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ABSTRACT

A characterization is given of the subdifferential of matrix norms from two classes,
orthogonally invariant norms and operator (or subordinate) norms. Specific results are
derived for some special cases.

1. INTRODUCTION

Let (||l be a norm on the space of m X n real matrices. Then if A is a
given real m X n matrix, the subdifferential (or set of subgradients) of {{All is

defined by
alal={G eR™*:|1Bl > 1Al +trace[ (B ~ A)"G], all BER™<"}. (1.1)
It is well known (and readily established) that G € d||Al| is equivalent to the

statements

@) ||A|l = trace(GTA),

() Gl* <1,
where
IGI* = max trace(B'G),
[IBll <1
and ||-II* is the polar or dual norm to ||-|. The roles of a norm and its dual
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can be interchanged in this definition. This paper is concerned with a
characterization of the subdifferential of some important matrix norms. As
well as being of interest for their own sake, results of this kind are of value in
the provision of optimality conditions for optimization or approximation
problems involving norms of matrices.

For some norms, the structure of the subdifferential follows immediately
from known results for the vector case. In particular this is true for the norms

defined by

1/p
Al = ():IA,,.V’) L opsl

i,

because the matrix is being treated as an extended vector in R™". Two other
important classes of matrix norms are considered here: orthogonally invariant
norms, which are dealt with in the next section, and operator or subordinate
norms, which are treated in Section 3. The results can easily be generalized
to complex matrices in C™™" in an obvious way, but attention here will be
restricted to the real case. It will be assumed in what follows (with no loss of
generality) that m > n.

2. ORTHOGONALLY INVARIANT NORMS

This class consists of norms such that
IUVAIl = | Al

for any orthogonal matrices U and V of orders m and n respectively. These
matrix norms (or in fact the more general unitarily invariant norms) were
introduced by von Neumann [4], and have subsequently generated much
interest. Let a given matrix A have the singular value decomposition

A=U3VT,

where U and V are orthogonal matrices and I, is an m X n matrix with zeros
except down the main diagonal, where there are the singular values in
descending order

0-1>...>0-"
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(see, for example, Golub and Van Loan [2]). All such norms can be defined by

Al = ¢(o), (2.1)

where 0=(0'1,...,0'n)T, and ¢ is a symmetric gauge function; such a
function satisfies the following conditions:

@ ¢(x)>0,x#0,

Gi) d(ax)=|ald(x),

(i) p(x+y) < dX)+ B(y),
(V) ¢lex,,....€,%; )= P(x),

where « is a scalar, e;= %1 for all i, and i,,...,4i, is a permutation of
1,2,...,n. The relationship between symmetric gauge functions and unitarily
invariant norms was essentially worked out in (4], see also Schatten [7],
Mirsky [3]. The polar ¢* of the symmetric gauge function ¢ is also a
symmetric gauge function, and satisfies

¢*(x) = max x"y.
My)=1

The subdifferential d¢(x) is the set of vectors satisfying the analogue of (1.1),
or equivalently those vectors z € R" such that

() ¢&x)=xTz,
Gi) o*(2) < 1.

A familiar class of symmetric gauge functions is given by the [, norms,
and this leads to

lAll=llell,, (2:2)

the ¢, or Schatten p-norms. Well-known special cases are the [, norm,
which gives the spectral norm of A, and the I, norm, which gives the
Frobenius norm. A characterization of the subdifferential of the spectral
norm is given by Berens and Finzel [1] and Zietak [10]; the latter paper also
gives a characterization for the norm defined by the I; norm on the right
hand side of (2.2). Similar results are also given by So [8]. These are the
interesting I, norms, because the subdifferential is not usually a singleton;
when 1 < p <, the normed linear space is strictly convex, and there is a
unique subdifferential, or equivalently the norm is differentiable. In fact the
normed space is strictly convex if and only if the symmetric gauge function ¢
is strictly convex (Zigtak [10]). Here a general result for (2.1) is established
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which contains the above characterizations as special cases. A key feature of
the analysis is the following representation of the directional derivative of
lAll. The columns of U (V) will be denoted by u; (v,), ordered so that the ith
column corresponds to o;.

Tueorem 1. Let A, R be given m X n matrices. Then there is a singular
value decomposition of A such that

lA + yRII-llAll "
lim ———— = max Z d,u’Rv,.
v 0+ ¥ deagdla) ;|

Proof. Let o, be a distinct singular value of A with

Av; = oju,.

If it is assumed that A depends smoothly on a parameter vy, then differentiat-
ing through with respect to y and premultiplying by u? gives

For multiple singular values, it is necessary to use the classical result of
Rellich [5] that the eigenvalues of a matrix which is an analytic function of a
single variable can always be numbered so that they are each analytic
functions of the variable; the eigenvectors can be similarly defined. Using the
relationship between eigenvalues and singular values, and eigenvectors and
singular vectors, it follows that if the singular values of the matrix A + yR,
where A and R are given m X n matrices, are denoted by o(y), i=1,...,n.
Then

0,-('y)=0',.+yuiTRv,.+o('y), i=1,...,n, (2.3)

where ¢, = ¢,(0), and u,; and v, are singular vectors of A corresponding to o;.
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Now
Al = ¢(c) >e7d(y)  forany d(7)<€dd(a(7))
=o(y)”d(y)—yédf(v)ufﬂvﬁo(y)
=nA+ym|—yéld,-(y)ufﬂv,~+om. (2.4)
Also

IA+yRlIl=¢(o(y)) >0(y)'d forany deig(o)

=[All+vy Y d,uTRv, + o(7). (2.5)
i=1

From (2.4) and (2.5), it follows that if y > 0,

n A +yRI-1Al &
Y d,ulRv, +o(1) < e < ¥ dy(y)ulRv, +o(1).

i=1 i=1
Letting y — 0+, the result follows, because (going to a subsequence if

necessary) d(y) = d € 3¢(a) (for example, Rockafellar [6]). m

Just as the vector @ is related to the diagonal elements of the diagonal
matrix 3, it will be assumed in what follows that there exists the same
relationship between diagonal matrices and the corresponding lowercase
letters. The notation conv{-} will signify, as usual, the convex hull of a set.

TueoreM 2. Let D denote an m X n diagonal matrix. Then

Al = conv{UDVT, A=UZVT, deig(o)}. (2.6)
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Proof. Denote the set described inside the braces on the right hand side
of (2.6) by S(A), and let G € conv{S(A)}. Then

where A, >0, £,A, =1, and for each i, d, €9¢(a), A =U,ZV," is a singular
value decomposition. Thus

trace(G'A) = trace| ) AV,3U/U, DiViT)

= Z/\id,?b'
=|lAll.
Further

IGI* = max trace(G'R)
IRl <1

= max trace(RTZ)\,.UiDiViT), as above.
IRl <1 ,.

Now for each i,
WU DVTI* =IDJI* = ¢*(d,)) =1,
using the known fact that
AI* = ¢* (o).
Thus

trace(RTUi D,-V,-T) <RI,

and ||G||* <1, showing that G €d||All.
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Now assume that G € d||All but G & conv S(A). Then by a well-known
separation result (see, for example, Watson [9, p. 13]) there exists R € R™*"

such that
trace( RTH) < trace( R"G) forall HeS(A),
so that
max trace( RTH) < max trace( R'G),

H e 8(A) GedlAl

or for any singular value decomposition

n
max 3. d,u’Rv,< max trace(R'G).
dead(o) ;— cealiall

But the right hand side is just the standard expression for the directional
derivative of the convex function ||A|l in the direction R (for example,
Rockafellar [6]), and so Theorem 1 is contradicted. The proof is completed.

]

ExampLE 1. Let ¢(o)=llall., giving rise to the spectral norm of A.

Then

dloll.= conv{e,,i:o,=c,}.

Let A=UZVT be any singular value decomposition, and let the multiplicity
of o, be t, with

u=[vm:u®], v=[v®:y®], 2.7

where U™ and VY have ¢ columns. Then

A =g UOVOT L y@S@OY@T gy

Any element of the set d||Al| can be written as

G =Y p,UMDOVOT,

1
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where p;>0, L;u, =1, and for each i, A=UZ3V," is a singular value

decomposition, d; € d||ell.. The superscripts have the same meaning as in
(2.7). Expressing U" and V" in terms of U and V, it follows that

G=Y uw,UOX,DOXTvOT

t
where each X; is a ¢t X ¢ orthogonal matrix. Thus
G =UDHYOT,
where H > 0, that is, H is a symmetric positive semidefinite t X ¢t matrix. In

addition, trace H = 1. Thus given any singular value decomposition of A, the
subdifferential is defined by

Al ={UDHVOT for all He R, H> 0, trace H=1}.
ExamrLE 2. Let ¢{o)=||oll;. For given A let there be s zero singular

values, and let A=U3VT be any singular value decomposition with the
matrices partitioned so that

U=[u®:u®@], v=[v®:vO], (2.8)

with U® and V® having n — s columns. (Notice that this is not the same
partitioning as in Example 1.) Recall that

el ={xeR":|x|<1,x,=1, i=1,...,n—s}.
Let G €4||A{l. Then
G=Y \MUDVT,
i
where A;>0, L,A, =1, and for each i, d,€dlloll;, and A=U3V] are

singular value decompositions. Thus

G =UDYOT 4 YA UOW YT,
i

where W, is an (m — n + s)X s diagonal matrix with diagonal elements <1
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in modulus, and the partitioning is consistent with (2.8). Therefore

= [7DOyOdOT YW ZTy®T
G=UOVDOT4 Y A\ UPYW,Z]VEOT,

1

where the matrices Y, and Z, are orthogonal matrices of dimension m —n + s
and s respectively, and so

G = UDOYOT 4 yOTY DT,

where T is (m — n + s)X s. If oy(+) denotes the largest singular value of a
given matrix, then

o(T) = "'1( Z/\iYi“/iZ;r)
< Z’\io'i(vvi)

<L

Thus given any singular value decomposition of A, a characterization of the
subdifferential in this case is given by

AllAll = {UDVOT 4 UOTYOT for all T € R™"+9%5, 0(T) < 1}.

3. OPERATOR NORMS

Let {i-]l4 and |-z be norms on R™ and R respectively. Then a norm on
m X n matrices may be defined by

lAll=" max [[Axll4. (3.1)
lxlls =1

The required subdifferential characterization can be established by argu-
ments similar to those of the previous section. It is convenient to define the
set of vector pairs

P(A)={veR", weR":|vlz=1, Av = Al lulls =1, w €dllull,}.
(3.2)
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Clearly, this set contains vectors v where the norm is attained in the
expression (3.1).

THEOREM 3.

A+ yRI- 1Al )
im ————— = max w'Rv.
y—o 0+ Y (v,w)e ®(A)
Proof. We have
lAll= max [|Ax]l,

Il =1

a s oI
2 [1Av(Y Hla,

(3.3)
>w(y) Av(y)  forany (v(y).w(y)) E®(A+YR)
= 1A +yRI-yw(¥) Rv(7).
Also
IA+yRI=[(A+yR)v|,
>wl(A+yR)v forany (w,v)E®(A)
= lAll+ yw"Rv. (34)

From (3.3) and (3.4) it follows that if y > 0,

A + yRII—-lAll
wiRvs —————— < w(y) Rv(y).
y

Now define, for all y, u(y) by
(A+yR)v(y) =llA+yRllu(y).
Then letting y — 0+ along a subsequence if necessary, it follows that
v(y) -V, Ivllg=1,
w(y)—>w, Iwll: =1,

u(y) >, [lalla=1.
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Further
AV = |Allq,
and since w(y) u(y) = [lu(y)ll 4, it follows that, taking limits,
w € dllulla.
Thus (w,v) € P(A), and the result follows. ]
THEOREM 4.

Al = conv{wv”:(v,w) € ®(A)}.

Proof. Let S(A) be the set described in braces on the right hand side,
and let G € conv S(A). Now

trace( GTA) = trace( Z)\iviwiTA) ,

where A, >0, £;A, =1, and for each i, (v;,w;) € ®(A). Thus

trace(GTA) = Z /\,-”A”WiT“i

= [|All.

Also

IGI* = max trace(G'R)
IRl <1

= max ). A,w/Rv, (asabove)
IRII<1 i

<1,

using the fact that for all 4,

wTRv, <|IRIl.
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Now let G €9]|All, but assume that G & conv S(A). Then, as in Theorem
2, there exists R such that

trace[ R"(wv'—G)] <0  forall(w,v) € ®(A),
so that

wiRv < trace( RTG) forall (w,v) e ®(A),
and therefore

max w'Rv< max trace(R'G).
(v,w)e ®(A) G e 3llAll

The fact that the right hand side is just the directional derivative of ||A]l in
the direction R leads to a contradiction of Theorem 3, and the result is
proved. n

ExampLE 3. The most common operator norm is the one with both
vector norms [, norms. This is just the spectral norm, and corresponds to the
1, case treated in Example 1 of the previous section, but the recovery of the
subdifferential will be repeated from the operator norm point of view. Here

3llAll = conv{uv”:ully = Iivllz = 1, Av = [|Allu}.

It is readily seen that any element of the subdifferential has the form
ZAiuiviT’
i

where A; >0, £,A, =1, and u; and v, are any left and right singular vectors
of A corresponding to o). The form established in Example 1 follows in a
straightforward manner.
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