu<y)|dy) [/ dt/ Wu(mﬂdx}
RrRm+1 — 00 m
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1/m 00
(/ |Vu(y)|dy> |:f dt/ |Vu(x,t)|dxj|
Rm+1 —00 m
(m+1)/m
(/ IVu(y)Idy> ,
Rm+1

and we have obtained (2) forn = m 4+ 1. So (2) is true for all n > 2. [ |

Remark 2. Using the same idea, a stronger Gagliardo-Nirenberg-Sobolev inequality

1/(n—1)

[ weorear< (T7 [ 1oueax ()
n l:l n

can be proved. To derive (S,,;) from (S,,), we replace all the Vu before (5) by 9,4 1u,
then apply the induction assumption (S,,) to f lu|™ ™= in (5). When integrating with
respect to ¢+ we need the extended Holder inequality, which is not needed in our proof
of Theorem 1.

Remark 3. In [3], combining a simple iteration scheme with this stronger version
of the Gagliardo-Nirenberg-Sobolev inequality, the author gives a new proof of the
L°°-embedding

lull Lo ny < C)p (”u“LP(R”) + ”Vu”LP(]R”)) )

where p > n,u € Cj(R").
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